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PREFACE 



ALetterpubliJhed in the Tear \yi^, under tBw 
Title of the Analyft, frft gave Occafion to the 
enfuing Treatife, and feveral Reafons concur- 
red to induce me to write on this SubjeH at Jb great 
length. The Author of that Tiece had reprefented 
the Method of Fluxions as founded on falfe Reafon- 
ing, and full'of MyJIeries. His Objeif ions feemed to 
have been occajioned in a great meafnre hythe concife 
Manner in -which the Elements of this Method have 
beenufually defcribed\ and their having been fb much 
mifunderjiood by a'PerJbn of his Abilities appeared to 
me a fufficient Troof that a fuller Account of the 
Grounds of them was requijite. 

Though there can be no Comparifon made betwixt 
the Extent or Ufefulnefs of the ancient and modem 
'Difcoveries in Geometry, yet it feems to be general- 
ly allowed that the Ancients took greater Care, and 
were more fuccefsful in prefervtng the Character 
of its Evidence entire. This determined me, imme- 
diately after that "Piece came' to my Hands, {and 
before 1 knew any thing of what was intended by o- 
thers in anfjier to it,) to attempt to deduce thofe Ele- 
ments 
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ii. P R E F A C E, 

tnents after the Manner of the Anttents^Jrmt a 
few unexceptionable 1Princij>les, by 'Demonftraticnf 
of the ftriaefi Form, In my fir ft Ejfay of this Kind, 
I contented myfelfwith demonftrating the principal 
Cafes of the Tropofitions of the four firft Chapters 
of the firft Btok, and of the firft Chapter of the fe- 
cond Book of the following Treatife, nearly in the 
fame Form in which they now appear. But when it 
was communicated to fame Gentlemen, they exprejffed 
a 'Defire that the fame Method of T)emonftration 
fhiuU be extended t$ other Branches of this Theory, 
- and that I jhould enlarge the Tlan. While I pro- 
ceeded in this Work, 1 perceived that fbme Rules 
were defeBive or inaccurate ; that the RefoUttion of 
froeral Problems which had been deduced in a my- 
fterious manner, by fecond and third Fluxions, could 
be compleated with ^eater Evidence, and lefs gan- 
ger Of Error; by firft Flttceions on^; and thai other 
^Problems had been refolved by Approximations, when 
an accurate Solution could be obtained with thefameor 
greater Facility. Thefe with other Obfervations con- 
cerning this Method, and its Application, led me on 
gradually to compofe a Treatife of a much greater 
Extent than I intended, or would have engaged in, 
if I had been aware of it when I began this Work, 
becaufe my Attendance in the 'Dntverfity could al- 
-low me to beftow but afmall part of my Time incar- 
ryingit on. And as this has been the Occafion of 
my ^elay in publijhing it, fol hope it will ferve for 
an Apology, if fome Miftakes have efcaped me in 
treating ofjuch a Variety of SubjeBs, in a man- 
ner different from that in which they have been ufk- 
ally explained. 

In 
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PREFACE. iii. 

In the mttOM Time the 'Defence of the Method of 
Flmxionss oAd of the great Zttvemtor, wax notnegleif- 
td. Befits an Anfwer to the Analyft that appeared 
very early nnder the Name of Phildethes Cancabrigi- 
c&iis, {for the Author had concealed hit real Name, 
as the Analyft whom he oppofed had done^) a fecond 
iy the fame Hand in defence of the firft, a 'Dif 
eourfe by Mr. Robins, a Treatife of Sir I&ac New- 
toxCs with a Commentary ly Mr. CoUbn, andfeveral 
9ther 'Pieces were pnblifi>ed on this Suhjelf. After 
J faw that fo mnch had been written upon it to Jb 
good *PurpQfe, I was the. rather induced to delay the 
Publication of this Treatife, till I could finip my 
^efivn. I accommodated m^ 1}efinition of the Va* 
riattdnofGurvdtnrein-Chap. xi. to ■ Sir'-li^^c New- 
ton'j, to prevent M'lfiakes, as I have obferved in 
Article ^6. but made no material Alteration in any 
thing elfe. The greateft "Part of. the firfi. ■ Book jnas 
printed in 1737 •• But it could not have beenfo ufefnl 
to the Reader without the fecond; and I. would re- 
commend to him, {if he is not already acquaintedwith 
this Method,) to perufe the two firfi Chapters of the 
fecond Book, before the five laft ofthefirfi\ there be- 
ing afew'Paffages in thefe which Jcould-not well 
avoid, that wili be better nnderftoqd by one who has 
fyme Knowledge of the principal Rules of the Method 
of Computation aelitfered in the fecond Book. 

In explaining the Notion of a Flitxion, I have fol- 
lowed Sir liaac Newton in the firfi Book, imagining 
that there can be no ^Difficulty in conceiving Velocity 
wherever there it Motion i nor do I think that Iha^ve 

de. 
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iv, PREFACE. 

departed from his Senfe in the fecond Book ; and i» 
both I have endeavoured to avoid feveral Exfreffions^ 
•which, though cotfuenient, fnight be liable to Excep- 
tions, and, perhaps, occafion ^Dijputes. I have al- 
ways repnefented Fluxions of all Orders by finite 
^tantities, the Suppofition of an infinitely little Ma* 
gnitude being too bold aVo^Wxxan for fuch a Science. 
asGeometry. Buty becaufe the Method of Infinitefimak 
is much in ufcy and is valued for its Concifenefs, I 
thought it was requifite to account explicitely for 
the Truth, and perfect Accuracy, of the Conclufions 
that are derived from it ; the rather, that it does 
not feem to be a very proper Reafin that is aligned 
by Authors, ^when they determine what is c ailed the 
Difference ( but more accttrately the Fluxion ) of a 
^antity, and tell us, That they reJeB certain 'Parts 
of the Element, becaufe they become infinitely lefs than 
the other T art s i not only, becaufe aTroof of this Na- 
ture me^ leave fbme T>oubt as to the Accuracy of the 
Vonclufion ,- but becaufe it -may be demonfirated that 
thofe ^arts ought to be -negleBed by them at any 
■Rate, or that it would be an Error to retain them. 
If an Accountant, that pretends to a fcrupulous Ex-, 
a£inefs, fhould tell us that he had negleiied certain 
jdrticles, becaufe he found them to be offmall Im^ 
portance ; and it fhould appear that they ought not^ 
to have been taken into Confideration by him on that 
Occafion, but belojtg ti> a different Account, we fhould 
approve his Conclufions as accurate, but not his Rea- 
Jbn. This Method, however-, may be confidered as an. 
eafy and ready Way of difiinguijhing what Tarts of 
an Element are to be rejeEied, ana which are to be 
retained, in determining the prectfe Fluxion ^ a. 
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P R E P A C E. T. 

or dtiresjer. . . 

jifier IfouHd that this Treatife could not he con* 
veniently contained in one Volume, I was obliged to 
reprint two Leaves {Tages 411, &c.) that it might 
be divided into two. I have reprinted Itkewife the 
firfi Sheet, chiefly on account of jeveral Errors of the 
Trefs that had got into it, and one other Leaf {p. 144.) 
for the fake of a 'Paffage, the Omiffion of which pof- 
flhly would have been mifintepreted. There are fame 
IDemonflrations in the firfl Chapter of the firft Book 
that might have been abridged, and fome. perhaps, 
will appear unnecejfary. I have mentioned the Rea- 
fons that induced me to infift fo fully on thofe ele- 
mentary 'Parts in Articles 69, 104. 494. and 697. 

SeveralTreatifes have appeared while this was in 
the 'Prefs, wherein fame of the yiw? Problems have 
been confldered, though generally in a different man- 
ner. I have had Occajfon to mention moft of them, 
in the loft Chapter ofthefecond Bookx but had not 
there an Opportunity to take notice, that the Pro- 
blem in 480. has been confidered by Mr. Eulcr in his 
Mechanics. In mofl of the Inftances wherein my 
Conclufims did not agree with thofe given by other 
Authors, I have not mentioned their Utrntes. 

If upon the whole, the Evidence of this Me- 
thod be reprefented to the SatisfaSiion of the Rea- 
der, fame of the ahftrufe Tarts illuftrated, or any 
Improvements of this ufeful Art be propofed, Ifljoll 
be under no great Concern, though Exceptions may 
b be 
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vi. PREFACE. 

te made to fime Modes ofExfreffion, or to fiteb Tap- 
/ages of thisTreatifi as are not ejfentiai to.tbe p^ith 
cifal Tiejiffi. 
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INTRODUCTION- 

GEOMETRY is valued foritsextenflreufefiilnefs, 
biit has been moft admired for its evidence; mathe- 
matical demonftration being fuch as has been al- 
ways fuppo&d to put an eod to dilpate, leaving no 
place for doabt or cariL It acquired this charadtef 
by thejgreai care of the old writers, who adniitted no principles 
but a Kw felf-evident truths, and no demonflrations but luch 
as w^e accurately deduced from them. The fcience being now 
vaftly enlaiged, and applied with facceis to philolbphjr and the 
arts, it is of greater importance than ever that its evidence be 
preferved perreA. But it has been objected on feveral occasi- 
ons, that the modern improvements have been eftablilhed for the 
moft part upon new and exceptionable maxims, of too abArufe 
ftuatoreto deferre a place amongft the plain principles of the 
ancient geometry : And fome have proceeded lb far as to impute 
£dfereaK>ning to thofe authors who have contributed moft to the 
late difcovenes, and have at the fame dme been moft cautious in 
their manBer of delcribing thera. 

In the method of in<Uvifihles, lines were conceived to be 
made sp of points, furiaces of lines, andfolida of furfacesjand 
fuch fuppofitions have been employed by feveral ingenious men 
fer proving the old theorems, and dilcovering new ones, in a 
brief and eafy manner. But as this doiftrine was inconliftenc 
with the ^irict principles of geometry, fo it foon appeared thac 
there was fome danger of its leading diem into falie conclufi- 
ons: Therdfore outers, in the [dace of indivifible, fubfiituted 
infinitely finalldivifible elemenu, of which they fuppofed all 
magnitudes to be formed; and thus endeavoured to retain, and 
impiove, the advantages that were derived from the former me- 
thod for the advancement of geometry. After theie came to be 
reliflied, an infinite fcale of infinites and Iniinitefimals, (afcend- 
ing and ddcendtng always byinfinite fteps,) was imagined, and 
prDpofedto.be received into geometry, as of the greateft ufe fo(' 
penetratmg into its abftiufe pans. Some have argued for quan- 
A ' - tkies 
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% INTRO'DVCTION. 

tides more than infinice ; and others £}r a Idnd of quanrities 
that are £ud to be neither 6Dtte nor infinite, bat of an intenne- 
diate and indeterniinate nature. 

This vay ofcoofidetiDg whiit is called the iiibfime part of 
geometry uM lb far prevailed, that it is generally known by no 
lefs a tide than the Sciincty Jrithmetk, or Geometfy ofinJiHites. 
Tbefe terms imply fomething lofty, hat myfteiioos ; the con- 
templation of which may be fufbected to amaze and perplex, 
lather than Iktis^ or enlighten the onderflandbg, in the profb- 
cation ofthisfcience) and while ic feeois greatly to elevate 
geometry ^ay pcdEbly le&n its true uid real excelieocy, which 
duefly ccMilifts in its perTpicmty and petfe^ evidence: For we 
may be apt to reft in an oblcare andimpeifed knowledge of lb 
abftrule a do£tiine,38 better fuitedto its nature, ioftead of feek- 
ing for that clear and full view we ought to have of geometri- 
Cfu truth; and to this we may alcribe die laclination which has 
iq^ieared of late for introdudog myfteries into alcience where- 
in there ought to be none. 

. There were Ibme, however, who dilliked the making moch 
nfe of infiaites andinfinitelimals in geometry. Of this num- 
ber was Sir Isaac Newton ^whofe caution was almolt as 
diftinguiihing a pan ofhis character as his invention) efpedally 
aher he faw that tlus liberty was growing to lb great a height. 
In demonfiiatiog the grounds of the method of fluxions * he a- 
Yoided them, eftabliiliing it in a way more agreeable to the flrid- 
nels of geometry. He confidered magnitudes as generated by 
a flux or motion, and fhowed how the velociues of the gene- 
r«iug motions were to be compared together. There was no- 
thing in thU dodrine but what leemedto be natural and agree- 
able to the ancient geometry, .fitu what he has given us on this 
fubjeft being very £art, his concilenels may be &ppofed to have 
given fome occalion to the obje&ions which have been raifed a- 
gainft his method. 

When the certainty of any part of geometry is bponght into 
quelHon, the mofl efioSual way to fet the truth in a fiUl light, 

and 
* X>c quadrat, currarum. 
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and to prevent difputes, u to deduce ic from axioma orfirft 
{niodplesof anexcepdonable evidence, bydanonfttatiotuof the 
firidefl load) after the maimer of the aaueot geometridaDs. 
TUs is our dcliea ia the foUowiog ueatife i wherein we doooe 
^opofecO'slctr Sir Isaac KEWTON'a notion of a fluxion, hoc 
coexplunaoddemoolbaiiebieinetfaodjbydediiciDg it at length 
from a Sew felf-cvideot tmdu, in that AnA manner : and, in 
treadog of it, u abftrad from all principles and poftuktes diat 
may require the imaginiDg any octwr qoantitiea but fuch as may 
be eafily coooeived co have a real exifteoce. We (hdl not 
coniider any pan of fpace or time as iodiviiible, or infinitely 
little; but we Ihall coofidera point a? a term orUmit of a line, 
and amome«aBatezmorlimtt of ume: Horfliall we refolve 
carve lines, or corWlioeal ^wcea, into reftilincal elements of any 
kind. In ddireriog the priodplM of this method, we apprehend 
it is better U) avoid fbch fdppwtioiie : but after thefe are demon- 
iftmced, fhoic and coacife ways of fpealdog» though le& accurate, 
nay be petmicced, when there is Ao hazard of our iotiiodticinr 
xny uncotaiqty 01 oUewicy into the fcteoce from the ule ^x 
them,or t^avolviiig it in dUpotes. The method of demooftn^ 
tioo, whicfa WM ioveoced by dK asdior of fluxicna, is accurate 
Aodel^iie; but weprqnte to begf o with one duu is fom»- 
whatdi&icfK; wlucbjbeii^ left femoiwd&om that of the an- 
aeats,aHy mafcethe tcaafitimfa his method more eafy to be- 
gionen, (for whotBehiefly this creacife ia intended,) and may 
ohviatt fame ot^efUops that have been made to it. 

But, before we fvocced,itmay beofufe to confider the fiepa 
by wluch tbe ancients were abl^ io feveial inftances, A-om the 
meofuration of right-lin'd figures, to judge of fuch as were bound- 
ed by curve lines: for as tbey did not allow themielves to re- 
folve curvtlineal f^ures into reftilioeal elements, it is woith 
while to examine by what ait they could make a tranfition from 
the one to the oiier : And as they were at great pains to finifli 
their detBonArations in the moft perfect manner, lo by foUow- 
iog their exiample, as mocb as poflttile in demonllrating a me- 
thod To much more general than theirs, we may beft guard a- 
^ainft exceptions and cavils, and vary leis Horn the old founda- 
tions of geometry. 

A a They 
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They found, thac fimilar triangles are to each other m the du- 
plicate ratio of their homologous lidee^ and, by refolving fimi- 
iar polygons incD iitnilay triangles, theCkm^ propoiitioo was ex- 
txnded to thefe polygons alfo. But when dhey came to conn 
pare curvilineal figures, that cauDot be refolved into Tet^ilineal 
parts, this method tidied. Circles are the only curviline^ plane 
£gure3 conlidered in the elements of geometry. If they could 
have allowed tbemfelves to have cindered thefe as fimilar po- 
lygons of an infinite number of fides, (as fome have done who 
pretend to abridge their demonllrations,) alter proving that any 
iimilar polygons inlcribed in circles are in the duplicate ratio of 
the diameters, diey would have immediately extended this to 
the circles tbemfelves \ and would hare coimdered the fecond 
propofition of the twelfthbook of the Elements as aneafyco- 
Tollary from the firft But there is ground to chink that they 
would not have admitted ademooftration of this kind. Ic wasa 
fimdamental principle with them, that the difference of any two 
unequal quantities, by wtuch die greater exceeds^ the ]efier,may 
be added to itfelf till it ihall exceed any prcnofed finite qaan- 
ticy of the lame kind : and that they founded their propofitions 
cODcerniDjg carvilineal figures upon this principle in a particular 
manner, is evident from the demonftratious, and &om the ex- 
-pre& declaration- of Archimedes, who acknowledges it to be 
the foundation t^n which he efiablifhed tus own difcoverieo *, 
and cites it as siiumed by the ancients in demcnftrating-^l 
their propofitioas of this kind. But this principle leems- to be 
inconliftent with the admitting of an infinitely little quantity or 
difference, which, added to ideU' any number of times^ is never 
fuppoled to become equal to any finite quantity wfaatloever. 

They proceeded therefore in another manner, lefs dtre<5l trf^ 
deed, but perfeilly evident. They found that the infcribed &• 
milar polygotis, by increafing the aumber of their fides conti- 
nually approached to the areas ofthecirclesj fo that the decrea- 
fing differences betwixt each circle and its infcribed polygon, 
by ftiU further and further divilions of the circular arches which 

the 

utn 7»f(£f iTiTf iT«f kI tS Tf j^MTOf.&c Arihimtd. it jmtdr.fdrak. 4dJ>i>jitb, 
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the fldesof the polygons fubtend, could become lefs than any 
quantity chat can be afligned: and that all this while thelimikr 
polygons obferved the fime conftant ' invariable proportion to 
each other, viz. that of the fquares of the diameters of the 
drcles. Upon this they founded a demonftration, that the pro- 
portion of the circles themielves could be no other than thac 
ume invariable ratio of thefimilarinfcribed polygons: of which 
we fliall give a brief abftraA, that it may appear in what manner 
they were able, in this inftance, and fome others of the fame 
nature, to form a demoi^ration of the proportions of curvilineal 
figures, from what they had already difcovered of rectilineal 
OQes. And that the general reafoning by which they demonitra- 
ted all their theorems of this kind may more eafily appear, we 
fliall represent the circles and polygons by right lines, in the fame 
manner as all magnicudee are. exprelled in tix fi&h book of the 
Elemeots. 

Seppofe the righc Hoes AB „ « - ,v 

and AD to repreTent the two A Pp B Q^ E g D 

areas of the circles thac are 

compared together J and let AP, AQ^reprefent any two fimilar 
polygons inlcribed in theie circles. By further continual fubdi- 
vilionsofthe circular arches which the fides of che polygons 
fubtend, the areas of the polygons increafe, and may approach 
to the circles AB and AD fo as to di^r from them by le^ than 
any atSgnable meafure ; the triangle which is fubdudea from each 
fcgment at every new fubdivifioo being always greater chan the 
half of the fegmenc The polygons inlcribed in the two circles, 
as they increafe, are ever in the lame conftant proportioo to each 
other : and this invariable ratio of thefe polygons muft aUb be 
the ratio of the circles themfelves. For, if it is not, lee the ratio 
of the polygons AP and AQ_to each other be, in the firft place, 
the fame as the ratio of the circle AB to any magnitude AE 
lefs than the circle AD j fuppofe the fubdiviltons of the arches 
of the circle AD to be continued till the difference beewixt the 
circle and infcribed polygon become lefs than ED, lb that the 
polygon may be reprelented by Af, greater than AE^ and lee 
A; reprelent apolygoa ioicribed ia the circle AB, fimilar co the 

po- 
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polygoQ A^. Then, Race A? is to AQ_as AB is to AE by tbs 
fuppofiuMi, and the polygon Ap is to the fimilar polygon hq as 
AP ia to AQ_j it follows, that AB is to AE as Ap is to Af ; and 
that the circle AB being greater than Apj a polygon infcribed in 
it, AE muft be greater than A^. But A^ is fuppdedto be great- 
er than AE; andthele being repugnant, it follows, that the 
polygon AF is not to the polygon AQ as the circle AB ia 
CO any magnitude (as AE) lels than the cucie AD. For the lame 
reafon ACTisnoc to AF as AD is to any magnitude (as AF) lefi 
than AB. From which it follows that we cannot fupp^ 
AF to be to AQ^as 

P ' Q. ' gnitude A« greater 

than AD ; Ixcaule 
if we t^e AF to AB as AD 18 to A«, AF will be le& than AB, 
and AP will be to AQ^as AF lefs than AB to AD ; aguofi what 
has been demonftrated. It follows therefore that AP is not to 
AQ^as AB is to any magnitude greater or Ids than AD ; but 
that the ratio of the circles AB and AD to each other, muft be 
the fame as the invariable ratio of the iimilai polygons AP and 
AQ^infcribed in them, which is the di^cate oi the ratio of 
their diameters. 

In the lame manner the ancieocs have demonftrated, that py^ 
ramids of the lame height are to each other as their bdes, tiua. 
fpberes are as the cubes of their diameters, and that a cone is 
Che third part of a cylinder on the &me bafe and of the lame 
height. Iq general, it appears trom this demonftration, that 
when two variable qoantities, AP and AQj which always are 
in an iavariable ratio to each other, approach at the lame time 
CO two determined quanddes, AB and AD, {o that they may 
difici Ida &om them than by any alQgnable meafure, theratb 
of thefe iimits AB and AD muft be the fame as the invariable 
ratio of the quanaties AP and AQ: and this may be coniidefed 
as the moft limple and fundaimental propoGtion in this dodtrioe, 
by which we are enabled to compare curviUneal fpaces in fcmie 
of the more fimpde cafes. 

This 
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This general principle nuy ferve-fbr demonftnu'ng many o- 
iher propofitioasjbelidea the elemenury iheorems already nien^p,. 
lioned. For example, let ADB be a feraicircledeicribed on the 
<Uinietei AB, AEB a femielUpfe defcribed on chefanie right line 
ts its traofverie axis; let AFGB be any polygon defcribed ia 
the femicircle ; and let FN,GM, perpendicular to AB,meetche 
(emielU[^e in H and K, and the axis in N and M. Becaafe any 
oidtcateof the ciicle bto the ordinate of the ellipfeontbeianie 
point of the axis as thetranfverfe axis is to theconjugate,itfol- 
lows, that the triangle ANF is to the triangle ANH, the tra- 
pezium FNMG to toe trapezium HKMK, the triangle GMB to 
the triangle KMB, and the whole polygon AFGB to the poly- 
gon AHKJB, in the fame confiant rario of the iranfverfe to the 
coniogate axis. K(e£k the arch FG in D^ and the triangle FDG 
willbe^^reater than half the legmeni in which itisinfcribed. Let 
the ordinate DI meet the ellipte in E, and the triangle HEK will 
be alio greater than hali the elliptic fegment in which it is io- 
icribed 'y for it is obrious that the right Unes GF, KH produced 
meet the axis in the famepoini R, and that the tangents at D and 
E meet it in the fame point T ^ confequently the tangent DT 
being parallel to the chord FG, the tangent of the ellipfe at E 
is parallel to HK, and the triangle H£K is greater than half the 
fe^nent HEK. The polygons therefore AFGB, AHK.B, by 
continually bifeding the circular arches, may approach to the 
areas of die femidrcle and femieUipie, fo as to differ from them 
by lefi than any affignable meafure. Hence if the right line AD 
in the preceeding article repreient the area of the &inicircl^ 

ABthe area of the femiellipfe, AC^the 

polygon infcribed in the femicircle, AP A P~S Qlb 
the correfponding polygon infcribed in 
the femiellipfe \ it will appear, in the fame manner, that the temi- 
circle muft be to the femiellipfe in thefame ratio that isthe con- 
iUnt proponiou of thofe infcribed polygons, wa. that of the 
- tranfverfe axis of the ellipfe to the conjugate axis. 

We have given this demonftration a little dif!erent from that 
{^Archimedes in hb fifth propofmon t^ conoids zadfpberoitisy 
that the lame proportion might appear to be the ratio of the a- 
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T£a NFDGM in the drcle to the area NHEKM in the elfipft. 
From which it follows, that if C be the common center of the 
c4rcle aD(lellipfe,thetrianglesCFN,CHN and the trianglesCGM, 
CKM being to each other as the tranlVerfe axis is to the cchuu- 
gate,the feSor CFDG in the drcle muft be to the feftor CHEK ia 
the eltipfe in thefame proportion. Let the diameter CE meet its 
ordinate HK inP,and CP being to CE as CRisto CTyor as CQ, 
16 to CD^ it appears, that when the ratio of CP to the femidia- 
meter of the cllipfe CE is given, then CQ_ is given, and there- 
ibre the feflor CFDG ia ofa decermiDed magmtude j confequent- 
ty the elliptic feAor CHEK,, and the fe^ent HEK, muft each 
be ofa determined invariable magnitude in chefame ellipfe, when 
the abfcila CP is in a given ratio to the femidiameter C£L The 
triangle CHK, and the trapezium CHtK (formed by die femt- 
diameters CH, CK. and the tangents Hf, Kf,) arealfo^ven ia 
magnitude when thi? ratio of CPtoCEjOrofCE to O, ts^pven. 

In general, if upon any diameter produced wnlhout the elliple, 
any number of points be taken,on the fame or on different fides 
of the center, at diftances from k that are each in fome given 
zacio to chat diameter; and firom thefe points tangents be drawn 
to the ellipfe in any oae certain order ; the polygon formed by 
thefe tangents is alwaya of a. given magnitude in a given «llipfe, 
and is equal to a polygon defcribed by a fimilar conllrudion 
about a circle, the diameter of which is a mean proportional be> 
twixtthe tranfverfe and conjugate axis of the elliple. The po- 
lygon infcribed in the ellipfe by joining the points ofcontaft, 
and the feitors. bounded by the Temidiametera drawn to thefe 
points, are alCp of given or determined magnitudes; and the 
Parts of any ^ngent intercepted betwixt the incerfei^lions of the 
other tai^ent« with it, or betwixt thefe interiibt^ions and the 
point of coHcad, are always in the fame ratio to each other in 
the fame iigure. Th£K is an aoalc^ous property of the o^er 
conic feftiona. ; 

When Archimede-s demonflrated, that die area of a circle 
is equal to a triangle upon a bafe equal to the circumference 
>qf the ciicl^of a height equal to the radius, it was ooc by fup- 

poJing 
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podag it to coincide with a circutnfcribed equilateral polygoa 
of an infinite number of fides, hue in a more accurate and un- 
exceptionable manner. Let hd^ the bafe of the right-angled Fis.a. 
triangle ab/i, be fuppofed equal to the circumference of the circle- 
ABD, ah equal to the radius CA, EFGH any equilateral poly- 
gon defcribed about the circle, ABDK. a fimilar polygon mfcri- 
bed in it, and let CQ^ perpendicular to AB meet it m <X As 
the circunilcribed polygon EFGH is greater than the circtei fo 
it is greater than the triangle abd; becaufe it is equal to a tri- 
angle of a height equal to CA or ah, upon a bafe equal to the 
perimeter EFGH, which is always greater than l>d the circum- 
lerence of the circle. The infcribed polygon is lefs than the 
circle ; and it is alfo lefs than the triangle abd^ becaufe it is e- 
qoal to a triangle of a height equal to CQ_ (which is lefs than 
CA or ah) upon a bale equal to its perimeter ABDK which is 
lefs than the circumference of the circle hd. Therefore the circle 
and the triangle ahd are both conftantly limits betwixt the ex- 
ternal and internal polygons EFGH, ABDK. Let the arch AB 
be bifeded ia L, and the tangent at L meet AE, BE, in M and 
N \ and the angle ELM being right, EM muft be greater thaa 
LM or AM, the triangle ELM greater than ALMj EMN greatet 
than the fumof the triangles ALM, BLN, and confequently great- 
er than half the Ipace EALB bounded \>y the tangents EA, EB, 
and the arch ALB : From which it follows, (by the !■ 10. Eucl. 
the foundation of this method,) that the circumfcribed polygon 
may approach to the circle fo as to exceed it by a lefs quanrity 
than any that can be afligned. The infcribed polygon may al- 
fo approach to the circle fo as that their diflerence may become 
lefs than any aflignable quantity^, as is fliewn in the Elements. 
Therefore the circle and the triangle ahd^ which are both li- 
mits betwixt thefe polygons, muft be equal to each other. . For, 
if the triangle ahd be not equal to the circle, it mufl either be 
greater or lefs than it. If the triangle ^d was greater than the 
circle j then, fince the external polygon, by increafing the nurti- 
ber of its fides, might be made to approach to the circle fo as to 
exceed it by a quantity lefs than any difference that can be fup- 
pofed to be between it and the triangle ahd ^ it follows, that tha 
external poison might become lets than that triangle, againft 
B what 
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what has been demonllrated. If the triaugle abd was lefi diaa 
the circle, then the infcribed polygon, by being made to ap- 
pToach to the circle, might exceed that triangle : which, by 
what we have fcewn, is dib impoffible. 

In general, let any determined quantity AB be always a K- 
mit betwixt two vanable quantities AP, AQ_, which are fuppo- 
fed to approach continually to it and to each other, fo that the 
diference of either from it may become left than any affignable 
quantity, or fo that the ratio of AQ_to AP may become left 
than any affignable ratio of a greater magnitude to a lefler. Sap- 
pofe alio any other determined quantity ab to be always a limit 
betwixt the quantities ap^ 

A P g B E Q _ and <»f, and, ijj being al- 

waysequal to AQ_or kfs 

than it, let ap be either 
^ _ f g g equal to AP or great- 

er than it. Then fliall 
tfaefe limits AB and al> be equal to each other. For, if ab was 
equal to any quantity AE greater than AB, then, by fuppofing 
die ratio of AQ^to AP to become lets than that of AE to AB, 
die ratio of /tq to AP would become le(a than the ratio of ab 
to AB : but fince aq ia always greater than aby. and AP lefs than 
AB, the ratio of ofto AP is always greater than the ratio of 
ab to AB J and theie being rqiugnant, it follows, chat ab U not 
greater than AB. l£ab was eqtutl to any quantity he lefs than 
AB, then, by fuppoiing the ratio of AQ^to AP to become left, 
than that c^ AB to A«, the ratio of AQ_to ap (which, by the 
fuppofition, is either equal to AP, or greater than it) would 
become lefe than that of AB to *»* .' but fince AQ always ex- 
ceeds AB, and ap is always left than ab, the ratio oi' A(^ta ap 
muft be greater than that of AB to ab ; and thefe being repu- 
gnant, it follows, that ab is not. left than AB. Thele limits 
there&re AB, ab are equal to each other. 

In this matmef Archimedes demonllrates the feurteenth 

prc^fitiou of the firft hook of his admirable txatife concerning 

Fxs.3. the l^lwK and cylinder. Let DAba be aa upright cone i D 

the 
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the yetttXt C the center and CA the radius of the bafe. Let 
KI be a meni propomonal betwixt DA the fide of the cone and 
CA the radius of its bale ; and the convex fur^e of the cone 
fiuJI be equal to a dicle of the tadius KL Let LMNS be any 
evteroal equilateral polygoD defcribed aboat this circle, Imns • 
fimilai polygon inscribed in it \ EFGH a Similar polygon de* 
Icribed aboat the bafe of the cone, efib a Iimilftrj>olygon de- 
fcribed in it : then the fuiface of the pyramid DEFGH, which 
is delcribed about the convex furface of the cone, Ihall be to 
the polygon EFGH as T>A is to CA, or as the fijuare of KI vt 
to the iquare of CA, or as the polygon LMKS u to the polY>- 

g>D EFGH ; and therefore the fumce of the external pyranud 
EFGH, without the bafe, is equal to the polygon LMNS. 
Let CA, perpendicular to E^, meet ef\sxh\ and BK, parallel 
to DA, meet CD in R. : then tlw polygon Imns being to efgh 
as the fquare of KI is to the Iquare of C^ that is, as DA is to 
CA, or as BR. is to CB ; and this bebg a le& ratio than thac 
of DB to CB, which is the lame as the ratio oiH^b^ the fui^ 
&ce of the internal pyranud without its bafe, to the mternal po- 
lygon efgb : it follows, that die furfice of the inumal pyramid 
without its bafe is greater than ih& polygon Imtts. The external 
polygon LMNS is greater than the drae of the radius KI, the 
loteroal polygon is Tefa than that circle, and the ratio of the ex- 
ternal polygon to the internal may become lels than any aflign^ 
able ratio of a greater quantity to a lefler. The fur^ice of the 
external 'pyramid DEFGH, without the bafe, is greater than 
the convex fur&ce of the cone : and the furface of the internal 
pyranud DefgJbf without the baie, is lets than it. Therefore by 
fubltitutine, in the general demcMifiTation of the laft ardcle, the 
circle of ue radius KI in place of the quantity AB, the extem 
nal polygon LMNS for AQ^ the internal polygon fmiu for AP, 
the cc»ivex furface of the cone for aby the furraces o£ the exter- 
nal and internal pyramids without their bafes for aq and apj k 
will appear, that ait convex iiir&ce of the ccme and die arclt 
of the radius KI are equal to each other. We have given fo 
full an account of this demonfttadon the nther that a part of it 
has been fbmetimes nufieprefented. 

B2 It 
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It ta much in the fame manner that he demonftraces the thirty 
firft, fortieth and forty firft, c», according to the celebrated Dr. 
Barrow's numbers, the thirty ieventh, forty ninth and fiftieth 
of the fame treatife : which are efteemed by fo good a judge, 
iox the ufefulnefs of the propofitions, the fubdety of the inven- 
tion, and the elegance of the demonftradon, amongft the moft 
valuable difcovenes in geometry. In the firft of thefe he de- 
monftrates, that the furface of a fphere is equal to four times 
Fig. 4. the area of a great circle of the fphere. Let AEBFD/>e be an 
equilateral polygcxi infcribed in the generating circle, of a 
number of fides that is any multiple of the number four \ let 
GHK.LM/iU' be a fimilar polygon defcribed about the circle, 
having its fides parallel to thofe of the internal polygon ; and 
let E>, B^, F/ meet the diameter AD in Q , C and N. Suppole 
the femicircle ABD, with the infcribed ao^ ctrcumfcribed poly- 
gons, to revolve on the diameter AD : and the conical furface 
generated by the chord AE ihall be equal to a circle of a radius 
that is a mean propordonal betwixt AE and EQj the furface 
generated by the chord EB Jhall be equal to a circle of a radius 
that is a mean proportional betwixt £B (or AE) and the fum 
of the perpendiculars EQ_and BC ; and the furface generated by 
the whole perimeter of the internal polygon equal to a circle of 
a radius that is a mean propordonal betwixt AE and the fum of 
the perpendiculars £«, Bb and F/. But fuppofing B« and F^ to 
meet the diameter AD in B. and S, the triangles DAEl, AEQ^, 
QeR, RBC, OS, SFN and DN/ are fimilar ; and DE is to 
K^ EQ^to AQ, eQ^to QR, CB to CR, K: to CS, FN to 
SN, and /N toDN in the Tame ratio : and therefore the fum 
of the perpendiculars Ee, B^, F/ is to the diameter AD as DE 
is to AE. From which it follows, that the furface generated by 
the revolution of the internal polygon AEBFD is equal to a circle 
of a radius that is a mean proportional betwixt AD, the diame- 
ter of the generating circle, and DE the right line drawn from 
one extremity of that diameter to the angle E that is next ad- 
joining to its other extremity. In the fame fanner, the furface 
generated by the perimeter of the external polygon GHKLM 
IS equal to a circle of a radius that is a mean proporuonal be- 
twixt MH (which is equal to OX or AD) and CM the diameter 

of 
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of the circle delcribed about that polygon. Becattfe DE is lefi 
than AD, bat GM greater than AD, k foHows that the furface 
generated by the perimeter of the iatema! polygon is always 
lefs, and the fnrface generated by the perimeter of the external 
polygon 13 always greater than a circle of the radius AD which 
(becaufe AD is double of AC) is equal to four rimes the area 
of the generating circle. The forfaee of the fphere is alfo itfelf 
always a limit betwixt theie infcribcd and circumfcribed farf*- 
ces ^ and becaufe the ratio of thefe fuifaces to each other is the 
duplicate of the ratio of GH to AE, or of CG to GA, k ap- 
pears, that by increafiDg the number of the Udes of the poly- 
gons the ratio of thefe furfaces may approach nearer to that of 
equality than any afSgnable ratio of inequality : therefore by 
fubftiturin^, in the general propofition demonfmited above, the 
furface cnthe ^here in place of AB, the quadruple area of a 
great circle io place oi ah., the furies generated by the cir- 
comfcribed and mfcribed polygons for AQ_ and AP, and fuppo- 
fing aq and ap refpedively equal to AQ_ and AP j it will be 
evident that the fumce of the fphere and the qoadrbple area of 
ks generadng circle are equal to each cnheE. 

Thefurfece generated by the perimeter AEBF, infcribed in 
any arch AF, ia equal to a circle of a radius that is a mean pro- 
porrional betwixt DE and AN, which is lefs than AF the mean 
proportional betwixt AD and AN : and the furface generated 
by the perimeter GHKL being, for the fame reafon, equal to 
a circle of a radius that is a mean propordonal betwixt KD and 
GN, which exceeds the chord AF ; it follows, that a circle of 
the radius AF is always a limit betwixt the furfaces generated 
by the perimeters of the intenial and external polygons AEBF 
and GHKL. But tlie portion of the fpherical furface generated 
by the revolurion of fthe arch AF is always a limit betwixt the 
fame circumfcribed and infcribed furfaces : and thefe being to 
each other in the duplicate ratio of GH to AE, or of CG to 
CA, and therefore in a proportion that may approach to the ra- 
tio ol' equality nearer than any ratio <^ inequality ; it follow*, 
that the porticm of the fpherical furface generated by the revo- 
lutioa of the aich AF is equal to the area of a circle delcribed 

with 
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with a radius equal to the right line AF. The furfaces, thene- 
fore^ geuerated by arches tcnnbated at A are as the fquares of 
their chorda, or as their verfed fines ; and parallel planes which 
divide the diameter of a fphere in equal pans, divide the fur- 
face of the iphere into equal parts at the lame time. 

From thefe propolitions, it ia ealy to fee how he was able to 
compare the fphere itfelf with the circamfcribed cylinder or in- 
fcribed cone. La CP, perpendicular fipm the center on AE, 
the fide of the polygon, meet it in P : then the folid generated 
by the revolution of the triangle CA£ being equal to a cone of 
the heigltt CA upon a bafe equal to the circle generated by the 
perpendicular £C^, and this circle being to the furface genera- 
ted by the revolution of the chord AE as the fquare of EO is 
to the reflangle contained under AE and EQ,, that is, as £Q_ 
is to AkE, or CP to CA ; it follows, (fuch cones being equal as 
have their heights and bafea reciprocally proportional,) that the 
folid generated by the revolution of the triangle CAE is equal 
to a cone upon a bale equal m the lorface generated by AE of a 
height e<^ual to CP. t«t BE produced meet the axis m T ; and, 
for the like reafon, the folids generated by the triangles GET, 
CBT Ihall be equal to cones upon bafes refpefiively equal to the 
furfaces generated by the revolution of the right lines ET and 
BT, of die height Cz equal to CP : fo that their difierence (or 
the folid generated by the triangle CEB) muft be equal to a cone 
of the height CP upon a bafe equal to the fur&ce generated by 
the right line EB. In like manner, the folid generated by the 
revolution of the whole inlcribed polygon is equal to a cone of 
the lame height CP upon a bafe equal to the furface generated 
by the perimeter of the polygon, which we have Ihewn to be 
always lefs than four times the area of a great circle of the 
fphere. For the lame reafon, the folid generated by the revo- 
lution of the external poison GHKLM is equal to a cone of 
the height CO or CA, upon a bafe equal to the furface genera- 
ted by the perimeter of that polygon, which, by what has been 
demonftrated, is greater than four times the area of a great 
circle of the fphere. A cone, therefore, upon a bafe equal to 
four times the area of a great cvcle of the ^here, of an altitude 

equal 



,y Google 



INTRO'DVCTION. is 

equal to the radius, is always a limit betwixc the iblids genen- 
ced by the external and incernal polygons. The Iphere idelf 
ia al(b a limit betwixt thefe folids : And their propomoa being 
the triplicate of that of GH to AE, or of CG to CA, whicn 
niaj aniioach nearer to a rado of equality than any alSgnable 
ratio of inequality: it follows, that the fphere is equal to fuch 
ft cone, or to four times a cooe that has its bale equal to the ge- 
nerating circle and its height equal to the radius; and that the 
iphere is to the circumfcribed cylinder as two is to three. The 
fester of the fphere generated by the revolution of the feStot of 
the circle GAE is ihown, in like manner, to be equal co a cone 
upon a bafe equal to the portion of the Ipherical fur&ce generoi* 
ted by the arch AE (or the circle defcribed with the radius 
AE,) of a height equal to CA the radius of the fphere. Thefe 
are the thiity iec<uid and forty fecond proportions of the fame 
excelleat tiKtuie. 

If we fuppefe the femiciicle and femielUpfe to revolve on cheii 
ccMnmon axis AB^ and to geaerace a fphere and fpheroid ; tbea Fio. i. 
the cone generated by the triangle AFN fball be to the cone 
generated by the triangle AHN in the duplicate ruio of FN 
to HN, or of the axis AB to it« conjugate ; becaufe cones <£ 
the fame height are as their bafes. And in the fame manner ic 
a[^eai8, that the Iblid generated by die revolution of any po- 
lygon AFGB, iofcribed b the circle, is to the folid Mncrated 
by the revolution of the correfponding polygon AHK.B, infcri- 
bed in the eUi[rfe, xs the fqu&re of cbe axis AB is to the fijuave 
of its conjugate.. Hie folid goierated by the triangle TID is 
to the Iblid generated by the triangle TIE as the fquare of ID 
to the fqoare of IE, or as the Iquare of the axis AB to the fqnaie 
of its conjugate : and if any polygon be defcribed about the 
circle, and a polygon be alio defcribed about the ellipfe, fothat 
the points of contad: in the circle and ellipfe be always in the 
&me perpendiculars to the axis, the folicU generated by thefe 
polygons fliall be to each odierta the feme propoicioD. By fup- 
pc^g the circumfcribed and inferibed polygons in the circle t& 
be equilateral, and Co have their correfponding fides parallel,, ic 
may be demenftrated, that the fpbeie is to the fpheroid in the 

duplv- 
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duplicate ratio of the axJa AB to its co^ugate, and that the ib- 
lids generated by the fpacea- FNiMG, HNMK. are in the fanw 
propordtm. The fpheroid, therefore, is quadruple of the cone 
of a height equal to half the axis A£, on a bafe equal to the 
circle defcribed upon the conjugace axia as its diameter. 

As the fegment of the ellipfc HEK, and the triangle HEK, 
are of a determined invariable ma^cude in a given ellipfe, 
when the ratio of CP to CE is given ; lb the portion of the fphe- 
roid (generated by the ellipfe revolving on its axia AB) >*hich 
is cut qS by .a plane dirough HK perpendicular to the plane 
AEB is of a deierrabed magnitude, when the ratio of CP to 
CE is given, A cone upon the lanie bafe with this portion, that 
has its vertex in E, or in ty is alfo of an invariable magnitude, 
when thatrauo is given; and. there is a general propeny of the 
circumfcribed and mfcribed folids analogous to that above men- 
tioned of the citcomfcribed and idfcribed polygons. 

Archimedes takes a difierent way for comparing the fpbe- 
loid with the cone and cylmder, that b niore general, and has 
a nearer ajialogy to the modem methods. He fuppofes the 
■terms of a progreflion to increafe conJianrly by the lame dii^iv 
ence, and demonftrates fevecal properties of fuch a prt^reHioii 
relating to the fum of the terms and the fum of their Iquares ^ 
by which he is able to compare the parabolic conoid, the fphe- 
roid and hyperbolic conoid, with the cone, and the area of his 
fpiral line with the area of the circle. There is an analogy 
.betwixt what he has ftiewn of thefe progrelQons, and the pro- 
portions of figures demonftrated in the elementary geometry ^ 
the confiderarion of which may illuftrate his doiSrine, and ferve 
perhaps to fhew thu it is more reg-ular and compleat in its kind 
' than fome have imagined *. The relation of the fum of the 
terms to the quantity that arifes by taking the greaceA of them 
«8 often as there are terms, is illuftrated by comparing the tri- 
angle with the parallelognun of the fame height and bafe ; and 
what he has demonitrated of the fum of the fquares of the terms 

* See the preface lo the Analyft <tti imfi-iimcnt ftt'ui. 
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•compared with the fquare of the greateft term, may be illuflra- 
ted by the proportion of the pyramid to the prifin, or of the ■ 
cone to the cylinder, their bales and heights being equal \ and 
by the ratios of certain fruftums or portions of thefe Iblids, which 
may be deduced from the elementary piopofltions. 

The bafe AB of the rectangle ABCD being divided into any 
number of equal parts, AE, EF, FG, GB, and the perpendicu- 
lars ET, FV, CIL being drawn meeting AC in H, I, L, and CD 
in T, V and Rj the re<Sangle3 AH, EI, FL, GC may reprelent 
a progreflion of^terms that conftantly increafe by a common di&- 
&rence equal to the leaft term AH. The fum of thele redangles 
form the figure AKHMIPLRCB which is defcribed about the 
triangle ACB, and ia always greater than the triangle : Their fum 
without the greatell term GC ia equal to the figure £HN IQLSB, 
which is inlcribed in the triangle, and therefore is itiways lefi 
than it. The re^angle ABCD is the fum of as many terms e- 
qual to the greateft GC, as there are terras. And as the triangle 
ACB, oronehalf of the rectangle ABCD, is alwaysalimit be- 
twixt thefe circurafcribed and infcribed figures : fo, in general, 
if the greatefl term of any progrelficsi of tlus kind be taken as 
often as there are terms, then one half of the quantity that is 
thus produced fliall be always a limit betwixt the fum of all the 
terms and this fum without the greateft term : which coincides 
with the firft propolitioa of the trcatife of conoids and Ipheroids. 

Suppofe the fame figare to revolve upon the axis AB, and 
while the triangle ABC generates a cone equal to the third part 
of the cylinder defcribed by the leftangle ABCD, the roftangles 
AH, EI, FL, GC generate cylinders of equal heights ; which 
are therefore as the Iquares of the right lines EH, FI, GL, BC, 
that increafe conftantly by the fame di&rence equal to the firft . 
term EH. The fum of uiefe cylinders, or the folid generated 
by the figure AKHMIPLRCB circumicribed about the triangle 
AfiC, always exceeds the cone generated by that triangle :' 
Their fum without the cylinder generated by the reCiangle 
GC, being equal to the folid generated by the inlcribed figure 
EHNI(^!^B, is always leis than the fame cone. I'he cylinder 
C generated 
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generated by i3w redaogle ABCD is the fum of as many cylin- 
de(9 equd tx) that generated by GC, as there are terms. And 
» the cone geoerai^d by the triangle ABC, or one third part of 
the cylinder ge^nerated by ABCD, i& always a limit betwixt the 
folids generated by the figures AKHMIPLRCB, EHNIC^B; 
fo, in general, one third part of the quantity that is produced by 
f^ng the fquaie of the gieateft term of any progreHion of this 
kind as often -aa there are terms, is always a limit betwixt the 
fom of the ^iqiiares of all the terms and the fame fum without 
the Iquare of the gieateft term. Archimedes demonfirates 
this prc^Htion in a geaeial way, and by it the proportion of 
the area of lus firfl ipiral line. to the circumfcrtbed circle. But 
Pappus * makes ufe of the ratio of the cone to the cylinder for 
the fame puipo(e : and fince we have the example of fo accurate 
' an author, we lliall proee^ to defcribe Aircrimgdjes's other 
theorems of this kbd in the fame manseri 

The eleventh propofitioo of the treatile concerning fpiral Unes- 
amiears &(xn comparing the cylinder generated by the re^angle. 
EBCT wkh the fruftum of a cone generated by the trapeuum 
£BCH,atidwichthe folids generated by the figures EM1PLR.CB, 
EHNIQLSB, the former ^ which is always- greater than that 
fruftum, and the latter lefsthanit. For-tbe cylinder genera- 
ted by the redangle EBCT is to the fruftum of a awe gene-- 
rated by die trapezium EBCH, as the fquare of BC is to the 
redangle contained under the right lines BC and EH added to. 
oneihitd partof the fcpiareof thediiferenceof thefelines. The. 
demonftratioQ of which we fhall fubJQin, the tather that this pro- 
pofitioo wiU be of ule afterwards. 

The reft of .the conftniftion remafning as m the fifth figure^ 

Fio.6. let £S parallel to AC; and HZ parallel to AB, meet fiC to S 

Plate 1- and Z j and, fuppofing BX to b« a mean proportional betwixt. 

BC and iEH, or BZ, complete the parallelogram EBXY. Then 

let the rectangles EBCT, EBXY, by revolvmg on the axis AB, 

geaente the cyiioden TCef> YXx}> ,and the triangles ABCV 

* Collcft. Mathon. lib. 4*.prop. lu. 

AEH, 
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AEH, AET, EEC, EBS, EBX, EBZ generate die conea ACc, 
AHi", AT;, ECc, ESj, EXjc, E2.« ; and the folid generated by 
the parallelogram ESCH ihall be equal to the cylinder YX»jr • 
as may be uewn from this known propofition, That the cube 
of BC exceeds the two cubes of hZ and CZ (or BS) by three 
times the parallelepipedon upon the fqaare of BX of the height 
C2 : From which ic follows, that the cone ACc exceeds the 
cones AHA, ESj by a iblid equal to the cylinder YXxy. The 
fame theorem may be demouftrated from the elemenrary OTopo- 
iitions thus : The folid generated by the parallelogram ESCH 
is the fum of thefe which are generated by the triangles ESC 
and ECH. That which is generated by ESC is eqim to the 
excefs of twice the cone EXx above the cone E^s, becaufe the 
iquare of BC (7. s. End.) added to the (quare of BZ is equal 
to two redsngles under BC and B2 (or twice the fquare of 
BX) added to the fquare of C2. or BS ; and therefore the dif- 
ference of the cones ECc. ESs (or the folid generated by ESC) 
is equal to the excefs of twice the ccme EXk above the cone 
£2tJ8. The folid generated by the triangle ECH is equal to 
the excefs of the folid generated by AEC (or the cone AT/) 
above the cone AHir. But the fum c^ the fqpares of BC and 
BX is to the fum of the fquares of BX and BZ as BC ia to B2> 
or as AB is to AE j and therefore (17. J. Eucl.) the diflference 
of the fquares of BC and BZ is to the fum of the fquares of BX 
and BZ as EB is to AE : from wUch it follows, that the dif- 
ference of the cones ATt, AHfc (or the folid generated by ECH) 
b equal to the fum of the cooes EiXx and EZs. Therefore the 
folid generated by the parallelogram ESCH is equal to thrice 
the cone EXx, or to the cylinder XY^ ; and the fruftum 
HCck is equal to that cylinder added to the cone ESs : fo that 
the cylinder TCc$ is to the frufhim HCcb as the fi^uare of BC 
ia to the fquare of BX (or the redangle under BC and EH) 
added to one third part of the fquare of BS, or CZ, the (Ufie> 
ence of BC and EH. It anKars, therefore, that the cylinder 
generated by the redangle EBCT is to the fbUd genented by 
the figure EMIPLRCB in a lefs proportion, and n> the foUd ge- 
nerated by the f^re EHNIQLSB in a greater proporrion, tbm 
the ratio of the Iquare of BC to the n^angle tmder-the right 
C a Unea 
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lines BC and EH added to one third pait of the fquare of the 
difierence of thefe right lines. In general, the quantity that is 
produced by taking the fquare of the greateft term (in fuch a 
progreflion as we delcrit)ed) one time lels than the number o£ 
terms, is to the fum of the fquares of the terms without the 
fquare of the leaft of them in a lefa proportion, and to che fum 
of their Iquares without the fquare of tfie greateft in a higher 
propoition, than the ratio of the fquare of the greateft term to- 
the redangle under the extreme terms added to the third part- 
ed the fquare ofchetr dil&rence. 

In like manner, tha third propofiiion of the treatife concern- 
ing conoids and fpherotds appears by comparing the foUd gene!> 
rated by tie redangle HZiCT wirfi thofe generated by the tri- 
angle HZC and the figures HMIPLRC2,NIQLS2., revolving 
about the axis AB j fuppoliog EB to be divided into any equal 
parts E^, FG, GB. For the folid generated by any reftangle 
NM being to the folid generated by the reftangle NL as the 
, difference of the fquares of FI and EH to the dUference of the 
fquares of GL and EH, or as the reflangle contained under NI 
and the fum of jEH and NX ( 6. i. EucL) is to the reft- 
angle under WL and the fum of lEH and WL, the folids 
generated by the rectangles NM, WP, ZR increafe in the fame 
proportion as the fpaces defcribed in that propofuion, which 
are fappofed to be applied on a given line, (as a EH,) and to ex- 
ceed by fquares that have theirfides (as NI, WL 2iC) conftant- 
■ ly increaling by a difference equal to the fide of the firft excefs. 
But the folid generated by the triangle H2iG is equal to the fo- 
lid generated by the reftangle HX added to the cone ESj, by 
what has been demonftrated j and therefore the folid generated 
by the reiEtangle H2GT is to the folid generated by the triangle 
H2.G as the (mference of the fquares of BC and BZ (or the retft- 
angle CZf) ip to the difference of the fquares of BX. and BZ 
(or the re«angle GZB) added to one third part, of the fquare 
of BS, or C2 ; that is, as Z^, or the fum of BC and BZ, is to 
. the ium of BZ and one thinl part of CZ ; and therefore as 
the fum of aEH and CZ is to the fum of EH and one third 
partofC2* Fiom wluch ic follows, that the folid generated by 
" » the 
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the reftadgle HC 13 to that which is generated by the figure 
HMIPLBCZ in a lefe proportion, and to the folid generated by 
NIQLSZ in a greater propertion, than that ratio. From this and 
the preceeding theorems Archimedes deduces many propoli- 
tions relating to-conoids-and ipheroids, and various portions of 
thefe folids : the moll confiderable of which may be demonftra- 
ted in the following manner, that differs little from his own me- 
thod, and may poflibly be the fame by which he dilcovered them. 

Lee Arc be a parabola, Athe vertex, AB a part of the axis, Fig. 7. 
BC an ordinate j complete the reftangle ABCD, and the conoid 
generated by the parabolic area AICB about the axis AB Ihall 
be equal to one half of the cylinder generated by the rectangle 
ABCD. By continually bifetfting the parts of the axis AB let it 
be divided mto the equal pans AE, £F, FG, GB \ and letthe or- 
dinates EH, FI, GL meet the curve in H, I, L, the right line DC 
in T, V, R, and the right line AC in X, Y and Z. Complete 
the reftangles AH, FH, EI, GI, FL, GS, as alfo the rectangles 
AX, EY, FZ, GC, E», ¥q and Gs ; and the cylinders generated 
by AH, EI, FL, GC,having equal altitudes, are as their bafes, or 
as the Iquares of the ordinates £H, FI, GL BC, and therefore 
as the parts of the axis AE, AF, AG) AB, 01 as the rectangles 
AX, EY, FZ, GC From which it follows, that the cylinder 
generated by the reftangle ABCD, the folids generated by the 
circumfcribed figure AKHMIPLRCB and the infcribed figure 
EHNIQLSB, are in the fame proportion to each other as the 
lettangle ABCD and the figures A*XotY/»ZRCB, EXwYjZjB; 
and confequently one half of the cylinder generated by ABCD 
13 always a limit betwixt the folid circumfcribed about the co- 
noid and that which is delcribed in it. The conoid itfelf is at- * 
fo always a limit betwixt the fame circunitcribed and infcribed 
folids ; and the difference of thefe folida being equal to the cy- 
linder generated by the reftangle GC, which, by continually 
bifedvng the parts of the axis, may become leis than any folid 
thiit can be alhgned : ic follows, that the conoid generated by 
the parabolic area AICB is equal to half the cylinder generated 
by the reilangle ABCD. If a parabolic conoid be cut by planes 
parallel to each other, but oblique to the axio, the feClions^ are 

fimilai. 
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fimiUr ellipfes ; and any portion of the foUd cut off by fuch a 
plane is ftiewo, in like manner, co be equal to one half of a cy- 
linder of the fame bafe aod aldcude. 

Fig. 8. LetCA, C5 be the femiaxesof an ellipfe AIB; complete the 
reSaugle CADB, and join CD. Let CA be divided, by a con- 
tinual bifeftion, into the equal parts AE, EF, FG, GC ; draw 
the ordinates EH, FI, GL meeting BD in T, V, K, and CD in 
X, Y, 2 ; complete the reaangles AH, FH, EI, GI, FL, CL, 
and the redanglea DX, VX, TY, RY, VZ, B2. Then, be- 
caufe the fquare of any ordinate EH is to the difference of the 
fquares of CA aod CE as the fquare of CB is to the fquare of CA, 
and the difierence of the Iquares of AD (or £T) and EX is to 
the difference of the fquares of CA and CE in the fame ^por- 
tion j it follows, that the fquare of EH is equal to the difierence 
of the fquares of ET and EX, and that the circle defcribed by 
£H is equal co the difference of the circles delctibed by ET 
and EX : fb that the cylinder generated by the rectangle AEHK. 
muft be equal to the folid generated by the retflangte DTXifc. 
In Uke manner, the folid generated by the drcumfcribed figure 
AKHMIPLRBC is equal to that which is generated by the fi- 
gure DiiXmYpZGCB, which always exceeds the folid that is 
generated by the triangle CDB j and the folid generated by the 
infcribed figure EHNIQLSC is equal to that which is generated 
by the figure TXsYgZjB, which is always lefe than the folid 
generated by that triangle. Therefore the folid generated by 
the triangle CDB and the part of the fpheroid which is generic 
ted by the ellipdc area AIBC are conftantly limits betwixt the 
fame drcumfcnbed and infcribed fbltds ; and the difference of 
thefe folids being equal to the cylinder generated by the re6i- 
angle BG, which, by continually bifeiting the parts of the axis, 
may become lefs than any folid that can be afligned j it appears, 
that the folids generated by the elliptic area AIBC and the tri- 
angle DCB are equal, and that the pordon of the fpheroid gene- 
rated by the ellipric area AEH is equal to the folid generated by 
the triangle DTX revolving about the axis AC But the folid ge- 
nerated by the triangle DXi, by what has been demonfhated, is 
to the fohd generated by the tedangle DTXA (or the cylinder 

generated 
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generated by AEHK) as the fum of EX and one third pan of 
TX is to the fum of 2EX and TX, or as the fum of CA and 
aC£ b to the triple fum of CA and CE ^ and therefore th« por- 
tion of the fpheroid generated b^ the elli[«ic area AEH is to 
the infcribed cone generated by the triangle AEH as the fum of 
iCA and CE is to the fum of CA and CE. 

In the fame manner, CA betog any femidiameter of the gen^ FiG.5k 
rating ellipfe, B^ the cQt^ugace diameter, Dd a tangent ax. A, 
BD and bd parallel to CA, foppole a cylinder SDdb to be de- 
fcribed abont half the fpheroid h&kn touching it in the drciun- 
ferenceofthe fe^on BA/'n perpendicular to the plane AB^, and 
(bppoie the cone CDrt^a to be inlcribed in this cylinder. Th«Q, 
ifany plane cut BA^ perpendicularly in the or<nnate Hby (that 
meets BD, hd, CD, cd in T, f, X and x,) the fedions of the 
Ipheroid, cylinder and cone made by this plane being fimilar et- 
lipfes, and the fqaare of EH being equal to the exce^ of the 
i^uare of ET above the Iquare of EX j it follows, that the el- 
Up^ which is the fefkion of the fpheroid with that plane, ia e- 
' qual to the difiefence of the eUiples that are the fedions of the 
cylind» and cone made by the fame plane. From which it may 
be demonflrated, as in the preceediog article, by conunually 
bifeding the parts of CA, and by circumfcribing and inscribing 
cylbders of equal heights about the fpheroid and cone, that 
the portion of the Ijrfieroid AH* is equal to the excefa of the 
fruftum of the cylinder T^Ttd above the fruftum of the cone 
DXxi^; and that the portion of the fpheroid AHii is to the io- 
jcribed cone AHii of the fame bafe and altitude as the fum o£ 
aGA and CE is to the fum of CA and CE. 

LefiATB bean hyperbola, O the center, AC a part of theFzo.ia 
axis, Athe vertex, ADa tangentmeetingtheafympcoteODin 
D, CB an ordinate meeting OD in « and D^ parallel to the axb 
in </ ^ let <^, B^ parallel to the axis meet AD mf and ^,..and the 
reft of the conftrudton be fimilar to that of the eighth- %are. - 
The fqaare of any ordinate- EH bebg equal to the di&rence- 
•f the fquares of EX and ET, the circle defcribed by EH is e- 
qual ta du dj£renc* of the ciides d«feribed by EX aodXT^.. 

the 
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the cylinder generated by the reSangle AEHK equal to the 
folid generated by the rectangle DTXA^ and, in like manner, 
the iblids generated by the whole ctrcumfcribed and infcribed 
figures AKHMIPLRBG, EHNI^^C are refpertively equal to 
the folids generated by the figures DAXmYpZ^frf, TXjiYqZsd* 
From which it follows, that the folid generated by the triangle 
Dde is always a limit beiwixt the folid generated by the figure 
defcribed about the hyperbolic aiea, and that which is genera- 
ted ny the figure deicribed in it. The portion of the conoid- 
generated by that area is always a limit betwixt the fame folids : 
and the diiference of thefe folids being equal to the cylinder ge- 
nerated by the rectangle GB, which, by continuing to bitedt 
the parts of the axis, may become lefs than any folid that can 
be.afngned ; it appears that the portion of the conoid generated 
by<he area ABC is equal to the folid generated by the triangle 
Ude. But this folid, by what has been demonHrated, is to the 
folid generated by the rectangle I>def, or cylmder generated by 
the rt^dangle Ciy aa the fum of lAD and O is to the triple 
fum ot AD and Ce ; and therefore the conoid generated by the 
hyperboUc area ABC is to, the infcribed cooe generated by the 
triangle ABC as the fum of 3.AD and Ce is to the fum' of AD 
and Ce, or as the fum of aOA and OC is to the fum of OA 
and OC Any portion of the conoid cut oiF by a plane oblique 
to the axis, is co the infcribed cone in a like proportion ; as may 
be demonftrated much in the fame manner. 

The following general theorem comprehends the preceedtng 
propolitions and feveral others of the fame kind. It coatdns a 

E perry which extends to all the folids that can be generated 
any conic legion revolving upon its axis, including the 
etc and cone, and may be of ufe in menfuration. A fruftum 
or portion of any fuch folid terminated by any two parallel 
planes, and a cylinder of the fame height with the fi^uftum upon 
a bafe equal to the fedion of the folid made by a parallel plane 
tliat bifefls the altitude of the fruftum, difier from each other 
always by the fame ma^itude, in the fame or in fimilar folids, 
when the inclination of the planes to the axis and ^e altitude 
of the fniflum are given. In the parabolic conoid this di^rence 

vanilhes, 
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vaniihes, the fiuftum being always equal to a cylinder of the 
fame hdght upon the fe^ion of the conoid that bifefb the al- 
titude ot the fi-ufluni and is parallel to its bafes. In the fphere^ 
the fruftum is always lefa than the cylioder by one fourth part 
of a right-angled cone of the fame height with the fruftum, ot 
by one half of a fphere of a diameter equal to that height : and 
this difference is always the fame in all fpheres whatfoever, 
when the altitude of the fruftum is given. In the cone, the 
fruftum always exceeds the cylinder by one founh pait of the 
cOBCentof a limilar cone that has the &me height with the fru- 
ftum. In the hyperbolic conoid, this excefs is the fame as ia 
the cone generated by the triangle OCe formed by theaxisOCFic.io. 
the aiymptote Oe and the perpendicular C«, the altitude of the 
iruftums and the mclination of the axis to their bafes being the 
isane in both. In the fpberoid ABkiy the cylinder exceeds the Fie. 5). 
firoftum : and the difterence betwixt them is the iame as in the 
cone CDrdj the plane Brdy or B**, being fuppofed parallel to 
thofe which terminate the fiuftum. In diffirent mclbadons of 
thofe planes, when the alutude of the fruftum is given, that 
cU&rence is reciprocally as the cube of the diameter Bb which 
is the conjugate of CA, the axis of the fruftum. But if the al- 
utude of the iruftum be alfo varied fo as to be reciprocally pro- 
portional to the diameter S^, then the difference betwixt the 
fruftum and cylinder Ihall be always of the fame magnitude 
in the fame fpheroid or conoid. When the inclination of the 
axis of the folld to the planes chat terminate the fruftum is given, 
the difference betwixt the fnaftnm and cylinder, in the feme or 
in ftmilar foltds, is as the cube of their common alutude. 

The truth of this general theorem will eafily appear from 
what has been demonftratcd of thefe folids, if we prove that Jc 
obtains in the cone. Refueling, therefore, the coaftrufUon of 
the lixth figure, let £B the altitude of the fruftum generated byFio.ll* 
the trapeiium EBCH be bife^ted in /j let fa pw^el to BG 
meet AC in a, eb parallel to AB pafiing through a meet BC 
and EH in b and e ; and, BR being equal to ^Z, ot one half 
of CZi, complete the parallelogram EBRV. Then> fince C2 
is bifeded in h^ the rectangle CBZ (or the fquare of BX) ad- 
D ded 
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ded to dK fi^aare of iZ, or BR, is equal {6. 3. Eucl.) to tbe 
jquaie of B^ j and the cylinder generated by the redangle fi« 
is therefore equal to .the fom of the cylinders generated by the 
le^ngles BY and BT. The &uftum of a cone generated by 
the trapezium EBCH is equal to the cylinder generated by. the 
rectangle BY added to the cone geoerated by the triangle EBS, 
by whu haa been demonflrated \ and therefore this fruftum ex- 
ceeds the cylinder generated by the reflangle B« by the excels 
of the cone generated by the triangle EBS above the cylinder 
generated by the redangle BY ; that is, (becaufe BR. is one 
lialf of BS,) by one foimh part -of the cone generated by the 
triangle EBS. Bat this excels is always of the fame m^iiude, , 
in the £mie or in iimSlar cones, when EB the altitude of the 
froftum is given : Therefore, if a cone is cut by three planes 
perpendicular to its axis ac equal diftances ftom each other, the 
miAum comprehended betwixt the firft and third plane exceeds . 
the cylinder of the &me height i^n the middle feSion aa its., 
bafe, by a fimilar cone of a height equal to the altitude of the 
iruftum ; which excels is always of the fame m^itude, in the 
fame or in limilar cones, when that height is given. In like 
Fr G> 1 2> manner, it may be demonftrated, that if the parallel planes Qmcy , 
Kjik, H«;&, at eqoal diflances from eadi~ other, be oblique to . 
• the axis of the cone, but perpendicular to the pdane hCBs that 
, pafles through the axis in the right lines C:, KJt and Hb ; and . 
ESxs be a cone fimilar to ACwc, of the fame height with the. 
froftam CHbf : then this fruftum fliall exceed the cylinder of. 
an equal height on the baie Vsiik by one fourth part of the cone 
ESxi., 

Fie. 8* , The ftuftum of the Ipheroid generated by the area EHLG is . 
equal to the foHd generated by the trapf^ium TX-ZK ; and 
the cyUndet generated by the rectangle EMQG is equal to the 
foUd generated by the rectangle TKqm, by what has been de- 
ihoni&ated above : Therefore the ditference betwixt the frn- 
fiara and cylinder in the fpheroid is ^e fame as in the cune ge- 
nerated by the triangle CAD, the altitudes of the fruftums be- • 
ing eqttal» In the hyperbolic conoid generated by the area 

Fi6. IO.AIBC revtdring. on the axis AC, the fruflum generated by the 
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axea EHLG is equal to the foHd geoerated by the tnpeuum 
TX24-, and the cylbder generated by the xeftangle EMQG 
is equal to the folid generated by the ledangle Tram j and 
therefore the difference betwixt rhe &uftum and cylmder is the 
£une as in the cone generated by die triangle OO revolvmg oa 
the lame axis, the amtudea of the fruftums being equal. And 
by a finiilar demonitratiou this property is exten(kd to any fn^> 
ftunis of thefe fblids terminated by parallel planes oblique to 
the axis of the generating figure. 

But to return to Archimedes : He was the fiift who was 
able to give the exa& quadrature or meofuration of a ^ace 
bounded by the arch of a curve and a right line, by demonftra- 
tmg, thatif ABC beany fegment of a parabola, anid DBparal-Fic. 13. 
lei to the axis of the figure bifeding the bafe AC in D meet the Flatej. 
curve in B, the f^iment is to the iiuk:ribed triangle ABC as fouc 
is to thiee, or is equal to the triangle AC>, the right line Qa 
parallel to the axis bong [to BD in that proporuoo. His de- 
monlbation may be reprefented in the following manner. Let 
the bafe AC by a continual btfedion be divided into the equal 
parts AR, RG, GS, SD, DX, XE, EY, Y<; and let paraUela 
to the axis through the points of divifion meet the curvf^ '^^ 1*> 
H, M, B, N, F, f. Then, if RP pa^ through the divifion of 
the bdethat is next to the point A, and meet A^ in d, the6gure 
APHMBNFVC infcribed in the parabolic fegment ihall be al- 
ways equal to the trapezium CRi/o, as we fhaJl Ihew afterwards. 
By condnuing to tnfe^ the parts of the bafe AC, the point R 
Ihall approach to A, and the trapezium CRi^ to the triangle 
CA« lb that their dii^ience may become lefa than any quanti- 
ty that can be aligned. The infcribed poison APHMBNFVC 
at the fame time approaches to the area of the parabolic fe^ 
meat ABC, fb that thdr difierence may aUb become lefs dian 
any qnandty that is aiBgnable ; £>r the tangent at H bebg pa- 
rallel to AB, any trian^e AHB mufl be greater than half the 
jegment AHB in which it is infcribed. Ttwre&re the parabolic 
l^ient ABC and the triangle A^ are equal to each other. 
For if the triangle Ai>C Ihould be fuppofed to exceed the para- 
boUc fegment ABC by any fpace, as j then, fioce by conti- 
D % nuing 
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nuing the ^vlfions of the bale AC the triADgle ARJ might 
become lefs than the fpace O;, the trapeziam CKJa, by ap- 

ftroachiog to the triangle CAa lb as to differ from it by a fpace 
efs than O, might exceed the parabolic fegment ABC ; and the 
polygon APHMBNFVC, which is always equal to the trape- 
zium CBJay might exceed the parabolic fegment in which it is 
infcribed : which is abfurd. If the parabolic fegment fliould be 
fuppofed to exceed the triangle AGi by any Ipace O; then, 
ftnce by contiauing to bifefl: the bafe AC the infcribed polygon 
might approach to the parabolic fegment fo as to diiFer from it 
by a Ipace lels than O, this 'polygon might exceed the triangle 
CAa. But the infcribed polygon being always equal to the 
trapezium CKtiaj and the point R beingalways betwixt A and 
C, the polygon muft be always lefs than the tnangle CAa ; and 
thefe are contraditSory. Therefore the parabolic fegment ABC 
and the triangle AaC are precifely equal to each other, or tho 
fegmentrABC is to the inlcribed triangle ABC as G» is to BD, 
that is, as four is to three. 

We fuppofed, that the infcribed polygon APHMBNFVC ii 
always equal to the trapezium CKda. To compleu the de* 
mr.n4raM»n let DB bifeSing AC, GH bifefting AD, R-P bi- 
fet^ing AG meet As in the points &, f, 4 refpedively ; let'GH, 
B.P meet AB, AH in L and /; and let HO parallel to AC meet 
BD in Qj and P^ parallel to AB meet GH in j. The triangle 
ABC is equal to the trapezium CDba ; becaufe the triangle ACa 
is to the triangle ABC as Co is to BD, or as feor is to three : 
and the triaa^e ACa being quadruple of AD^j it is to the tra- 
pezium CDba in the fame proportion of four to three. The fum 
of the triangles AHB, BFC is equal to. the trapezium DGci; 
becaufe the fum of thefe triangles is to the triangle ABC as HL 
(or BQ_) ■ is to BD, or as the fquare of HQ_ (or GD) is to the 
Iquare of AD; that, is, as one is to four: and the trapezium 
DGcb is to thctrapezium CDba (or the triangle ABC) in the 
fame proporrion. In like manner, the fum of the triangles APH, 
HMB, BNF, FVC is equal to the trapezium GKdc-y becaufe 
the fam of thefe triangles is to the fum of the triangles AHB, 
BFC as VI (or H?) is to HL, or a« the fquare of ?q is to the 

Iquare 
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Iquareof AL, or as the iquare of RG iato the^uareof AGj 
that is, as one is to four : and the trapezium GRrfc is to the tra- 
pezium ViGcb (which is equal to the fum of the triangles AHB, 
BFC) in the fame proportion. Thus it appears, that the Turn 
of the triangles which are fubdufted from the parabolic feg- 
ments, and added to the infcribed polygon at every new bile- 
ftion of the parts of the bafe AC, is always equal to the trape- 
zium that is at the fame time added to CKda by bifefting AR. 
the part of the bafe next adjoining to the point A^ and oiere- 
fore the polygon APHMBNFVC inlcribed in the parabolic 
fegment is always equal to the trapezium CR.^i» terminated by 
the ^tven right line Ca and a parallel R^ drawn through K. 
the divifion of the bafe next adjoining to the point A. This 
trapezium C9i.da approaches continually to its limit the triangle 
CKa ; the infcribed polygon at the Cime time approaches to the 
parabolic fegment its Umitj and theie are equal to each other, 
as we have demonftrated. After- all the methods that have 
been propofed for demonftrating the quadrature of the parabola, 
tlus, which we have defcribed &om the inventor, feems to have 
a particular elegance. On this occalion, he ihews bow to find 
the fum of any number of terms that decreaie conftantly in 
the proportion of four to one ; and, by this example of a geo- 
metrical progrellion, (as it is commonly called,) opened up a 
iubjeA which has been treated at great length by the modem ■ 
Geometrii^s^ 

AsLCHiMESEs having demonftrated the quadrature of the pa* 
rabolai having alfo Ihewn how to approximate to the area of 
the circle and ellipfe, and how to compare fpheres, fpheroids 
and conoids, or any portions of thefe folids, with given cylin* 
■ders or cones : there feems to have been nothing neglefted by 
him that was neceilary to complete the menfurarion of all the 
figures then received into geometry, and of the folids generated 
by them, if it was not an approximation to the hyperbolic areas; 
But this does not appear to-have been much confidered by Geo- 
metricians, till the analogy of thefe areas with the logarithms was 
obferved ; and the folution'of the moft difficult problems of this 
kind was found to depend on the meafures of angles or the a- 

ie«»' 
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ttaa of the circle, and the meaiures of ratios or the areas of the 
hyperbola. Belides what relates to the circle and conic le&i« 
ons, and the Iblids generated by them, he has g^ren as a tiea- 
ttfe concerning the ipiral line which is defciibed by a point mo- 
ving with a given velocity along a right line that revolves at the 
fame time with an uniform angular motion about one of its ex- 
tremities. The proportion of the area of this curve to the area 
of the citcumfcribed circle is eafily deduced from the principles 
which have been already demonftrated. 

Fxti. 14* ^^ ^ ^ ^^ beginning of the fpiral, CE the Htuatlon of the 
revolving ray at the begmnmg of the morion \ and the angles 
EGA, ACB, BCD, DCE being equal, let CA, CB, CD, CE meet 
the fpiral in A, B, D and £ : Then, the angular motion of the 
ray, and the morion of the pomt that defcrtbea the curve along 
the ray, being both uniibrm, the ri^t lines CA, CB, CD, CE 
muft always increafe by the fame difiereoce eqiuJ to the fiifi 
Ibe CA. From the center C defcribe the .iinular arches AG, 
BI, DL, EN, which meet CE, CA, CB, CD in G, I, L and N 
without the ipiral, as alfo the fimilar arches AH, BK^ DM that 
are all within the fpiral, and meet CB, CD, CE in H, K. and 
M. The fpiral area CABDE is always a limit betwixt the fum 
of the circumfcribed feaors CG A, CIB, CLD, CNE and the fum 
of die infcribed feaors CAH, CBK, CDM. The circle defcri- 
bed with the radius CE is the fum of as many feaors, equal to 
the greateft CNE, as there are feaors^ and merefore (iince the 
feaors are as the fquares of CA, CB, CD, CE) one third part of 
ihe area of this circle is alfo a limit betwixt the fums of the fame 
drcumfcribed and infcribed feaors. The difference of the fums 
of thefe feaors is equal to CNE, which, by bifeaing the an^es 
at C, may become lefs than any ffMice that can. be atBgaed : 
From which it follows, that the ^iral area CABDE is equal to 
one third part of the circle of the ra(^us CE. In like manner, 
the whole fpiral area generated by the ray drawn from the point 
C to the curve while it makes two revolutions, is the thira part 
of a fpace that is double of the circle defcribed with a racUus e- 
qoal to 2CE : and the whole area generated by the ray from the 
beginning of^the moaoo till after wy numt>er of revolution^ is 

equal 
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equal to the third part of a ^ce that is the lame moltiple of 
the circle defcribed with the greatefi ray, aa the namber of i^ 
voluciona is of unit. Any portion of the area of the f|Hralthat 
18 terminated by the curve CwA and the right tine CA is ihewn, 
in the Ctrae manner, to be eqoal to one third part of the fe^or 
CAG, txrminated by the right line CA, and CG the ficuadon of 
the revolving, ray when the point- that de&ribes the curve fets 
cue from C We ihall afterwards give au acconnt of his the- 
orems coDceming the tangents of tbu curve. 

Pappvs * takes occafion, from the fpiral c£ Akchimedes, 
to contider that which b defcribed by limilar morions on the 
fui£ice of a fphere, aod finds a portion of the forface terminated 
by this fpiral to be equal to the i^iasQ of the diameter. Let 
C be the center of the fphere, AR.BA a great drcle, P its polejFio.15. 
and while the quadrant PMA revolves about the pole F with 
an uniform morion, let a pc»nt proceeding from P move with 
a given velocity along the quadrant, and trace upon the Spheri- 
cal furiace the fpiral PF/d. Let PMA be the muatim of the 
(Miadranc at the beginning of the motic»i, and let the point that 
oelcribes the fpiral come' to a when the quadrant comes to the 
fituation Vma. Supped any two quadrants PFR,P^rtomeet 
the ipiral in F, / and the circle ARB m R and r ; through F 
and / from the pole Pdefcribe the circles MFN, L/Q, mect- 
iag the femicircle APB in M^ N, L and O; let the circle MFN 
meet P/r in H, and L/Q^mcet PFR in K, and H/fhall be to 
Rr as the quadrant PMA is to the atch Ati,- eras the velodty 
of the point, which deicribes the fpiral, along the quadrant 
PFR to the velocity of R in the circle ARB. Upon CP let ■ 
Cf be taken fo that the fquare of CP may be to the fquare of - 
Cp in the ^me proportion. From C as center describe tb« circle 
fiib iu the fame plane with APBj prodttce CN and c6 rill- 
they meet this circle in n and q\ Bom the' center^ deKribe 
throu^ n andf the arches us, ^j meeting ^ pw in the points 
» and s. Then, iince the area PFH is to PRr as the fquare 
of the chord PF. is to the Iquare of the chord PR, and the a- 

* CollcA. Mathcm. lib. 4. prop. jo. 
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ttz PRr is to the feaor CRr as the Iqoare of PR. is to the 
IquareofCR, the area PFH is to CRr aa the fquare of PF (or 
FN) is to the fquare of CR., or CN. But CRr is to CNQ^as 
Rr is to NQ^, and therefore as the fquare of Qp is to the Cjuare 
of CP, or as the fquare of pn is to the fquare of FN ; lb that 
the area PFH is to the feftor CNQ^as the fquare of p» ie to the 
fquare of CN. The angle npa being equal to one half of the 
angle NCC^, the feftor pnu is to one half of the fcSor CNQ_ 
in the fame proportion of the fquare of^ to the fquare of CN : 
Therefore the area PFH is double of the feftor pnu ; and, in 
the fame manner, the area PK/ is double of the feftor pqs. If 
we fuppofe the quadrants from the pole F to divide the arch ha 
into any Qumber of equal parts, and to meet the fpiral in any 
points as F,/, the right lines CN, CO produced to the circle pnb 
will divide the qua£ant p»^ into the fame number of equal parts : 
and the ^aces FFH infcribed in the area PF/aP being always 
double <^xhe feftors pnu infcribed.ia the fegment pnbp, the fpaces 
PK/that are defcribed about the Ipiral area being always double 
of the feftors pqs deJcribed about that fegment, and the differ- 
ence betwixt the fum of the circumfcribed and infcribed fe6tors 
being equal to the greateft fedor, (which, by continuing to bi- 
feft the parts of the arch ha, or quadrant pnb^ may become left 
than any affignable quantity; ) therefore the area FFdP termi- 
nated by the fjriral Y¥a and die quadrant ^ma is double of the 
fegment pnbp. The arch hSia is to the quadrant PMA (and 
the feilor CAo to the quadrant CPNB) as the Iquare of Cp is 
to the fquare of OF, or as the area Cpnh to the area CPNB \ 
and therefore the fe&or Cha is equal to the quadrant C^nh, 
But it follows, from what has been demonftrated above after 
Archxmedes, that the furface PMARiWwP is double of the fe- 
ftor CA<» ; and therefore it is alfo double of the quadrant Cpnb. 
From this furface take away the part PZF^mF, and there remains 
the furface PMARi»F2.F (bounded by the quadrant PMA, the 
arch KB^a and the fpiral FZF^) double of the triangle Qpb, and 
therefore equal to the Iquare of the right line Cp. 

Suppofe, for example, the quadrant PMA to make a compleat 
revolulion in the fame ume that the pcunc which cntces the ipi- 
ral 
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nl 00 the furface of the fphere defcribes the quadrant, which is 
the cafe confidered by Pappv». Then, Rr. being quadruple of 
Hf or NQ^, Cp muft be double of CP, aad tfcerofore equal to 
AB the diameter of ' the ^here. The portion of the fpherical 
fur&ce termmttted by the whole fpiral, the circle AR.BA aod 
the qaadrant FMA, is equal to the fquaie of AB. En any other 
cafe the area PMA^FsP ia to the fquare of the diameter AB, in 
the lame propoitioD as the arch Aa ia to -the 'whole circumfe- 
lence ARBA i and this area is always to the fpherioal triable 
FA^, aS'the iafcribed-fquare is to the circle. 

Ic is demohftrated in the iaine manner, that the area ^Z-T? 
is double of the fegment pxnp. Bet the fe£tor CAR. is to the 
fedor CPN, as the arch AR is to the Arch PN, and confequent- 
ly, as the Iquare of Cp is to the fquaie of CP, or as the feftor 
c^fl is to CPN ; fo that the ie&or CAR. is equal to cpn : aod 
the Clerical triangle PAR, bemg doable cf the ie^oi CAR, 
it is alfo^loiible of Cpn, Frcxn diis fpherical triangle fubdud 
the area P2FP, wd the remainder PMARFZP muft be double 
of the triangle Qw. Tlterefore the portion of the fpherical far- 
face, terratnated by the qaa<kant FMA, the arches AR, FR 
and the Ipiral P2F, admits of a perfeA qaadratare, when the ra- 
tio of ^ to CP, or of the arch A^s co the whole ciicumfereoce, 
can beid%ned. 

We have now given a fonunary account, <^dts pro^tdk that 
was made by the ancienu in mewixaing and oon^ring curvili- 
neal figures, aod of che method by which tliey demonftrated 
all chnr theorems of this kind. Itisofien^faid, that carve Hnes 
have been coolidered by them as' polygons (rf* an -infinite number 
of fides. 'Bat this principle no where appears m their writings. 
We never'find tfaen> refolviog any figure, or folid, into infinkdy 
finall elements. On the contrary, uey feem' to avoid fuch fup- 
pofidoos, as if ihey judged them unfit to be received bto geo- 
metry, when it was obvious that dieir demonflrations might 
have been>fi>mttinK8 abridged by admitting them. They con- 
fidered curviliaeal areas aa the limits of drcumfcribed or in- 
£»ibed figaict of * more fimple kind, wfaicb apprcoch to thefe 
£ luniti 
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limiC9> (by a bi&4^on of lines, or aaglea, tbat is continued at 
pleafure,) fo that the (Uffereoce betwixt them may become lefs 
than any given quantity. The infcribed or circtimfcribed fi- 
gurea were alwaya conceived to be of a magnitade and num- 
ber that is alBgnable; and from, what had been ihewn ofthefe 
figures, they dfiraonftrated the menfuration,. or the . proporti- 
ODS, of the curvilineal limits themfelves, by ^arguments i>^ abfur- 
do* They bad made frequent ufe of demonftrations of this 
kind from the begmmng of the Elements ; and thefe are in a; 
particular manner ada^ed for marine a tranlition from right- 
lined figures to fuch as are bounded by curve lines. By adniit- 
tiDg them (Hily, they cftabUflied die more difficult and fublitne 
pan c£ their geometry on the lame foundation as the iirft ele- 
ments of the fcience. Nor could they have propofed to them- 
ielves a more perfed modeL 

, We have already obferved, how Iblicitous Archcmedes ap- 
pears CO be, that his demonftrations fhould be found to depend 
on thofe principles only that had been univerfally received be- 
fore his time. In his treatife of the quadrature of theparabola, 
hetreats.of apn^ielfiodwhole temi&decrsafe conftamly in the 
pn^itioabf ibur to oi^,' which we expreiled by the trapezia 
FtG. i3.CDif>4^ DGc^, GR^,' Bf. But he does notfuppofe this pro- 
greflion to be continued to infinity, or mention the fum of an 
infinite number of terms ; though ic is manifeft, that all which 
cim be'iu)derfi6f)d by thofe who ajSgn'that fum was fully 
known >to him. He a^>eara.to. hare been more fond of pre- 
ftrving to the fdericeiall its aicnracy and evidence, than of ad- 
vapcing paradoxes j and^ contents himfelf with deraonftrattng 
this, plain, property of fuch i prognefiion, That the fum of the 
termd. continued at pleafurei, addedito.'the third part of the laft' 
t^lRii,' amounts .ilways> to; fodr ttirdsidf the fiifi-ternij as>th6 
ftimof the tnq)e2-ia:CD^A,"DGi;^ GR;(ic, added to-one- third patt' 
ofthelafttrape^um GRj^, amoiiQm^wHys cb four tMrdsof 
thgli'rft trapezium CDba, or to the triangle Cha. Nor does he 
fuppqfe the chords of the ctirve to be ibifeftad to infinity -f fo 
that fifret an infinioe.bifefiibailtheitnicnbed polygon nnght be 
faid to coincide irith thb p»hitiola.' Thefe fu^ficioM h*d becai 
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new to the ^Geoinetricidtu io Uv nme, and fadi he appears to 
hare cacefolly avcnded. 

tie has demonflrated nuuiy other theomns of thU kbd &ohi 
the properties of ceitain pidgreffions, the terms pf which cor- 
refpood to the circurafcnbed and infcribed figiu'c^ : bnt he never 
fnppofed thefe cerms, or figures, to increafe or decFeafd- by infi- 
nitely final! dii&rences, and 'to become infiDite iniuimber; that 
their fom might be fappofed equal co tbeci]rviUnealarea,or foUd. 
It was Efficient for his<pmpofes V> affign a ^qoaiiticy that is al- 
ways a limit betwixt the fum of all the temts of the progredioa^ 
and the lame funi without one of the extreme terms ^ as the a- 
tea, oi.fotid, is always a limit between the fum of thedrcumfcri.- 
bed and the'fiunof the infcribed fibres, which funis differ &om 
eadi odier.mthe extreme figuresobly. He confidered but one 
diecEeafingp.^ecHnetiical: pn^reffiony and ihewsd tiowtafindin 
tnvritboutical pn^rtilBon the fum of the ter«i8 and of thcSr 
^OBies only. Of late» odier geometric^ progrefiions have be^ 
■«m^oyed InccelafoUy^for meaftuing the areas 'of corves; tfee 
•fanis,ofthe cubes, and of all the other powers^ of the terms in 
.«n aiSiiunetical progreffion have ferrea £s the fame pnr^ls : 
-^drieach of his dilcoveries has produced Ibtne excenfive theory 
"in the modem geometry. .; . . > 

His method: has been often feptefentedas very perplexed, 
and fometimes as hardly intelligible. But this is not a juft cha- 
rafler of his writingsj and the ancients had a diftrent opinion 
' of theni *. He finds it necefiary indeed to premife feveral [«t>- 
pofidons to the demooftration of the principal theorems; and 
on this account hia method has been excepted agatnfi as tedious. 
. But the noniber of Aeps is not the greateft fanlc a demonftrati- 
, on may have ; nor is uus number co be always computed from 
th(^ that may be propofed in it, but fiom thofe that ate necef- 

* Pluurcli celebratei the Gmplidiy uid pUinneft with which he treats tlie moft 
difficult ind abfirufc queltioiu .- 'Ov yif Kit cf ytmfttieta p^oAcwrteff i^ 

E 3 fary 
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. &{y to mUm it Ibll and cooclunve. Befides, thde pteliiniaaiy 
propoGdoiu are genenUy valuable on their own account and . 
render our view of tbe whole fubjeft raore clear and complaat^. 
Iti his tEeaufcof.thcifpbi^re.dnd cyltnde^ &rexampk^ bvhis- 
^Rionftratiug fo £ally/;he menfuradon of tbe.fiir&cea .and.d>- 
lidia, genefated by the iatemal and external polygons,, we not 

-oFily ted how the for&ce and folid content of the 4>here itieif is 
dfterminedt butwe.acqiiice a more perfed knowledge of this 

.theory) and .of all ch^t r^atea to it, with a fatiafa£lion chat we 
fvc fei^le is. ofi^n wandng in th&bcooipleat.deinoailzations 

. of (ime.ochei nKduxUt . 

By ib many valuable c^fcovenes demonArated in lb accurate 
kjnanoei;^ and by the admirable, ufe he made of his knowledge 
in. the celebrated fiege of his native city *, and upon otber-oo 
t^lions-f-, Akcbjmedes has dilUnguiih^d himfelt.amot^tbe 
: Qeonietrician^ aad has. done the greateft hoooui to this pore of 
l^aniing. He ha& not however efcaped the ccuiiires of £bme 
writers,, whotbeLog[.uaaldlfuUa geometry^ and noable taiecoiH 
ctle their owa cciQcetC3wistt.hi».dirobDftradons, have reprefen^ 
: ed him as in tnj ermr,.andi mifleading Mathematidans hy hb 
«iKhority j|, Bud though. MatbcGoatidanii may be grateful, an- - 
thority has not any place in this fcience \ apd' no Gconiecn- - 
cian ever pretended, from the higheft veneradon for Archi*-- 
>ippss> Six ,liAAc Newton or otheis, to left on theic judg-* 

* How he dircpncencd all the 'efforts of two Roinan atmies, - commanded by 
-'(hrProconful Marcelliis andby Appiru C^inlim, in the ficgc of Syracufc, (till 
- the city iwn^taken .bw fBrprib jand (leacbcry^ in cad wu put lo hit \\ft Mid 
: cnquiriet at oncf^) w dcrcrlbcd at'^ng^ by VolybiiK, Liry, Phmrcb, &f. He 
wai called" nKXiijiBx**©" ■"<! tKt.rdvxvf ; and, accuriKng to Plutarch, acqui- 
rtd ibe reputation of. more than human learning. Mcdati of Syraeufc, with G- 
gurci tha* ar« flippofcd to refario hu<lir<»Tetie), fevTC rather to jufliRr hii cour.> 
ttj'inen from the iqiroatfa of lingraiitttdewhidi iooi&hKvcLhnpuicd tctbtiBt 
iIW>,>o do bopoiv n> the inKnoipl Atchimcdefc PMutA &ei[,..^is£ya«^ ix,^ 
' wf. I. yuU4m\ 

f Diodonn Siculuc tells ui, {lit. f .) that when Atcbimedcs tnTcITed into E- 

E'pt, beifiTcnted macbinea that wcicofgrest ufirto dlat Movtii and procured 
m an unimfal Feputarion. 

i Dtccpit illoi wAontat-Archimeifls, en. fbUti iifnmafm IT ttahdn*- 
iitnt GMmtiTMrum. The loiocd Jolcph Soliger uid ocnen hwc ■!& writ t»- 
gaiafthim. 

mint. 
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ment in a matter of geometrical demonftration. The purfuit of 
general and eafy methods may have induced fome to make ufe 
ofexcepticMiable principles; aiKl the raft extent, whichthe fci- 
ence has of lace acqiarad, may have occafioned their propofiog 
incompldat demonfh«ions. They may have alfo fonietimes 
fallen into miftakes : but it will be found difficult to affign one 
fdfe propofition that has been ever gf nerally received by Geo- - 
metricians; andic is hardlt pp^ible, that acciriatioQS of-ch1» 
nature can be more mtfp^iced. 

Iti what A'KCHtMEDBs had demonflrated of the limits of fi- 
gures and progreffiona, there were valuable hints towards a g&- 
Beral method w- confideiing cuivilineal figures ; fo aa to fubjeft 
them to menfuraticm by^n exa£t quadrature^ an approximation, 

' or by comparing them with others of ft more lunpte Jclnd- Such 
methods have wen propoTed of lAe iii various iorm%^ and upon 
different principles. The firft effiys werededuced from a care- 
ful attention to his ileps *. But, that his method migbt Mt 

" more eaiily extended,- its old foundauon was abandoned, and ' 
ftppofmona were propofed which he had avoided. It was - 
thought unneceflary to conceive the figures circumfcribed ""or' 
infcribed in the curviliiieal area, orlblidj.as betng^alWayn afBgn- 
able and finite j and the precautions ^f Archlmgdes came ta ■■ 
be confidered as a check upon Geometricians, that ferved only 
to retard their progrcft. Therefore, inftead of his affi^able fi- 
nite figures, indiyifible or infinitely fmall elements wck fifbffi- 

■ tuted : and thefe b«ng imagined indefinite»,oi: infinite, in num- 
ber, their fum was fuppofef^ ta cotacsle mt^ tfte ^imaluleai^- 
sea, or-folid. . 

Ic was however with caption diat tfieft fijppofidons w:ere at 
firft employed in geometry by Cavalekiuj, the ingenious au- 
thor of the method of indivifibles, and by others. He difco- - 
vcredameihod^ wbich.be found 10 beof a-veryextenfive u^^-. 

* C'ctoit en obropruK de f>rfs la mvdK d' Archimnte qn' il [M. dt Ktyirvat\. 
tioit tnive i («te fublimc & ncrrdlinire fcicnce, o't. 0«frjjt. dt P Atum. 
Si^st, I6fj- Thuugenctaily icknawki^guiby tlK-Wriicriaf inu tiiiic>'' 
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and of an ealy application, for meafuriiig oi companng planea 
and folids ^ and would noc deprive the public of lo valuable an 
invention. In propofing ic, he ftrove to avoid * the fuppofing 
magnitude to confift ot indivifible parrs, and to abftradl from 
the concemplation'of infinity ; but he acknowledged, that there 
remained fome difficulties in this mattei which t^ was not able 
to refolve. Therefore he fubjoined more unexcopuonable d&- 
monftrations to cho(e he had deduced from his own principles ^ 
and the difputes which enfued (the firft of any moment that were 
known between Geometricians) juftified his precautions. After- 
wards, infinitely linall elements were fubftituted in place of his 
indivifibles ; and various improvements were made in this dc^ 
fbine. The method of Akchimedcs, however, was often kept 
in view, and frequently appealed to as the fureft teft of every 
new invention. The harmony betwixt the coocluiions that a- 
rofe from the old and new methods contributed not aUctle to 
the credit which the lifter at £rfb acquired; till beit^ more and 
more relilhed, they came at length to be generally acunitted qa 
their own evidence, and fcem'dto merit fo favourable a rece- 
prion, by the great advantages that were derived fttim them fot 
refblving the moft difficult problems, and demoiltrating the moft 
general theories, in a brief and eafy manner. 

But when the principles and HtnSt method of the aacieno, 
which had hitherto prelerved the evidence of this Icience entire, 
were fo far abandoned, it was (Ufficult ^r the Geometricians to 
determine where they Ihould fiop. After they had itidulged 
themfelves in admitung quanucies, of various kinds, that were 
not aflignable, in fuppoling fuch things to be done as could not 
poffibly be effeSed, (agunft the conftant praftice of the anci- 
ents,) .and had involved them&Lves in the mazes of infinity: it 
was not eafy for them to avoid pcipleatity, and fometimea enor, 

'* Quoa^ continui compplirionein, tnanifcftum eft ex pneoRmSs, ad iprum ex 
indivifibiHbw componefMlaiil not minimc cogi : folilm enim condnui fe^ui tndi- 
vilibilium proponjonctn, & c eomaCo, probarc imeniuro fuJt; quod quidem 
cum uiraque palitiunc lUre poteft. TanJeiD veru dida indiviGbiUiini tggiegau 
non iia Mttnaavimin, ut infinintis rationcfn propter in6ni(u lincai leu plana 
fiibirc VMCtiKur, ct. CavmUtu Qttpt, m^vif. lit. 7, frdf, ■ 
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or to fix booads to thefe Uberties w.hen they were once introdu- 
ced. Carves were not only confidered as polygons of an infinite 
number of inSnitely little fides, and their dinerences deduced 
from the difierent angles that were fuppofed to be formed by 
thefe fides } but infinites and infinitefimals were admitted of in- 
finite orders, every operation in geometry and arithmetic appli- 
ed to them with the fame freedom as to finite real quantities, 
and fuppofitions of this nature multipled, till the higher parts 
of geometry ([as they were mpft commonly defcribed) appeared 
fall of myfteries; 

Froni geometry the infinites and infinitefimals pafled into phi- 
lofdphy, carrying with them the obfcurtty and perplexity that 
cannot f^ to accompany them. An actual divilion, as well as 
a divifibility of matter in hifinitattty is adnutted by fome. Flu- 
ids are im^lined confifting of infinitely ImaU particles, which 
are compofed themlelves of others infinitely iels ; ^nd this fub-. 
divifion is fuppofed to be continued without end. "Voruces are 
ptopofed, for folving the phienomena of nature, of indefinite or 
infinite degrees, in imitauoo of the infinitefimals in geometry j' 
diat, when any higher order is found infufiicient for this purpofe, 
or attended with an mfuperable difficulty, a lower order may 
preferve fo favourite a fcheme. Nature is confined in her ope- 
rations to aft by infinitely fmall fteps. Bodies of a perfeft hard- 
nefe are rejefted, and the old doftrine of atoms treated as ima- 
gmary, becaufe in their aftions and cbUifions they mi^ht pafs at 
once from motion to reft, or from reft to motion, in violation of 
this law. Thus the doftrine of infinites is interwoven with our 
fpecularions in geometry and nature. Suppofitions, that were 
propofed at firft diffidently, as of ufe for difcovertng new theo- 
rems in this fcience with the greater facility, and were fuffered 
only on that account, have been indulged, till it has become 
crowded with objeSs of an abftrufe nature, which tend to per- 
plex it and the other Ibiences that have a dependence upon it. 

They who have made nfe of infinites and infinitefimals with 
the greateft liberty, have not agreed as to the truth and reality 
they wouUl afcribe to them. The celebrated Mr. Leibnitz 

owns 
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«wti8 them to be no more chan fi6liotis. Others pkcetbem osl 
a level with finite quantities^ and endeavour to demonftrate their 
reality, from magnitude's being fulceptible of augmentation and 
diminution without end, from the properties of the progreflioos 
of numbers that may be continued at pleafure, and from the 
infinity which feme Geometricians have afcribed to the hypei^ 
bolic area. But in thele arguments th&y feem CO fuppole the in- 
finity which they would demonltrate. 

It was a principle of the ancient Geometriciana, That any 
raven line may be produced, and its parts fubdJvided, at plea- 
^re : but they never fuppofed it to tx produced, till it Ihould 
become infinitely great : or to be fubdividcd, till its parts Ihould 
become infinitely fmalt It does not necefTarily follow, that, 
becaufe any given right line may be continued further, it can be 
produced till it become a£tually infinite, or that we are able to 
conceive.Xuch a line to be defctibed, fo as to admit it in geo- 
metry. .In general, raagoitude is capable of being increafed 
without end; that is, no term or limit can be afligned or fup- 
pofed beyond which it may not be conceived to be further in- 
creafed. . But from ttiis it cannot be inferred, that we are able to 
ODnceive or fuppofe magnitude to be really infinite * ; or, if we 



* In a l»e icucife alcribeil to a celebraiad ainbor, jufHp cHeemed'&r ^s-va. 
rioui writingit (everal irguments arc propofcd, for idmiiting tnagnicudc adiia]< 
Ijr tnfiniM ; »or ibir hind which hu no timin, comprehends all, and can receive 
no addirion, -whi^h he calU mttMjihjpaili but thxt which he dt6nci to be great. 
er than aw finite magnitude, which he diftinguiflieii from the former, and call* 
£ttm*lritaL Pmfym* U gramlair tft ftifiifiiiU d" imgtntiUdiuin faiti fiit ta U ptut 
uneevtir *m f'tfl" '"['"tint* un§ mkniti dit fail, c'rfi-i din iju'tUt firt Jrvt' 
■ iajinu. ft, #» ffftt, il tft mptffiiU qui U grtuidtur fitfieptitlt d'augmtni*- 



m /•(»( fii* fit- dttnt U mimt (ni jw* f tUt n'tn ittit »4i fufefi'AU (Mm fim. 

, fi ill* m* etteiiftt, tlU dtmtMrtrw ttMJtitn finiti Jcat tmnt fuftiftitU d' 

trngnnntuun fani fin, .*lk p*ut nt dimturtr p»$ intj»uri fnit, eu, tt ^ui 4JI It 



wtm*, dtvtnir injinii- Elcm. de la gcam. de TinGni, j 8j. Becaufe magnitude ii 
fufceptible of augmentation without end, the author concludes, that we may fup- 
pefc it augmented an infinite number of dmcs. But, by bdne fufceptible of wg- 
mcntuion without end, we underlland only, that no magnitude can be ajligned or 
concdred to great but it may be ll»pofed to receive iijrtbcr auementation, and 
(hat a greater than itmay ftill bcaffigncd or conceived. We eaGIy conceive (hat 
a finite magnitude may Kcome greater an4 greater without end, or that no ter- 
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jve able to join iDfinity to aay fi^{^)ofed idea of a detenninate 
qaantity, andto realon conceroing magnicude a^ually iofinitelf 
ills not fiirely with that peripicuity that ia required ia geome- 
try. 

Kunadon or limii can -be ^gned of rhc tncreafe wUch ii may admit : but wc 
^onot litdcfiir&clearly conceive magnitude incrcafcil an iuCoitc number of timec 
Mr. Lock acknowlcdga, that wc a£\y form an idea of the in&niiy of number, 
to the end of whole adairion thcreis no approach : buc lie diltinguiOies betwixt 
thii and the idea ef an infinite number j and fubjoini, thai how clear foever our 
idea of die infinii/ of number may be, there is antbing more evident than the ab>_ 
.furdity of the afiual idea of an infinite number. 

The latter part of the argument amounts to thii : " It u impoffibic that mo* 
'" gnitude bong fufceptible oraugmcncaiion without end, can be in the (ame cafe 
" ai if it wu not ftifceptible of augmentation without end. But if it was doc 
" fufceptible of augmentation without end, it would tcmaia always finite. Tber» 
" fore, finceit ii lufceptiblc of augmentation without end, the contrary muft be 
*' allowed i that is, it may not alwayi remain finite, or it may become infiiuie." 
The Force of which argument feenu to be taken off, by confidering, that, if m^ 
gru'tude wai not fulocpiible of augmentaiion without cnd> it would not only re* 
anain always finite, but there wo^dncceflarily'be a term, limit or degree of ma- 
gnitude. which could never be exceeded, or there might be a greaieft mu;nitude. 
And, by allowing that ihcre ii no fuch leim or limit, magnitude is not luppofed 
to be in ihc Tame cafe ai if it was not fufceptible of augmentation without end, 
though we (hould rcfiife that it may become inSnite. What itoppdlite to the 
fuppoGng magnitude fufceptible of augmenniion without end, isnot the fuppo- 
ifing it alwayi^nite, (for mute magnitude is capable of being increafcd witoout 
end;) but the fupfolin^tt fufceptible of no augmemaiian at ^, or of.an ai^g- 
mcntation that hasalimit or^nd. 

Thefcries of numben, i, a, 3, 4, Vc- in their lutural order, ma^ becond* 
nucd without end j and it it (aid, that " we never come nearer the end of the 
*' progrdlion, how great foever the number may bcio which we arrive ) wbidl 
*' IS a chataScr that cannot belong 10 a fcries of a finite number of termt. There- 
■*' fore this naiuralfeiies has an infinite number of terms." Atid it is added, that 
" though we can^o over a finite number of terms only, yet all the terms of thla 
*< infimie progrc£(ion sie equally real." But if we can;conceive this fcries to have 
any end, it feems to be evident that we muft approach to this end as we pro- 
ceed fi«m the b^inning towards itj and that, while we advance, the diftance 
of any term from the citd mufl dccreate (whether thi« diftanccix called finite or 
infinite) by thefamc quantity as the difiancefrom any fubfcquent tetm decrealc^ 
or the^liflancefromthe.beginningof the-feriesincreafes. If we cannot conceive 
the fenes to have -an etid, then wc cinliave noideacf its laflterm. If we fup* 
pole ihi« fetici to be continued 10 infinity, it would indeed be abfurd, after fuch 
a fuppofiiion, to (ay that the number of its tcnns is finite: But, in ucaiing thic 
fciencc ftridly, it nay pe^ps'be bener to avoid fhit fuj^fition. For if it ia 
only a finite numbct erf* terms we can clcirty conceive, bow Ihall we judge of the 
reality of the reft ? or wherein Oiall we place the reality of thnfc which it it im- 
j)ofliblc for us 10 alTign ? of which two kinds arc faid to be in ihii dune ferie^ 
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try> Ib difr l^me mannei^ tn taaffotaie can be conceived to 
iinall> bac a Lels than k may be fiippofed ; but we are not ther&- 
foie aide to conceive a qoanticj uuincely fhutll. A given ma- 
gnitude 

cadi infinite in number } ihc firfl of which are &\d lo be finite, bin indecermina- 
blci thclatter, aduall^ infinite. 

The argument from the infinity of the hyperbolic area ix much infilled on. 
*< The hy[>crbolic area (Eltm. di Ugi»m, dt i' infijt. frtf ) ii » reillj infinite, a> 
*' a determined parabolic area is two thirds of the dtcumfcribcd parallelogram. 
*< It u trifling to fay, that the one can be aAually dcfcribed, and the other can- 
" not. Geometry ii entirely intdledual, and independent of the afhul defcri- 
** ption and exigence of the fizuret wbofe properiics it difcovers. All that is 
•* conceived necefliry in it bu the reality which ii fuppoles in its objeft. Tticrc- 
" fere the infinite which it demonArates is as real as ihat which is finite, ov." 
And the learned author, after infilUng on this fubjcA, concludes, that, " not to 
*' receive infinity u it is here reprefentcd, with all its ncccflary confcquences, is 
" to rciefi a geometriod demonhradon ; and that he who rejcfb one, ought to 
■* rejea them all." But though the aflual defcripiion of the figures whicn are 
conndcred in geometry be not necctiaty, yet it is'requilire that we (hould be able 
clearly to conceire that they may exilt j and a diflind idea of the manner how 
diey may be fup^ofed to be dcfcribed or generated is necdfary, that they may 
have a place in tnis fcicncc. Principles that arc propofcd ai of the muft extcn- 
firc life, and as the foundation of all the fublimc seonictry, ought to be clear 
and imexceptionable. If tliii fciencc is entirely inielledual, or if inc reality of iti 
objcAs is to be coofidered as having a dependence on their being conceived by 
the mind, it would Teem that there muH be a difference betwixt the i-cality of h- 
nite allignablc lines or numbers, and the reality we can ifcribe to infinite lines or 
numbers, which are not aflienable, and cannot be fuppofed to be produced or 
generated but In a manner that ii allowed to be inconceivable. As for what is 
uid of the parabolic and hyperbolic areas, we can conceire anv portion of the 
Jiaiabola to be acairstely dercribed, and its area to be determined, thoueh no ex- 
ad figure of this kind Ihould ever cxift. We can alfo conceive, that the hypcr- 
tiola and its afympioie may be produced to any alTignable didance : but wc do 
not fo clearly concciTC that thev may be produced to a diftance greater than what 
is alGgnablej and we may well be allowed to hefiiate at fucb a fuppofition in 
ilrifl geometry. Any finite fpaee being propored. cbe hyperbolic area (tetmi- 
nated by the curve, the afjmptote and'n given ordinate) will exceed it by pro- 
ducing the curve and afympioie to an alTignable diflance ; and there is no aflign- 
ablc limit in this (as in Tome oiber cafes) which the area may not furpafs in ma- 
gnitude. Iheremrc it is faid, that this area would be infinite, if the curve and 
afympiotc could be infinitely produced. But no areunieni (or admitting magni-- 
tudc adually infinite can be deduced from this, which does not more eafily ap- 
pear from hence, that a parallelogram of a given height would be infinite if it 
could have an infinite bale : from which it cannot be inferred that fuch a bare or 
parallelogram can afiually exift. It is often faid, that a rcAanglc of a given 
height on an imaginary baft (as ihe Analyfts fpcak) is imaginary^; but we can. 
not thence iaftt, that. an imaginary line or re^angle can eniit. It is not how 
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enitade vaxy be faffed to be divided iiKo aoy afligpaUe num- 
ber of parts J but it cannot tberetbre be conceived to t^ divi- 
ded into a nambec of parta greatei chao what ia aliignable. The 

parts 

ever out intendon to mainuin the impoflitHliiy of infiaicc magnitiide ; biu to 
fliew, ibat (itch doArincs aic not iiccdlaty conlequences of the received pria- 
cipla oi this rdcnce, ind not vciy proper to be admitted as the ground- work of 
the bieh gcomctr/. 

At tor the hyperbolic areas of a higher kind, which ire laid to be of a finite 
jnagnitude thouch infinitely produced, the meanbg is, that ihcre is a certain fi- 
nite fpace which fuch an area never can equal, though the curve and iu afym- 
ptote be produced never fo &r i to which however the area approaches, fo that 
the cxccU of that finite fpace above ii may become lets than any fpace that may 
be propofcd, by producing the curve and its afymptote to a diHance that ii at 
fi^nable : As, the fum of ihe-trapezia CDta, DGci, GKJt, tye. thai are deter- FiG. t}. 
mined by bifeding A& cooilnually, is always Ids ihan the triangle AG4, but ap- 
proachesEoirfouac iheir difference ABJ may become le(s than anv eiven f^ce 
O : Of, at che fum of the right lines CD, DG, GR, trc. is always leu than CA, 
but approaches to tt, fo that, by coniintring the bifedion, the difierence AR may 
become le& than any afligned ijuaiitiiy. But we Ihall hive occafioa to treat of 
thefc aficrwardi more fully. 

In the fame treatifc (& 196.'} a proof is ofietcd, to Ihew, that, in ike infinite 
teiies of numbers proceeding in their natural order, ihece are finite niiinbac 
wbofc ftjuares become infinite, which are called indeterminable, and a>e luppo- 
fed 10 occupy the obicure pa^^e irara the numbcrathat arc afligiiable to mo£e 
that arc infinite. A greatctl £mtc fquare is fuppofed in this progr^kn, and tc< 
prefented by mm ; all thar prccced it are finite, and all that fallow lAer it are flip* 
poled infinite. Hie numbers in this progrcdton between j» and mp, being left 
than ju), arc finite } but being greater thui n, their fquarcs arc greater dun ««, 
and iherefere, fay the fuppofinoa, are infinite. But bow can we admit the flip. 
poGcionofagreatefi finite fquatc number, fuch as is here exprdled by mm/ T&c 
number nn, being finite, ii nut the neni to it in the progrcflion, (wnich exceeds 
it by unit only,) alfu finice. Siould we allow, that a £nite number becomes in- 
finite by adding unit to it, or even by fquaring it, how fliall we diAingui(h finite 
from infinite ? We commonly conceive finite ma^udc to be tOSgnable, or ro 
be limiied by liich as arc afGgnabte, and to be fuKcpdble of <iinhcr jKigmcnta- 
lion : and therefore infinite magnitude would fexm to imply, either that wUiji 
exceeds alt aliignable magnitude, or that which cannot admit of any fiirthcr aug- 
mentation i (hefe being dircSIy oppofite to what we moft clearly conceire ofS> 
nite magnitude. But neither eif thefc conllitutc ihc idea of infinite magaiiudei M 
it muft be underftood in that ireatife. The former is applicable to thole num- 
bers which the author calls finite and indeterminable { which, being fuppofcd to 
firoduce infinite fquares, mull therdbre exceed all alGgnabIc numbers whofe 
quares are alfignable and finite. The latter is afirribcd to.mu infinite only which 
he calls metaphyfical, and excludes from geometry. We arc at a lols to form « 
dilHnd idea crcn of finite itlclf at it is here tmscilloMl ; and -it would leem, 
f a that 
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parts of a given line may be fappofed to be condnually Ixfeded 
dll they become lels tban any line that is propofed ; and this 
is iiiffiaent for completing die demoDflcadoos of the andeatsi 

But 

dur the more art and ingenuity ii employed in penettatmg iato iRc thiAnnc of. 
infiiiites, it bceoroa the more abflrufe. 

A proofis oftcred i ftfttrim (5 jfj.) to (bew, iHat there are finite fnSiona 
in the fcnes i, £, |, i, ^, cc. whoTe fquarct become infinitely Ijitlc in the fcriet 
'> k' 7> tVi zt> C^- The fum of the firfi (erics corrcTponds with ihe area inclu- 
ded bciwixt the common hyperbola and ic; afymptotc ; and is bid 16 be infinite 
ivbcniheferiesisfupporcd to be continued to infinicv. The fum of the latter fcriet 
conefponds with the area of gm hyperbola of a higner order, and is faid to be &y 
nite, even when the fcrict ii fuppofed ta be continued to infiniiy ; becaufe there 
u a limit which this Turn can never eqt«l, to whicfa however it continually ap. 
proacbes, as we hare already defcribed. This being allowed, it it ruppofca far^ 
iher, that there isan infinite number of finite tenns in thefirliprogrdliioni and- 
It ii thence demonftratedi thai there are finite fradioiis in the firlt fcricj whole 
fi]uare9 become infinitely litile in the fecond, thw : " If it Ihould be uretcnded* 
" that all the finite terms in the firft ferics have their fijuarcs finite in the fecond', 
" there would be an infinite numbci of finite terms in the fecond aa well as in 
" the firft i and the fums of both would be infinite : fo that the contrary of an 
** undoubted truth, that is imtverMy recdvcd, would be dcraonitrated." If w«- 
could allow that there is an infinite number of finite terms in the firfl fcriei, tUf 
argument might have fome wei^. But thia is a fuppofltion we cannot admits 
Vor the denominator of any fradion tn the firA feriej ia alwayt equal to the 
number of terms from the banning, and muft be fuppofed infinite when the 
number of terms is fuppofed infinite; but a fra^on init has unit for its numc- 
lator, and is fuppofed to have an inEniteiiumber forits denominator, cannot be 
fiippofcd finite, but infinitely linle : fb that we cannot fuppofe an infinite number 
•f terms in the firfi fcries to be finite. It is o6ea laid in this treatifc, that there 
tsaninfiniienumber of finite terim in the natural feries i, i, 5, 4^ %, cf. con- 
tinued to infinity. But wc are k a lofi to conceive how this cin be admitted^ 
fincc, in any fuch progrcflion, the taft or grcaiell term is always equal to ilte 
number of terms from the beginning, and cannot be fuppofed finite when the 
number ofterms if fuppofed innniie. There is an alTignable limit which the fun 



ofthe terms of the fecond ftries never amounts to ; biK there is no aftignable-U- 
nit which the fum of the firll feriet may not furpals, (as we (ball Ihew aficr- 
wards; J andthefamofthcfcrmi of the firft is gfeatcr than the fum of thecor- 
tcfpondrng Knnt of the fecond, in a ratio that by cominuing the terms may^x-- 
CCH any aJGgnaUe ratio-of a greater magnitude to a IcfTer ; and as this is calilv 
imdcFftoud and dcmonftraied, (o there is no ncceffiiy for having rcctturfe to fiica 
abftrtife principles in order to account fot \t. 

It is- «f no ufc to- cite authorities on this fubjcA, but as they ma^ juAify us in 
cQab!i(hing fo noble a part of geometry for-avoiding principles that are To muih 
comcfled. What Arillotle taught of iniiniie magnitude is well known. Mr.. 
- Leibnitz, who (or obvious reafoiLij cannot be fufpcdcd of any prejudice againQ 
the doArioe of infinites^ csprc0cs himfclf thus : 0» t^twitaragt duns Itt/irin 
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Bat it is acknowledged by thofe who have treated the doftrine 
of infinites in the fimeft manner, that " there ia fomething in- 
*^ conceivable in fuppoliog an infinitely great or infinitely (malt 
' number or figure to be produced or generaced ; and that the 
** padLge fixjm finite to- M^nite i» obfcure and incomprehen- 
" fible : " and therefore it isbetter for us, m Heating of fo ftrift 
8 fdencr a» geometry, to abftraft fixjmihefe fumofitions. The 
abftmfe cMiKqoenccs, diat have been deducedfrom them by in- 
genious men, may the »dier induce us to beware of admitting 
them aa necefiary prindplea in this fclenc^ and to adhere to ita 
Bocieoc principles.^ 

Mr. Lock, wBo wrote his excellent eflay, « that we imght 
« i^&over how £ir the powers of the underftanding reach, to 

d*s ntmbrts qui vant i Pinfiai, On e§nfffit um dtmitr tirme, un ntmirt mfim,- 
tM in^imtoi pitii ; bmh tout ttl» tit f»nt jm dts filioin. Ttui attain tfi fiat 
C tffiiMhit, trutt ligiu Ctfi dt mtmi. EGu dcThcodicicj difc. prdmt. § ?«• 

We tnve fubjeined cheTc remarks, at the defire of fome perfbiu (or whom we 
have a grou regard, (o Qiew why we have not followed an author who hu me* 
liied fo well of Mathetnaticiana, and who on every other occafion hai been ju& 

? applauded for his clear and difttnAwa; of ncplaining che abflrufc geometry. 
Uej who treated of infinites- before him proceeded, u he obferTCs, with a n" 
nioroufiie& which the coiueoiplaiion of fuch an objefi naturally inTpirct : gtrumf 
#» y iitil arrhii, Cfaya be) m i' arrtfitii avit nut ifftct d^iffny ex dtfainti htr* 
tntr — en rtgardeit finfiai ttmmt un mifltrt qu" il fattoh rtffiClir, ts" ^n'il "' — 
nit pas ftrmii ^ »ffrtfendir. Ttey ftept when ihey came ro infinity wrth a fort 
of holy dread, and refpefted itni an iB«»mBr«iienfiblB myfteiy- Headvwituw 
fcither, in order lo difcovcc the fout«, and penei«teiino the firft pnndplEsof, 
Ecomnrical irwh. Infinhy, according to him, » the great <runk*om which i» 
?ariQi« branches ate derived, and to which they all lead. In ihra great purfuic 
he difplayi inftiite atid finite with it h«edom that puts ut in mind ot the ancient 
Poet and hi»Gods, whom he rcprefcna with the palCans of meti, and minglsi 
in their battles. We doubt noti thai ifa.fuU *aA perftd account of all thai 
is moft profound in the high geometry coutd have been deduced from the 6<f> 
ftrfnt of infinites, ir might have been cxpcflcd from this aurhor : But onr ideas of 
infinites are too oblcurc and unadequate to anfwcr this and j and there arc many 
things advanced by aUthftCc who nave applied them with- great 'ftccdam- in g(» 
Kietryjthat give ground to a. remark like to Mr. de St. Evrcmond's, .when ht 
obferves, that " it is furpriflng. to find tht ancient Poets fo ftrupuloui to pre- 
" ferve probabiUtT^iryaftions purely human, and fo ready to violJieic in repre* 
" fentiiTg tbraftions of the Gsds." Some have not Dnl)i; admitted tn&niies and ' 
infiniteiiroais "f infinite ocdas.buLhavc diftingnithcd even nothittts iutuvariowt 
kinds ; and if fuch liberties continue, it it not cafy lo forcfec what abfurtiiiica 
atay be advanced as difeovcriej in what is-callcd ilie fablimc geomct 7; 

«'whas. 
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** what things they are in any degree proportionate, and where 
** they fail us," obftrves, " that wbilft bien talk and difpute of 
*^ infinite magnitudes) as if they had as compkat and politive 
^ ideas of them as they have of the names they i^ for them, 
<( or as they have of a yard, cv an bour, or any other deteimn 
" Date quantity, it is no wonder if the incompreheofible nacur* 
*' of the thing they difcourie oSy or reaibn about, leads them 
" into perplexities and coatradi^tions; and their minds lie over- 
** laid by an object too large and mighty to be furveyed and ma^ 
" nag«dby them". Mathematicians indeed abridge their com- 
puutions by the fuppofition of in£mtes ; but when they pretend 
to treat them on a level with finite quantities, they are feme- 
times led into fuch doctrines as verify the obfervation of this ju- 
dicious aitthpr. To mention an initance or two : The progref* 
iion of the numbers i* 2, 3, 4, c, ^c. in their natural ordec^ 
is fuppoled to be continued to infinity, till by the cononual ad- 
dition of units an infinite number is produced, which is concei- 
ved CO be the termination of this feries. This infinite number 
is fuppofed to be ftiU capable of augmentation and diminution; 
and yet it is liiid, " that it is nather increafed nor diminiihed 
" by the addition or fubtraiflion ot the fame units from which 
** it was fuppofed to be generated." In a progreflion of this 
kind, the number of terms is always equal to the lafl or great- 
eft term, and is finite when the laft term is finite. If the num- 
ber of terms be fuppofed infinite, the laft term cannot be finite ; 
and yet it is faid, "■ that id fuch a progreflion continued to in- 
** finity there is an infinite jiuniber of finite terms." It is evi- 
dent, that no finite number can become infmite by the addition 
of unit or of any other finite number ; and yet ** a greateft fi- 
** nite fquare number is fuppofed in fuch a prc^efEon, the next 
** to which (though it exceed that finite number by an unit on- 
" ly) is fuppofed mfinite." From thefe fuppofitions it ia infer- 
red, *' that in fiich a progreffion continued to infinity there are 
** finite numbers whofe fquarea become bfinlte \ " chough it 
f^nis very evident, that a finite number taken any finite num- 
her of times can never produce more than a finite number. We 
may perceive from thefe infbnces, tibat it is not by founding the 
higher geometry on the doftrine of infinites we can propofe to 
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avoid the Apparent iaconfiftcncies that have been obje&ed to it; 
and Hnce an excelleat author, who has always diitiDguilhcd 
bunfelf aa a clear and acute writer, haa had do better fucceis in 
efbiblifhing it on thefe principles, ic is better for us to avoid them. 
Thefe fuppofidons however may be of ufe, when employed with 
caatioD, lor abridging computadotis in the invdHgiidon of theo- 
i«m9> or even for proving them where a fcrnpulooa exaftnefi is 
not required ; and we would not be underftood to afHrm, that 
the methods of indiviflbles and iniinitefltnals, by which fo ma- 
ny uncontefted truths have been difcovered, are without a foun- 
dation. We acknowledge furtherj that there is fomething mar- 
vellous in the do6trine of infinites, that i» apt to pleafe and tranl^ 
portua; and thatthe method of iafinitenmals has been prolecu- 
ced of late with an acutenefs and fubtlety not to be pamtelled 
in any other fcience. But geometry is beft eftabliihed on clear 
and plain principles ; and diefe ipecoladons are ever obnoxi- 
ous to feme difficoltieSt - If the greateft accuracy has been al- 
ways required in this fcience, in reafoniug cooceming finite 
quantities, "we apprehend that Geometricians cannot be too fcru- 
polous in admitting ov treating of infinites, of which out ideas 
are ib imperfect Philofophy probably will always have its my- 
flenes. But theie are to be avoided in geometry : and we ought 
to guard againft abating frohi its ftri£toefs and evidence the ra- 
ther, that an abfnrd philoibphy is the natural ptodudof a viri," 
ated geometry. 

It is juft at the fame time to adcnowled^e, that they- who 
firft carried geometry beyond its ancient linnta, and they who 
have fince enlat^ed it, have done great fervice, bydefcribing.; 
plainly the methods which they found fo advantageous for this 
parpofe, (thoi^h they might appeareiceptionable in fome re- 
fpeCts,) that others might proceed with the fame facilhyto im- 
prove it. Some of them have been fo cauaous as co verify their: 
■ difcoveries by demonftrations in the ftrifteft form ; and others 
were able to have done this, had they. not chofe ratiierto em- 
ploy their time in ext«ndbg the fcience. At firft, the variadon . 
from the ancient method wasnocfoconliderable, butthatitwaa 
eafy to have lecourfeto it, when it ih»uld be thought necefiary 
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jfer the radsfadion of Ridh as required a icwpulotic exadnef*. 
The Geometricians '.Iq die nlean cime made great iniprovfments. 
Tbey had the accurate method and.exsmplea.of Arcuihkdes 
before them, by which they might try tbftir difcoveries. Xhefe 
fcrvedito Icoep.Them from er^oi:, and the new. methods facilitar- 
■ced cheir .progre^. Tbmi their vi£W4 enlarged ; .and .prpblem^ 
:that appeared at firft fighc of an iofuiierable dif&oilcy^wece a&ei- 
'Wards Tefolved) and came at length ce bedeviled as^xoofiniplfi 
-and -ea^ The menfurati'on of parabolas, .hyperbolas, IpiraU of 
-all the higher orders, and of the ^mous cycloid, were amongfi 
-theearlieft produ<%ona of phja period \ fome-ot which feem to 
have been difcovered by federal Geomeuidans aloioft .at the 
-fame time, rit is not neceflafy.for.our pnrpofe to de&ribe more 
■particularly wiat difcoveries were made by Torricelli, MeflT 
de FEK.MA.T and de RoBGRVAL, Grsgort d Sto. Vincentio, 

- &c by whom the theorems of AKckimbbea were cootinuec^ 

- and applied lo jdie nienfaxsdoB .of various figures. 

"The Jrithmetica in^tiitorum of Dr. Wallis wu the fiilleft 
ttreadfe of this kind that appeared before the invention of the 
method of fluxions. Archimepbs had confldered the fumsof 
'the terms in an arithmetical pregrelliot:, .and of their iquares on- 
ly, (or rather the limits of -thefe fums) defcribed above,) cbelc 
■bang fufficientibr the menfurattoo'ef die flgores be had .exami- 
ned. I^ Wallii treats thi8.fub]e<^ in .a -very general nuu>- 
«er, and afhgns like limits for the fums of any powers of the 
terms, whether the exponeoes be integer? er fractions, pofltive 
or negative. Having difcovered cme general theorem that in- 
cludes. dl of this kitid, be then compounded new progtefBons 
fiom various aggregates of thefe terms, and enquired into the 
fums of the powers of thefe terms, by which he was enabled CO 
meafure accurately, oi by approximarioo, the areaa of f^ures 
ivithont nomber. But he compofed thisizeaufe (as he tel& us) 
before be had examined the writings of Archimedes, and he 
prc^fes his theorems and demonftracions in a lefs accurate form. 
He fuppoles the progteflions to be continued to infioity, and in- 
veftigates, by a kind ef induftion, the proportion of the fum 
ufthe powers tothe.produ^t that would arife by taking the 
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greateft power as often as there are terms. His demoniitratJoDs, 
sod. £>me of his expreiTioos (as when he Tpeaks of quanude* 
more than infinite) have been excepted agiainft. But it was not 
very difHcult to defnonfiratetbegreateft part of his propofitiont 
in a ftrii^er method ; and this was efledted afterwards by him- 
felf and others in various inAances. He chofe to defcribe plaio^ 
ly a method which he had found very commodious for difco- 
vering new theorems \ and it niuA be owned, that this valuable 
•treatile contributed to produce the great improvements which 
ibon followed a&». A like apol(^ may be niade ior oUi^es 
who have promoted this doftrine uoce his time, but have not 
given us rigid demonfirauons. In general, it muft be owned, 
that if the late dUcoveries were deduced at length, in th^>ve- 
ly lame method in which the ancients demonftrated their th^ 
ore^au, : the li&. of man -could hardly t>e fuffident for cot^fideif- 
ing theai all ; io that; .a general and concife method, equivalei)t 
to theirs in accuracy ^d evidence, that comprehends innume- 
rable theorems in a few general views,: may well be efteemed a 
valuable Inventioo. 

-. CUvAi-EKivs was fnifibW of the di^i^ues, as weU. aa tbee 
«dvantf^ that atisqded his method.; Hie fpeaks as if he foK- 
faw that it. ihould be a^erwiirds delivered in an unexcepttooable 
form, that might fatisfy the moft fcrupuious Geometrician ; and 
leaves this Gordiam k/iat^ as he exprefies himfelf, to fome Jlf 
xawtkr. Its form indeed was loon altered, and many improve- 
ments were made by the Mathematicians who profecutedr iC fioce 
.his time that deferve to be mentioned with efteem. But the 
method ftill mnained Uableto fome exceptions, and was thought 
to be lels peried than that of the aadeoca on ftveral groundh 

Sir Isaac NBW-roH accomplished whttCAVAS-Exius wllh- 
«d for, by invenong the method of Fluxions, and propoling it 
in a way that admits of ftri£t demonftradon, which reqmres the 
fum>liu(Hi of no quantities but fuch as are fisite, and ealily con- 
ceived. The computations in this method are the &me as in 
the method of infinicefimals ; but it is founded on accurate prin- 
<Mes, agreeable to the ancient geometry. In it, the premises 
G «mS 



,y Google 



^o INTRODVCTION. 

and concIuCoDs are equally accarate, no qaaDtities are rejeA'- 
ed as iufinitely fmall, and no pait of a curve is fuppoTed co co- 
incide with a right Ibe. The excellency of this method has 
not been fo fiiUy defcribed, or fo generally attended to, as it 
feems to deferve ; and it has been Jometimes reprefented as on a 
level in all thefe refpeda with the method of infinitefimala. The 
chief delign of the followmg treatife is, to fliew its advantages 
in a clearer and fuller light, and to promote the defign of the 
great inventor, by eftablilhing the higher geometry on plain 
principles, perfeAly conjiftent with each other and with chofe 
of the ancient Geometricians. ^ 

The method of denronftration which we make moff ufe of in 
this treatile, was firil faggefted to us from a particular atcentioB 
to Sir Isaac Newton's brief reafoning in that place of his prin^ 
ciples of philofophy where he firfi publlfhed the elensents c^ 
this doftrine. After the greateft part of the firflowing treatifc 
was writ, we had the pleuure to ohferve, that Geometricians c^ 
the firft rank had recourle to it long ago on leveral occafions,. 
as a method of the ftrit^eft kind. Mr. de Fekuat, in a letter 
to Gassendus, and Mr. Hvygens, in \{ia Horohgiam of^Uato- 
riatny have employed ic for completing the demonftrationa <3£ 
ibme theorems diat were propofed by Galileus, and proved 
by him in a left accurate manner^ and Dr. Barrow haa d^^ 
monftrated by it a theorem concerning the tangents of carve 
lines. The approbation which ii appears co have had Irom fo- 
good judges, encouraged us to publifh the following treatife 9 
where it is applied for demonftraong the method of Fluxions. 
The cluef punuit of Geometricians tor feme time has been to 
improve their general methods. In proportion as thcfc are v^ 
luable, it is important that they be eftablilhed above all exce- 
ption : and ftnce they fave us fo much time and labour, wfr 
may alloTC the more ior illuftracing thefe ipetbods tbemielres.. 
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of the Fluxions of Geometrical Magnitudes. 



CHAP. I. 

X>f tie Grounds tf tiit Metitd. 



1 



^ HE fflaAemadcal £uences treat of the leladoM 
of (juandaes to each other, aad of all their af^ 
&£hoDs that can be fn^eAed to rale or me^ure^ 
„ They treat of the fffopetties of figures that de- 

pend on du pc^OD and form c^-me lioes or planes that bound 
ihem, as well as thole that depoid on their magnitude j of the 
direftion of madoDj as weU u its velocity ; of the compofit^ 
on and refolution of quanudes, and of every thing of this na- 
core that is fufceptible of a regular detemunadoa. Wc enquire 
G 3 into 
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into the relations of things, rather than their inward eflence*>, 
in thefe fciences. Becaufe we may have a clear conception of 
that which ts the fooa'datloa of a reia^n, w^thoat having dper- 
&Ao7 adeq^te ide^ ^the^hing ic is Bctribuced to *y oui<id£as- 
of relacions are often clearer and more diftini^ than of the thbgs 
to which they belong \ ^d tiothis ^ersiay afcribe in fome mea- 
fure the peculiar evidence of the mathematics. Ic is not ne- 
ceiTary that the obje^s of the speculative parts IhoQld be a^u* 
ally ddci^ed,' or exiQ widiout the' itiina ;' but it is e:^tiiil^ 
diat their VwatiOhg fliouM be elearfy concaved, ind evide'ntly 
deduced : and it is ufeful, that we Ihould chiefly coofider iiica 
as correfpood'Wicb tho& df. excerhat ofajs&s, and may leive tO' 
promote our knowledge of nature. 

2. In our purfuits after knowledge, we foraerimes confider 
tlungs as they appear to be in themielves^ fometimes we judge 
of them fi-om their caufes, and fometimes by their e^dls. In- 
ordinary enquiries, but e^cially in philofophy, we employ one 
or more of thefe methods according as we find ground for ap- 
plying chem. The two lafl may be no lefs ^tisfadtory than 
the Arft, when there is a fuificient foundation ior them \ and by 
carrying our enquiries to the ipringa and principles of things,^ 
oar knowledge of them becomes more perieA, and our view* 
more extenlive. In geometry, there are various ways of di^ 
covering the ai&<%ions and relations of magnitudes that corre- 
Q)ODd to thefe general methods of enquiry. In the commoa 
geometry, we fuppofe the magnitudes to- ne already formed^ 
and compare them or their pans, immediately, or by the in- 
tervention of others of the fame kind, to which they have a 
zelatiqn that is already known. In the dofhinc which we 
propoie to eiEplain and demonftrate in this treatife, we have re- 
tourfe to the, genefis of quantities, and either deduce their re- 
lations, by comparing the poweft which are conceived to gene- 
irate them ; or, by comparing the quantiriea that are generated, 
We difcover the relarions of thefe powers and of any quantiriei 
that are fuppofed to be reprefented by them. The power by 
■wWch magnitudes are conceived to be generated in geometry^ 
Is motion j and therefore We mufb begin with Ibme account of ic. 

* ElDiT concerning the humaji imdeiHanding, book i. chip, tf . J S. ' 
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3. No quandries are more clearly conceived by as than the 
limited parts of fpace and time. They confift indeed always of 
parts; but of fuch as are perfeiSIy uniform and fimilar. Thofe 
of fpace exift together j thofe of time flow coutinually : bat 
by motion they become the meafsres ef each other reciprocally. 
The parts of Ipace are permanent ; but being defcribed fuccel^ 
fively by motion, the fpace may be conceived to flow as the 
time. The time is ever periihing; but an image or reprelenta- 
rion of it is preferved and prefeoted to us at once in the fpace 
de^riibed by the motion. 

4. Time is conceived to flow always 10 an uniform courie, 
that ftrves to meafiire the changes of all things. When the 
{pace defcribed by motion flows as the time, fo ttiat equal part» 
of fpace are defcribed in any equal parts of the time, the mo- 
tion is uniform ; and the velocity is nieafured by the fpace that 

* " *3 fpace may be conceived 
" "e of all degrees of af- 
f the motion by which 
we fuppofe the fpace to be always defcribed in a given time^ 
The velocii,y of an uniform motion is the fame at any term of 
the time during which it continues. But motion is fufceptible of 
the fame variations with other quantities, and the velocity in t>- 
ther ioftances may increafe or decreafe while the time increafss. 
In thefe cafes, however, the velocity at any term of the time 13 
accurately meafured by the fpace that would be defcribed in a 
^ven tkne,. if the mouon was to be continued uniformly frcsn- 
that term. 

5.. Any fpace and time being given, a velocrty is determuied 
by which that fpace may be defcribed in that given time : Andy 
converiely, a velocity being giveo, the fpace which would be 
defcribed by it in any given time is alfo determiHed. This being 
evident, it does not feem to be necefTary, in pure geometry, to- 
enqiure farther what is the nature of this power, af^Aion os 
mode, which is called Vekeity, and is commonly afcribed to 
the body that is fuppofed to move. It feems to be fafficient Sat 
our purpofe, that while a body is fuppofed in motion, it muft 
be conceived to have fome velocity or other at any term of th« 
time doling wluch ic movesy and uat we can demonitiate accu- 

xatel^ 
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tately what are the meafures of this velocity at any tenn, in the 
enquiries that belong to this dodlrine, as will a[q)ear in the courfe 
of this treatife : elpecially fince it is the bulineis of geometry, 
as we have obferved already, to enquire into the meafures, ra- 
ther than unfold the hidden eHences of things. 

6. But perhaps this explication will not be thought liiffident, 
and it will be required that we ihould propofe a definition of 
velocity in form. The excellent Dr. Bakkow defines it to be 
the power by which a certain fbace may be defcxibed in a cer- 
tain time. Some perhaps may fcrupie to afcribe powerto a bo- 
dy, figure or point m motion. Bat it is to beoblerved, that k 
is of no conlequence, in pure geometry, to what the power 
may be moft properly attributed. It is indeed generally allow- 
ed, that if a body was to be left to itfelf from any term of the 
time of its motion, and was to be affe^ed by no external in- 
fluence after that term, it would proceed forever with an utu- 
forni motion, delcribing always a certain Ipace in a, given time : 
and fhis feems to be a fufEcieni foundaiion for afcrtbing, in com- 
mon language, the velocity _to the body that moves, asapower. 
It is vf&L knowt^ that what .is an eUe^l in one refped, may 
be confidered as a powex-cH* caufe in another ^ and we know 
no caufe in common philofophy, but »hat is inelf to be confi- 
dered as an efied : but this does not hinder us from iuc^ng of 
efTetis from fuch caufes. However, if luiy diflike this expref- 
fion, they may fuppofe any mover or caufe of the motion they 
pleaJfe, to which £hey may afcribe the power, coafidering the 
velocity as the a^ion ti£ this power, or as the adequate ef!e£t 
and meafure of its exertion, while it is fuppoled to prodoce the 
motion at every term of the time. We have obferved already, 
that the principles of this method are analogous to the general 
doftrine of powers, or may be confidered as a particular appli- 
cadon of it. As a power which a6ts continually and unifcvm- 
ly is meafured by the effeft that is produced by it in a g^ven 
time, fb the velocity of an umform motion is meafured hy the 
Ipace that is defcribed in a given time. If the a6t'ion oi the 
power vary, then its exertion at any twm of the time is not 
meafured by the efieil that is aftudly produced after that term 
in a given lime, but by the effed that would have been prodip- 
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ced if its adion had continued oDiform from that tenn : and, 
ia the fan^ manner, the velocity of a variable modon at any 
given term of time is not to be meafured by the fpace that is 
aftually defcribed after that term in' a given time, but by the 
^>ace that would have becD defcribed if the mocion had- conti- 
nued uniformly from that term- If the aftion of a variable 
power, or the velocity of a variable motion, may not be mea- 
lared in this manner, they muft not be fufceptible of any men- 
furatioa at all. It will appear aiteiwarda,. ia the courie of this 
tieati^, that the other principles of this method correfpond with 
the plain maxims of the general dodtrme of powers that are 
employed by us on every occafion, and are to- be reclconed a- 
mongft the moft common and evident nouons. There are two 
flindamental principles of this method. The firll is. That when 
the quantities which ace generated are always equal to each o- 
ther, the generating motions muft be always equaL The fe- 
cond ia the converfe of the firft, That when the generating mo- 
tions are always equal to each other, the quantities that are ge- 
nerated in the fame time muft be always equal. The firft is the 
foundauon of the direA method of fluxions ; the fecond, of 
the isverfe method. Sus it is obrious, that they may be con- 
Hdered as cafes of thefe two general principles : When the tf- 
&6b produced by two powers are always equal co each other, 
then (fuppofing that no other power of any kind affeils their 
operations) thefe powers muft be fuppofed to aft equally ae. 
«ny term of the time ; and, converfely. When the aclions of 
two powers are always equal to each other at any term of the 
dme, tben the effects produced by them ia the We time muft. 
be always equal. 

7. This method is (b-well founded, that its rales aDd'operath^ 
ons may be delivered in a wayconfiftentwith any general' prir*- 
ciples that are not repugnant to the mcrilevidentnooonsj though 
k is impolGble forus, in treating o£ it, to keep to expreffions 
that may appear equally con(iftent with every fch«ne of metaphy^ 
lies. It has been frequently coulideied in' a manner agreeable- 
to the principlea of uiofe who fuppofe quantities to confift- o£ 
iodiviJible or infinitely fmall elements. We are to proceed ufv- 
oamoteftrid and rigid, principles: but it will be hardly polGble 

for 
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for us to avoid always fuch expreflions as may have been fomc 
time or ocher matter of difpute amongft philofophers. Their 
controverlies concerning continued and dilcrece quantity have 
not been thought to weaken the evidence of the common geo- 
metry. Nor can their difputes * concerning motion aifeft the 
certainty of this method ; fince we have occafion in it for no 
more than the moft obvious notions of (pace^ time^ motion and 
velocity, that cannot be faid to yield in clearnels and evidence 
CO the principles of the common geometry. 

8. When we fuppofe that a body has fome velocity or other 
at any term of the time during which it moves, we do not there- 
fore fuppofe that there can be any motion in a term, limit or mo- 
ment of time, or in an indivilible point of fpace : and as we fhall 
always meafare this velocity by the fpace that would be defcri- 
bed by it continued uniformly for fome given finite time, it fure- 
ly wiU not be faid that we pretend to conceive motion or velo- 
city without regard to fpace and dme. 

9. But to proceed : When any quantity is propoied, all o- 
thers of the lame kind may be conceived to be generated from 
it \ fuch as are greater than it, by fuppofing it to be idcreafed ; 
fuch as are lefs, by fuppoflng it to be diminilhed. In the com- 
mon arithmetic, integer numbers are conceived to be produced 
by adding a givenquancicy or unit to itfelf continually, and frar 
dtions are produced by fuppofing it to be divided into fuch parts 
as by a like addition would generate the given quantity itfel£ 
But m geometry, that all degrees of magnitude may be produ- 
ced, and in fuch a way as may found a general method of de- 
riving their afieilions from their genefis, we conceive the quan- 
tities to be increafed and diminifhed, or to be wholly generated 
by motion, or by a condnual flux analogous to it. The quan- 
tity that is thus generated, is faid to flow, and called a Fluent. 

10. Lines are «;enerated by the motion of points \ furfacee, 
by the motion of lines; folids, by the motion offurfaces; angles, 
by the rotarion of their fides ; the flux of dme bein^ fuwiofed 
to be always unifcvm. The velocity with which a une flows, 

* Dc naiura tnoiHt it te&a definicionc, de caufit ic differeniiis, romplun Tub- 
tilitcr argutantur I'hyiici ; *iuitttra fcre Mathemaiicii nihil (oidi vd ciir* : fuffi- 
CCK potdl his qujE commnnU fenfus agnofck. Barrno, Uit. gum. i. 
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is the ffune as that of the pomt which U fuppofed to defcribe oc 
generate it The velocitj' with which a furface flows, is the 
lameasthevelocity of a given right line, that, by moving paral- 
lel to itfel^ ia fuppofed to generate a rettangle which is always 
equal to the lumce. The velocity with which a folid flows, 
is the iame aa the velocity of a given plain fiirface, that, by mo- 
ving parallel to icfel^ is (tippoied to geaerate an ered pritin or 
cylinder that is always equal to the folid. th.t velocity with 
which an angle flows, is meafored by the velocity of a pointy 
that is fuppofed to defcribe the arch of a given circle, which 
always fuhtends the angle, and meafures it. In general, all 
quandtiefl of the lame kind (when we conlider their magnitude 
only> and abllraA from their pofltion, figure, and other afie£li- 
cms} may be reprefented by nght lines, that are fuppofed to be 
always in the fame proponion to each other aa thefe quantities. 
They are reprefented by right lines in thia manner tn the Ele- 
meots, in the general dodnne of proportion, uid by ri^c lines 
and figures in the Data of Euclid *. In this method Ukewife, 
quantities of the fame kind may be reprelented by right lines, 
and the velocidea of the motions by which they are fiif^Kiled to 
be generated, by the velocidea of pcnnts movmg io ri^t lines. 
All the velocities we have mentioned are meafured, at any term 
of the dme of the motion, by the fpaces which would be defcri- 
bed in a given time, by thefe points, lines or fmfaces, with their 
motions condnned uniformly from that terni. 

1 1. The velocity with which a quaority flows, at any term of 
the dme while it is fuppofed ro be generated, is called its Flu- 
torn which is therefore always meafured hy the increment or de- 
crement that would be generated in a given rime by this mo- 
tion, if it was continued uniformly from that term without any 
acceleration or retardation : or it may be meafured by the quan- 
tity that is generated in a given dme by an uniform motion which 
b equal to the generating motion at that tenn. 

la. Time is reprefented by a right line that flows nniform- 
ly, or is delcribed by an uniform motion : and a moment or 
termination of time is reprefented by a point or cetmtnadon of 

* Sec the preface to the Oau b; MarintH, near the end. 

H that 
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that line. A gjven Telocity is reprefeoted by a girea line, the 
fame which would be defcnbed bv it in a given time. A velo- 
city that is accelerated or retardeo, is reptefented by a line that 
increafes or decreaCea in the fame proportion. The time of any 
motion being reptefented by the bafe of a figure, and any part 
of the time by the corresponding part of the bafe \ if the ordi- 
nate at any point of the bafe be equal to the (pace that would 
be defcnbed, in a given time, by the velocity at the correfoond- 
ing term of the time continuea uniformly, then any velocity 
will be reprefented by the correftxjnding ordinate. The flu- 
xions of quantities are reprefented by the Increments or decre- 
ments deicribed in the lall article which meafure them ; and, 
inftead of the proportion of the fluxions themfelves, we may 
always fubftitute the proportion of their meafures. 

13. When a motion is uniform, the fpaces that are defcnbed 
by it in any equal times are always equal. When a motion is 
perpetually accelerated, the fpaces described by it In any equal 
times that fucceed after one another, peipetually increafe. When 
a motion is perpetually retarded, the ^aces that are delcribed 
by it in any equal times that fucceed attet one another, perpe- 
tually decreafe. 

14. It is manifeft, cooverfely, that if the fpaces defcnbed ia 
any equal times are always equal, then the motion is uniform. 
If the fpaces defcnbed in any equal times that fucceed after one 
another perpetually increafe, the motion is perpetually accele- 
rated : For it is plain, that if the motion was uniform for any 
ume, the ipaces defcribed in any equal parts of this time would 
be equal j and If it was retarded for any time, the (paces de- 
lcribed in equal parts of this time that fucceed after one ano- 
ther would decreafe : both of which are againll the fuppolition. 
In like manner it is evident, thac a motion is perpetually re- 
tarded, when the fpaces that are defcribed in any equal times 
that fucceed after one another peipetually decreaie. The fol- 
lowing Axioms are as evident as that a greater or lefs fpace is 
defcribed in a given time, according as the velocity of themth- 
tioD is greater or lets. 



AXIOM 
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AX I O M L 

15. The Jface defer iked by an accelerated motion is 

freater than the /Pace which would have been defiri- 
ed in the fame time, if the motion had not been acce- 
lerated, but bad continued uniform from the beginning 
of the time. 

AXIOM IL 

The J^ace defcribed by a motion while it is accele- 
rated, ts left than the Jface which is defcribed in am 
equal time by the motion that is acquired by that ac- 
celeration continued uniformly. 

AXIOM nL 

Thejpace defcribed by a retarded motion is lefs than 
■the f^ace which would have been defcribed in the fame 
time, if the motion had not been retarded, but bad 
continued uniform from the beginning of the time. 

AXIOM rr. 

The fPace defcribed by a motion while it is retard- 
ed, is greater than the Jface which is defcribed in an 
equal time by the motion that remains after that re- 
tardation, continued uniform^. 

16. Before weproceed to enquire into the fluxions of quat^ 
tides, it is neceflary to premile the foUowmg general Theo- 
rems, which contain the grounds of this me^od. The two 
£ifi aie from the creaufe oiAkchimedes conceming ^ral lines. 

Ha THE- 
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THEOREM I. 

The Jpaces defcribed by an uniform motion are in the 
fame proportion to each other as the times in "which 
they are defcribed. 

Suppofe fl pmut to defcribe the right line AB with an uniform 
motion. Let it defcribe the fpace CD in the time FG, and the 
fpace DE in the time GH : then Ihall Cl> be to DE as FG is 
loGH. 

Let KD and MG be any equimultiples of the lines CD and 
FG J and let DL and GN be any equimultiples c^ DE and 

GH. Becaufe 
A K C D E LB the motion of 

the point in 
M F G H N **fi I'ne AB is 

— "■■ iiippofed to be 

uniform, and 
it delcribes CD in the time FG, it will defcribe any line e- 
qual to CD in a time ejual to FG, and it wiU defcribe KD, 
Uiat is a multiple of CD, in the time MG, that is an equimultiple 
of FG. For the lame reafon, it will defcribe DL in the time 
GN. But, when a motion is unifomi, a greater Ipace is always 
defcribed in a greater rime : fo that, if the fpace KD exceed 
DL, the time MG will exceed GN \ if KD be equal to DL^ 
the time MG will be equal to Gi^ \ and if KD be lefs than 
DL, the time MG muft be lefs than GN. Therefore (by def 5. 
Kb. J. Elem.) CD is to DE as FG is to GH ; that is, the fpaces 
defcribed by an uniform morion are iu the fame propordoa tfr 
each other as the times in wtuch they are dcfci^^ad. 

THEOREM a 

17. The Jpaces defcribed by an uniform motion are to 
each 0ther in the fame proportion as the /paces de- 

' fcribed in the fame times by any other uniform mo* 
tion. 

Suppofe 
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Sappole two pcHiits 
to describe the ri^ht 
Ibes AB, KL with 
any unifonn moti- 
ona. Let CD and 
FG be defcribed by 
them in the time 
MN : aad Jet DE 

aod GH be defcribed by ihem in the time NR. Then, by the 
iirfi theorein, the fpace CD is to the ^ace DE as the time MN 
is to the time NR ; and FG is to GH in the fame ratio of MN 
to NR. Therefore CD is to DE as FG is to GH j that is, the 
^Mcee defcribed by the firll motion are in the fame proportion 
to each other, as the fpace» ddcribed in the lame, or in equal 
times, by the fecOnd motion. The fpiral of Archimedes be- 
ing defcribed by the f ompofition of two uniform motions, one 
of which is re£mtneal,'the other circular, he had occafion, in 
demonftrattog' its properties, to makenfe of no more of the do- 
iiriue of motion than thefc two theorems; But, in eftablilhing 
*» general method for dtfcoveiing the properties of curvllineu 
figures, we have occaiion alio for thefe that foUtow. 

^ H E K E M HI. 

l%.,If the jpaces that are defcribed in the fame time 
, by two motions, uniform or •variable, be akvays e- 
■ , f»al to eMb other, the vekcities of thefe motionr 
- muft be equal at anyl term of the time. 

Soppofe die pomts P and p «e delcribe die lines AK, akt% 
the fame time, with mouow uniform or varied at pleafure, bttc 
jb that the fpace defcribed by P be alvrays equal to the fpace 
defcribed by j> in the fame time. Then fliwi the velocity of ^ 
«t any term or moment of time be eqi3al to the vdocity of P 
at the fame terni or momcob Ttus theorem is fo evidenc, that 
it may fcem to need no piovC If AK aaid ak be right Hnes^ 
and wcfuppoTcAb CO be placed opoirAK, the point f will be 

always 
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always ©ver the point P, and their velocities at the fame term 
of the time cannot but be fuppofed eqnal, whether the moticaa 
be uniform or variable. But as this is a fundamental tbeorem 
in this dodrine, and holds whether the points P and p move 
in right lines or in curves, we ihftll demonftntte its various cafe* 
fix^m the preceeding axioms. 

19. Cafe I. Suppofe the motion of P to be uoifonn. Then, 

fince equal (paces are defcribed by P m any equal dmea, it 

loUowSj from the 

APBMDLG K. fappofitioo,thate- 

~" gualfpacesareal- 

j^ fo deu:ribed by p 

— — inanyequaltinies, 

n a HON and that its moti- 

^ — ^ . on is alfo uniform. 

But the velocides 
of uniform morions are equal when equal fpaces are defcribed 
by them in the ^me rime^ and therefore the velocides of P 
and p are in ttus cafe always equal to each other. 

ao. Cafe a. Suppofe that the morion of P U perpetually ac- 
celerated^ or that the fpaces defcribed by it in any equal parts 
of time that lucceed ucer one another^ perpetually increa&. 
Then the fpaces defcribed. by p being always equal (by the fup- 
pofiuon) to the fpaces defcribed in the lame dmes by P, the 
^Mces defcribed by p in any equal parts of rime that fucceed 
each other mull alio perpetually increafe, and the modon of p 
muft be perpetually accelerated, (by art 14.) Let P come to 
D^ and p to df u the fame temi or moment of rime ; and thdt 
velocities at that term fhall be eqaaL For, if they ate not e- 
qui^, fuppofe firft the velocity of p to exceed the velocity of P; 
let DG and 4s ^ ^^J equal fpaces defcribed after that term by 
the points P and p in the time reprefented by HN. Then, 
became the morions of thefe points are perpetually accelerated 
daring the time HN, it follows from the firft axiom, that the 
^tace which would be defcribed in that time by p with its mo* 
uon at d continued uniformly, is lefs than dg, which^s drfcri- 
bed by it with an accelerated motion in the fame time; and it 
.follows fhxn the fecond axiom, that the fpace which would be 

defcri* 
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defcribed by the point P with the motion it has acquired at G 
continued uniformly for the time HN, is greater than DG, which 
is delcribed by it in the fame dme before that motion is acqui- 
red. Therefore, iince dg is equal to DG, ^y the fuppofitioo,) 
the velocity of ^ at <^ is lefs than the velocity of P at G. But 
^ velocicy of p at t^ is fappofed co be greater than the veIoci> 
ry of P at D i and therefore it may be fuppofcd equal to the ve- 
locity of P at fome iotennediate tenn of the ume HN, as when 
it comes to a point L betwixt D and G. Let dl be equal to 
DL, and let HQ^be the time in which P and p defcribe the e- 
qual Q>aces DL and dl with their accelerated motions. Then, 
by the iirft axiom, the fp^e whkh would be defcribed in the 
time HQ^by the motion of p Aid continued uniformly, is lefs 
than (//, which is defcribed in the fame time by its accelerated 
modon ; and, by the fecond axio(n, the fpace which would be 
defcribed in the iame time HQ^by the point P with the morion it 
has acquired at Lconunued uniformly, is greater than DL, which 
was defcnbed by it in the fame time before that motion was ac- 
quired. But, by the fuppoliuon, dl is equal to DL ; and there- 
fere a lefs fpace would be defcribed in the fame time by the 
motion of p at rf continued uniformly, than by the motion of 
F at L continued uniformly : fo that the velocity of a at 4 
muft he lels than the velocity of P at L. But thefe velociues 
were fuppoled equal ; and thefe being contradidory, it appears 
that the velocity of p ax. d is not greater than the velocity of 
P at D. In the f^me manner it is fliewn, that the velocity of 
P at D is not greater than the velocity of p at </. Therefore 
the velocities of P and p are equal at this or any other term 
of the time of their motion. 

ai. The velocities with which the points P and p come to 
D and d may be Ihewn to be equal, trom the fame principles, 
without fuppofing their motions to be ccmtinued after the term 
H, by conlidering the fpacA defcribed by them before that 
term. Let BD and bd be any equal fpaces defcribed by the 
points P and p with their accelerated motions in the time kH, 
before they come to D and dj and if their velocities be not 
then equal, let the velocity of p at rf exceed the velocity of 
P at D. By the iecond axiom, the ipace that would be delcri- 

bed 
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bed by th« morion of P at D continued □nifomily in the time 
#H is greater than BD. By the Hrft aidom, the fpace that 
would be de&hbed in the fame time »H by the motion o£ p ac 
i GCMitinued unitbrmly, is Ids than bd or BD. Therefore the 
velocity, of P at D is greater than the velocity of p at ^ .* but 
it is fuppc^ed to be lels than the velocity of p at ^^ and conle- 
quently, it may be fu^^fed equal to the velocity of p at fome 
intermediate term q of the time nHy when p comes to fome 
point m betwixc h and d. Let MD be equal to md^ and the 
Q>aces MD, ntd will be defcribed in the &me time qYi by the 
points P and p. By the iecond axiom, the Ipace which would 
be defcribed in the dme qYi by the motion of P at D condnued 
uniformly, is greater than MD. By the firit axiom, the Ipace 
which would be delcrtbed in the lame time 0H by the motion 
of pat ffi continued QDifoimly, is lels than mdoi MD. There- 
fore the velocity of P at D is greater than the velocity of p at 
m : but they were fiippofed equal, and thefe are contradidory. 
It appears therefore, that the velocity of p at (^ is not greater 
than the velocity of P at D ; and in the fame manner it is Ihewn, 
that the velocity of P at D is not greater than the velocity of 
p at d: and tberefbre thefe velocities muft be equal to each 
^xher. 

. 32. Cafe 3. Suppofe that the motion of P is peipetually re- 
tarded, or that the fpaces perpetually decreafe which are de- 
fcribed by it in any equal times that fiicceed each other. Then, 
by the fappoHtion, the {paces defcribed by p in any equal fuc- 
ceeding times aUb decreafe, and its motion is alio perpetually 
retarded. If the velocity of P at D be not equal to the velo- 
city of p 3X.dt let it firft be greater. Suppofe DG and dg to be 
equal fpaceu defcribed, in any time HN, by the points P and 
p with their motions continued after the term H, at which they 
Ate fuppofed to come to D and d. Becaufe their motions are 
perpetually retarded, it follows from the third axiom, that the 
ipace which would be defcribed, in the time HN, by p with its 
motion at d continued uniformly, is greater than dg^ which is 
dflcribed in, the fame time by p with a retarded motion ; and 
it follows from the fourth axiom, that the fpace which would 
be defciibed by P with the motion that remains at G continued 

uni- 
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.oniformly for a time equal to ■ HN,^ is lefe than-DG, (of t^^ 
which is defcribed in the time HN-befbre the motioo-of P is 
reduced to the velocity Wkeb it retaios at the cennG. There- 
fore the velocity of ^ at ' ■ ■ - 1 
d h greater thau the ve- A P B D L G . 
Jocity of Pat G: and : ' ' — 7* 
fince it 4s Ibijpofed left ^ * , j d I e 

than tbe velocity of P at ; *— 

J>, « may therefore be HO 'W 

fuppofed equal to fbme ' . . -— . > — 

intermediate velocity of ' 

P, as to chat with which it comes tq femeipoiot L bctmst D 
and G. Let Si be equal to DL \ and let thefe fpaces be defcri- 
bed by the pointsP and ^ with their retarded motions in the 
time HQ^ Then, by the third axiom, the fpace that would be 
defcribed 'in the* time HQ^ by the motional p at 1/ continued 
vniformly isvgreater than dl\ and, by the fourth axiom, the 
'Ipace'that would be defcribed ia the fame 'time HQ_ by the mo> 
'Uoa of P at L continued uniformly is'lefs than DL or dU 
fTh^efore die velocity o{ p atd is greater than die velocity of 
-P^ at L : but they were fuppofed equal ; and thefe are coBti»> 
-diftory. It appears, theretore, that the velocity of P ^ I) is 
not greater than the velocity of P' at 1^: aQdiiDce-it-is'fiiewo, 
in the lame manner, that the velocity of f tt d is fiot greater 
than the velocity of P at D, thefe velocities -inuft therefore be 
-«qual. It is eafy tofbew rfiat thefe velodties are equal, by 
-conlideriogtlK ipaces -BD and M chat are defcribed by P ana 
-p before-i^y come to D andt/, without fuppofiog theiT'mot^ 
ens to be continued after that -cenn. 

13. If the motions of the pointsP and y *re fometimes-acce- 
'lerated andfometimesretarded,*thenDGand</j', orBD and ^4^ 
-muA be fuppc^ed to be Ipaces defciibed by rhem, either while 
-they are accelerated only, or while they lire retdrded only. We 
'have chiefly in view, m thde theorems, fuch modens as are uni- 
■form, and luch as are increafedt)r dimiiiiihed by a continued acce^ 
'leratiou- or retardation. But the demonftradon may be extended 
•CO thefe caies alio, where the modons are fuppofed to be incre^ 
»£h1 or diminilhed at certaio tef ma of the time by affigna^le au^ 
I ^nenn 
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ments or decrements at once, by fuppofing BD aod DG to be- 
the fpacea defcribed in the interval of time betwixt two fach- 
fucceeding terms, oi in a part of that intervaL Or, in the 20th 
article, inftead of fuppofing, in the latter part of the demonftni- 
tion, that the velocity of ^ at rf is eqaal to the velocity of P 
at L, fome intermediate place betwixt D and G, we may fup- 
pofe that it is either equal or greater than the velocity of F at L* 
In the laA article, we may fuppofe the motion of j> at </ to be 
either equal to the motion of P at L, or lefs than it j and thus the 
demonftration may be accommodated to thpfe cues, when the 
motions of P and p are perpetually increafing or decrcafing, but 
■not ia a coDunued miitmei: See below, art 44, 4j and 46. 

T H E O R E M IV. 

14. If the velocities of two tnotions are always equal 
■to each other, the Jpaces defcribed by them in the 
fame tiflie are always equal. 

Suppofe the pdnts P and p to defcribe the tight lines AG and 
ag with any motions, uniform or variable, but fo as that the ve- 
locity of p at any term or moment of time be always equal to 
-the velocity of P at the feme term. Let DG and dg be any 
^ces delbribed by them m the fame dme HV ; and DG IhaU 
be always equal to dg. 

Caft I. If the motions of the points P and f are uniform, it 
.is evident, that lince thefe motions are equal, (by the fuppofiti- 
■«n,) the fpaces defcribed by them in the fame time muft be e- 
qual \ and therefore in this caie DG is equal to dg. 
' 15- O^e 0. Suppofe the motions of the points P and p to be 
perpetually accelerated while they defcribe the fpaces DG and 
dg ; and if flfe- be not equal to DG, let it firft be equal to any 
line DiK,- lefs than DG. Let the right line HV, which repre- 
■fents the time, be divided by a continual biie^Hon into equal 
-parts HR, RS, SO , QV, tiU the time reprefenced by Mie of 
thefe parts, as QV, be lefe than the time in which the-point P' 
defcribes KG. Let 1)1^ LM, MN, NG be the fpaces defcri- 
bed by F, and dl^']mf «w, ng the ^aces defcribed by py in the 
' equaL 
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■equal parts of die time re^dtnted byHR, RS, SQ^, QV; and, 

by the fupporitioD, the velocities of P at cIk points L, M and K 

will be rdTpedively e- 

■qoal to.the velocities of A P _ D L M K N G 

^ at the points l■^ m and ' 

«. The (pace Iff, which , p d I m m g 

is defcribed by p in Ae ■ 

time Oy with an accc- H R. S O Y 

leraced modon,U great- ■ — ,-,,, ^ ,. 

«r than the fpace which 

would be ddcribed in the fame time by the ntodon of p at « 
coatioued uoiicnmly, by the fiift axiom. The velocity of p at 
ff la equal to the velocity of P at N ; and, by the fecood axw 
-om, the ^ace which would be defcribed in the time QV by 
the point F with its.mottoi) at N cootioiied uoi&nnly, is greater 
than MN, which was defcribed by it iii an equal tttne belore 
«s velocity at N was acquired. Therefore ng is greater dian 
MK. In the lame manner it appears, that mn ia greater thfoi 
LM, and An greater than DL^ fo that Ig is greater that 0N, 
and dg is furely greater than DN. But DN is greater than DK^ 
fpr tht time <^ is fuppofed to be leis than the time in which 
.KG is de&ribed by the point P ; fo that HG being defcribed in 
the dme QV, it muA be lefs than KG, and DN muft be great- 
er than DK. Therefore dg being greater than DN, it muft be 
■greater than DK : but it was fuppofed equal to DK ; and thefe 
are cmtradiAory. It appears, therefore, that the fpace 4g is 
not lefs than DG. Ia the lame manner it is ihewn, that DG is 
oot Ids than dg j and therefore theie fpaces DG and dgy which 
are defcribed by the points P and p in the fame time, are equal 
to each other. 

26. Cafe 3' Suppo& the motions of the points P and /> to be pei^ 
petually retarded; and yfdg be not equal to DG, let it firft be e- 
qual to a line KG left than DG. Let the dn\i HV be divided by 
a continual bife^on into the equal [)arts HR, RS, SC^, QV, till 
the time HR be lels than that in which P defcribes DK. Let DL, 
LM, MN, NG be the fpaces defcribed by P, and dl, An, nnv, ng 
be the fpaces defcribed by p, in the equal tunes HR, RS, SQ^, QV. 
Then DL Audi be lels Uian DK, becaufe kis ddfcribed by the 
I 2 point 
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poiot P ia a te(9 dime \ asd the velocitieiof F at the points I^ 
M, H and G will becelpedlvely equal to the velocities of p at 

the poiau /, w, 

A P D LK M N G »anaf,bythe 

' fiippofitioa.The 

a p d I m m g motions of- tt» 

' pdnts P and > . 

tt R S Q V ^^.'°S perpetu- 
■ ^ ' allyf eurded, it . 

f«Uow»,~ iiom : 
the fourth aiuotn, that mn is greater than the {pace which would 
be ddTcfibed in the time SQ_(or QV) by the motion of p at » 
continued uniformly. But the velocity of ; at is equal to the 
velocity of P at N ; and, by the third axiom, the fpace which. . 
-would oe defcribed in the time QV, by the motion of P at^N 
cootboed unifoxmly, is greater than NG, which is defcribed 
by P with a retarded motion in the fame time. Therefore mm 
is greater than NG. In the fame manner it appears, that Itn ia 
greater than MN, dl greater than LM 'y and, confequently, that 
.M is greater th^ LG : fo that t^ is furcly greater than LG^ 
and therefore greater than KG, which is leu than LG. But 
dg was fuppofed equal to KG : and thele being contradiiftory, 
it follows, that ^ is not lels than DG. In the fame manner it 
appears, that DG is not lefs than dg \ and tbeiefore the Ipaces 
- DG and 4g are equal. By joining thefe cafes together, the the- 
orem ia demonftrated, when the motions of the pobcs P and p ■ 
are fbmetjmes accelecatedj and lametimes retarded^ 

THEOREM V. 

17. ff^hen the jpaces defcribed by two motions am the- 
fame time are always in an invariable ratio to each 
other, the velocites of thefe motions are always in 
the fame invariable ratio. 

Let DG and ^ be any two Ipaces defcribed by the points 
F and f in the £une tiine| and let DG be always to j/^ as £ ia 
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to F. Then the velocity of P at any term of the time Ihall be 
to the velodty of p at tne fame term in the fame invariable ra- 
tio of £ toFi In the fiift place, if the motion of P be oal- 
fomii fo that-equal' ipaces be defcribed by it in any equal times, 
equal fpaces wilPbe alfo delcribed by p in any equal tmies, and 
its niouoo will -be alfo unifcMin. • But the velocities of unifoim 
motions are in* the fame propomcMi as the fpaces defcribed by 
them in the lame' time: and therefore, in this cafe, the veloci- 
ty of P is to the velocity of p as-DG is to dg, or as E is to F. 
3.S, Cafi 2. If the morion of the point P- be perpetually ac- 
celerated, then (becaufe the fpaces defcribed b^P and in the 
fame rime are always to each other in a given mvariabie ratio-) 
the fpaces delcribea by p in equal times perpetually increafe, 
and its modou is alio perpetually accelerated. In the fame rime 
that the points P and p defcribe the ^ces DG and tig with 
their acceteniied morions, the point F with its motion at G con- 
tinued uniformly woold delcribe a greater fpace than DG, (by 
the fecond axiom ^ ) and the point p wirii its morion at d ccwi- 
inraed uniformly would defcnbe a lefs fpace than 4g, by the firft 
axiom.- Theretbre the velocity of the point P at G is to the 
velocity o£ p at d 'ma greater ratio than DG is to dg. or E is 
to F. From which it follows, that if the velocity 01 P at D 
■was to the velocity of * at <^ in a left ratio than that <rf E to 
F, then the velocity of P at fome intermediate torm betwixt D 
and G might be to the velocity of p at rf in the very fame ratio 
as E is to F. Bot this is impoffible ; for fuppoling t, to be fuch 
«term, let the fpace DL be to^/ as E is to Fj andthefe fpaces 
will be defcribed by P and p in the fame time, by the fuppofi- 
rion. It follows, from the fecond axiom, that the point P with 
its morion at L continued uniformly woi^d deferibe a greater 
Jpace than DL, in the fame rime that it deicribes the Q»ace DL 
with its accelerated morion ; and, by the firft axiom, the point 
p with its motion at d conrinued uniformly would defcnbe a 
lefs fpace than dl b the fame rime. Therefore the velocity of 
F at L is to the velocity of p at </ in a greater ratio than DL 
is todl^ or E to F ; fo tliat the velocity of P at L might be to 
the vel<x:ity of p at 1/ in the fame ratio as E ts to F, and in a 
fearer xauo at die £une rime ; which « abfitrd. Ic appears, 

there:- 
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therefore, that the rauo of the velocity of P at D to the velo- 
city o£ p axd caonot be lels than that of £ to F. Suppole now 
that ratio to be great- 
A P D L G er than the raoo 'of 

-~-—~~-^-^~—-~—~~'^—~-^ EtoF. In the feme 

a p dig '^c ^^^^ P ^d P de- 

'■■ ■ " ■ " ■ ■ ■ fcribe DG and dg 

£ p with their accelera- 

!■ — I ■ — - ted niotioiis,the point 

P with ita motion at 
D continued uniibrmly would defcribe a lefs fpace than DG, 
(by the firA axiom,) and the point p with its motion at g corn 
unued uniformly would defcribe a ereater fpace than dgy by 
the fecond axiom : fo that the velocity of P at D is to the ve- 
locity of J) at j' in a lefs ratio than DG is to 4gj or £ is to F. 
Tbeiefore, if the velocity of P at D was to i£e velocity of p 
at (^ in a greater rauo than that of E to F, the velocity of P 
at D might be to the velocity of p at fome intermediate term 
betwixt a and r in the lame ratio aa £ is co F. Eut this is im- 
pc^ble. For fuppoling / to be fuch a term, and DL to be to 
di in the fame ratio as £ is to F, thefe fpaces would be defcri- 
bed by F and p in the fame time, by the fuppolition i, and a le& 
jpace than DL would be defcribed jn that time by the motion 
of P at D continued uniformly, (hy the firll axiom,) but a 
greater fpace than Jl would be defcribed in the fame time by 
the motion of p at / continued uniformly, by the fecood axiom ; 
lb that the velocity of P at D would be to the velocity of p at 
/ in a lefs rario than that of DL to ^/, or of £ to F. It ap- 
pears, therefore, that the velocity of P at D is to the velocity 
o£ pazd neither in a greater nor le(s ratio than that of £ to r, 
but precifely in this ratio. 

ap. Cafe 3. If the motion of P is perpetually retarded, the 
mouon of jp muft alfo be perpetually retarded, becaulc the 
{paces defcribed by thefe points in equal times decreaie in the 
lame proporrion. In this cale, a lels fpace than DG would be 
delcribed by the motion of P at G continued uniformly, (by 
the fourth axiom,) and a greater Ipace than d^ would be de- 
fcribed by. the motion of /> at 1/ coououed umformly, (by the 

third 
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third axiom,) in the time that P and p with their retarded mo- 
tions defcribe DG and dg ^ fo that the velocity of P at G is to 
the velocity of p at <^ in a lefs ratio than that of DG to rf^, or 
of E to F. Therefore, if we fuppofe that the velocity of P at 
D is to the velocity of f at rf in a greater ratio than that of E 
to F, it follows, that the velocity of P at fome point betwixt 
D and G, as L, might be to the velocity of ji at 1^ in the lame 
rauo as E is to F. But this is impoflible. For, fuppoling that 
DL is to 1// as E is to F, theie fpaces will be delcribed by P 
and p in the fame time ; and a lefs ipace than DL would be de- 
icribed in that time by the motion 01 P at L continued uniform- 
ly, (by the fourth axiom \) but a greater fpace than dl would 
be defcribed in the fame time by the motion of p at d continu- 
ed uniformly, by the third axiom ; fo that the velocity of P at 
L is to the veloaty of p at </ in a lefs ratio than that of DL to 
dl, or of E to F. It is impoflible, therefore, that the velocity 
©f P at D can be to the velocity ot p ac d in & greater rado 
than that of E to F. Nor can that ratio be lefs thaathe ratio 
ef E to F. For in the fame time that P and p with their re- ' 
tarded motions defcribe DG and dg, a greater ipace than TXi^ 
would be defcribed by the motion of P at D contmued uniform- 
ly, (by the third axiom,)' and a lefeipace than dg would be de- 
lcribed by the morion o( p at g continued uniformly, by the 
fourth axiom : fo that the velocity of P at D is to the velocity 
of p at ^ in a greater ratio than DG U; to dgy or E Is to F. 
Therefore, if the velocity of F at D was to the velocity <3f p 
at rf in a lefs ratio than that of E to F, itimight be to the v^ 
I'ocity of p at forae point as / betwixt d and g in the fame ra^ 
tia as E is to F. But this is impoflible. For, fuppoiing thae 
DL is to rf; as E is to F, the fpaces DL and dt wiU be defcrir 
bed by P and p with their retarded motions m the feme time ; 
and a greater fpace than DL wonld be defcribed in that time by 
the motion of P at D continued uniformly, (by the third axiom,)' 
but a lefs ipace than dt would he defcrilsed in the fame rime 
by the motion of p at / continued uniformly, by the fourth a- 
xiom : fo that the velocity of P at D ia to the velocity of ^ at 
/ in a gresiter ratio than that of DL to rf/, or of E to F., h 
^pearsj therefore, that the velocity of P at D is to the velo- 
city 
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cicy dp at dka a ratio chat is ndcher greater nor lefs than 
that of fi CO F, but is precifely the fame ratio. 

3& This theorem may be alfo demonllrated, by confider- 
ing' the fpaces that are defcribed by the .poiosa P and p before 
they come to D and dj whether their motions be fuppofed to 
be continued after that term or not. .By joining thefe cafes 
together, the demonftration becomes^ general j and the fame ot^- 
lervacion we made in the 33d article is>to be. applied here. 

LEMMA I. 

31. If A h to ^ in a greater ratio than E is to F, 
■and C he to V) in a greater ratio than E is to F ; 
then Jhall the fum of the antecedents A and C be to 
the fum of the confeqttents B and D i»a greater ra- 
4io than that of E to ¥. 

For let G be to B as E is to F, and H to D as E to F.; 
-then the fum of G and H ihall he to the fum of fi and D as 
E is to F. -But A is. greater than G, becaufe A is to B in a 
greater rade ttiao G is to Bj and C is ^eatet than H, be- 
cause C is to D in a greaterxatio than H is to D. Therefore 
the fum of A and G >s greater than tbe fum of G uid H; and, 
omlequently, thefiimof A and Cis to- the fum.of .B andD la 
a greater ratio than £ is to F. In the &ine manner it appears 
-in general, that if there be any number of ratios, each greater 
th^ the ratio of E to F, the fum of all the antecedents ihall 
be to the fum of all the confequents in a greater ratio than that 
of EtoF. 

5a. It appears, in the fame nHLnner, that if A be to B in ft 
leu ratio than E ia to F, and C be. alfo to D in a lets ratio than 
E is to F ; then the fum of A and C Ihall be to the fum of B 
and D in a lefs ratio than that of £ to F.: and, in general, if 
there be any number of ratios, each lefs than that of E to F, 
then the fum of all the antecedents fliall be to the £im of all 
the confequents -in a lels ratio than that of E to ID. 

THE- 
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■ T H E O R E M VT. 

33. tf^hen the velocities of any motions are always to 
eMb other in an invariable ratio, the [paces defcri- 
bedby them in the fame time are always in the fame 
. ratio. 

Suppble that die velocity of the point P is al^vsys to the ve- 
locity of ^ in tile invariable ratio of E to F j let DG and 1^ 
he any fpaces defcribed by tbefe points in the fame time HV. 
Then'&all DG be to i^^ aa E is to F. This is the converfe of 
the precee^ng theorem, and may be demonfirated by it and the 
fourth theorem : but it may be alio demonftrated immediately 
fimn the axioms in the following manner. In the firft place, it 
4iie mottoDS of P and f are uniftinn, it is evident, that the fpif- 
-ces dcicrtbed by chem in the lame ume are in the fame propoiv 
tion as the. velocities of the motions .; and therefore, in this cafe, 
£>G is to^' as £ is to F. — 

34. Cafii. Sappofe the motions of P and p to be perpetod- 
ly accelerated ; and, if the ratio of DG xadghc greater than thtt 
ofEtb^jletDK. 
tiecorf^asEistd AP DLMKN G 

FjandDItfliaU. : — '■ : 

belefethanDG. ^ p d I m kn g 

Letthe time HV ■ -^ 

be divided by a H R- S Q„ V 

continual bifecti- ' ^ 

on into the equal £, . . , p 

parts HR, RS, 

SQj QV, till the rime QV be lefs than that 10 which P ddcribes 
KGl Let DL., LM, MN, NG be the fpaces defcribed by P, and 
dL Im. im. ng be the Ifwces defcribed by p, in ihele equal rime* 
HR, RS, SQ^, OT. Then fliall NG be lefi than KG, bpcanfc 
it is defcribed by^ in a left time than KG ; and the velocities of 
P at L, M, N and G, will be to the velodries of p »t /, w, » and 
g reipedively, as E is' to F, by^thc fuppoficion. It follows, from 
the iecond axiom, that MN is le6 than the fpace which would 
iie defcribed, in the time QV, by the motion of P at N continued 
K «m- 
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UQiformly ; asd, by the Si& udom» ng is greater than the fpace 
which would be deicribed in the fame time by the motioo oip at 
» continued uniformly. Theretbie MN is to «^ in a lefs ratio chaa 
die velocity of P at N ia to the velocity ofp at n ; that is, in aleft 
ratio than b is to F. In the fame manner, IJvl is to ms, DL to itOy 
and, confequently, (by an. ^2^ DN tolgiaa Ids ratio than that 
of E to F. Therefore DN is furely to-t^ in a lefs ratio than E i& 
to F, or DK. to iig i aod, cooiei^iently, DN is Ids than DK, But 
DN is greater than DK, becaiue NG is lels than KG ; and theft 
are cooaadidory. Therefine DG is to <^ in a ratio that is noc 
greater dian th^ of Etc F; If itheiaid, th4c DGisco ^ in 
a lets lado chaa that of E to F; let DG be todk as E is co F, 
and Jk will be kfi dun dg. Suppofe xhs time HV to be iUri- 

ded into the e- 
AP DLMKN Gqual pons HR, 

\ "" RS, SO, QV, 

s f d J m kn g ofl QV > 1<A 

than the tiftie la 



H R S CL V r*''?^^^**'?^* 
-=■ kg. LetDL,!^ 

g p. MNjNGbe.tbe 

fpaces defcr^ied 
by P, and if, /f»,.fnff, ng the fpaces de&ribcd by ji, in the equal 
times HR, RS, SO , C>V. Then, fince NG is greater than the 
S^ict whidi would lie defcribed, in die time QV, bj the mori- 
on of P at N continued uniformly, (by the fiift axiom ; ) and 
fan is leis than the fpace which' would w defcribed, in die feme 
time, by the motion of ^ at « continued uniformly, (by die fe- 
cond axiom : ^ it follows, that NG is to tnn in a greater ratio^. 
than that of tne velocity of P at N to the velocity of p at «,, 
which (by the fuppofition) is the ratio of £ to F. Ia the fame 
manner, MN is to Im, LM to dl,. and therefore XG to d» /by 
art. 3 1 .) in a greater rado than tl^t of E so F^ Tliere^e DG 
is furely in a greater ratio to dn., than that of E to F, or. that 
of DG xodk.\ and, con&quendy, dn ia leis than i^jt But the 
time Oy, in which p defbribes ngy was fiuipo&d to be lefs than. 
the time m which p de&ribes kg : therefore ng is lefs than k^y._ 
and dn is greater than dk : and thefe being cotitxadiiSory, it 

fol? 
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fblloH'B, that die Tado of DG to <i^ i» not lefs than that c^ 
E to F. It iq^}eaT8, tbere£»e, that DG is to (/; as E is to F. 
35. G^ 3. Supp<« the morions cA P and j to be perpetual- 
ly retarded ; aod, if DG be to (i(^ in a greater ratio than that 
of E to F, lee KG be to </^ as E i» to F, and KG will be lefs 
dian DG. Let the time HV be divided into eqaal parts, HR, 
KS, SQ^, (7^, till HR. become lels than the time m which F 
defcribes ML \ let DL, LM, MN, NG be defcribed by the 
point P, and dly Im^ mv, ng be defcribed by the point />, in chele 
equal times. Then, becaufe DL is defcribed by P in a lefi 
time than DK, DL is lels than DK, and XG is greater thaa 
KG. But LG muft be fuppofed to be lefs than KG : For it ea^ 
fily appears, from the third and fourth axioms, that NG is to 
MS in a lefs ratio than that of the retocity of F at N to the Te- 
locity of ^ at 8, Of that of E to F; wd, in the fame manner, 
it appears, that MN is ta litty LM to di, and confequently (by 
art. 31.) 1X7 to doy in a lefs rado than £ is to F : fo that LG 
h furely to rfj in a lefa ratio than E to F, or KG to dg : From 
which it &]Uows^ that LG is lefs thw KG. If the ratio of DG to 
^ be &id to be 
lefsthaa thatof AP D LKMNG 

EtoF, letDG ■""" 

be to kg (k& a p 4 Ik m n g 

than dg) as E 18 — ■ — — -^— 

tCtF. Suppofe, H R S Q^ V 

as beftae, the 

time HV to be £ F . 

iubdivided into 

the equal parts HR, RS, SCS., QV, tiU HR become left 
than the time in which p defcribes dk-^ and the foaces DG and 
ig bett)g fubdivided as formerly, dl ihalL be leU than dky and. 
ir greater than i^. But Ig muft be left than kg. For it appear^ 
ftom the fourth axiom, diat DL is greater than the fpace which 
would be defcribed, in the rime HR, by the motion of P at L 
continued uniformly ; and Im is lefs than the fpace which would 
be defcribed, in the fiune time, by the morion of p at / conti- 
ittied urnformly, by the third axiom : fo diat DL ia to A« in a 
greater tario, than that of the velocity of P at L to the relod- 
K 4 ty 
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ty of p at /, or that of E to F. Iti the fame manner, LM is 
to ffiff, MN is CO n^f and coofequendy (by arc. 31.) DN to Igy 
in a greater ratio than E is to F. Therefore DG is to ^ in a 
greater ratio than £ is to F, or DG to ig \ and, coofeqaently^ 
le is lefs than Jig. Thus it appears, that when the velocities of 
the points P and p are always to each other in any invariable 
ratio, the fpaces defcribed by them in the lame time are always 
in the fame rauo. 

THEOREM VII. 

36. When the jpace defcribed by a motion is always 
equal to the fum of the fpaces defcribed in the fame 

_ ttme by any other motions, the velocity, of the Jirfi 
motion is always equal to the fum of the 'velocities 
of the other motions. 

Let the three points P,- f and Q_ move in the lines AV, aa- 
and £F, and defcribe the fpaces DG, y^ and IH in the fame- 
time } and let IH be always equal to the fum of BG and dg .*, 
then ihall the velocity of 6 be always equaltothe fonj pf.die: 
velocities of P and p. If ^e motions of the points P .and f. 
are both uniform, then equal fpaces being defcribed by them in. 
any equal times, the fpaces deicribed by Q^in equaj times will, 
be alfo equal, and its motion will be uniform ; ^d the velopi-. 
ty of Q_ will be to the fum of the velocities of P and f as iK,. 
is to the fum of DG.and dgy and therefore in a ratio of equality,. 

37. If the motion of P be continually accelerated, and the., 
mouon of /> be either uniform or accelerated, rfie motion pf.Q^' 
• , . isalfoconti- 
A P B D L G . V , nually acce- 

lerated, (by 

a f h d I g ■ a art. 14.) and 

if the fum of 
E Q k I K H F the: veloci^ 

—■ — ■' : ■ : ty of P at D, 

added to the velocity of p ud, was gresSer than die velocity. 
of (^ at I, this fum might be fuppofed equal to the velocity of 
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Q^ltfomefabfequeottemijaswhen ic comes to K. Let? and 
f deicribe DL and dl in the £uiie time^that Q^defcribes IK; 
and ic follows, from the lift article, ■- tbiw the point Q_, wkb k* 
motioD at Kcoodmied unifoTtnly, would in this dme defcribe 
8 fpxice equal to the fum of the ^aces that would be defcribe^ 
in the fame tinie,^ by the poiotd F and p, with their motions at 
D and d connmied oniformly, diat is, a fpace lefs than the fnm 
of DL and dl^ '^by.the firfttixioiD^ ) and therefore lefs than 
IK; Bug the. poim Q^, with its iBOtion at K. continued oni* 
fonnlyv would deicribeia greater i^Mu:e than IK in that time, 
by the iecond Bxidim }i >and th^ being contradictory, it follows, 
that the velocity of (^at lis not lefs than tfie fum of the velo- 
«ries of P at D and p at d. If the velocity of Q^ at I was 
gicaterthan the fum of i chefe: velodties, then its velocity at fome 
PEcceedirig teim, aswhedtt irrived'at h, mig^t be equal to that 
itun 'j and,' fi^pofifag:BDj bd and k\ to be den:ribed'by P, p iind 
Q_inthei:fame time,! the poincQ_, with its motion at * conti- 
nued unifbrmly, might defcribe a fpace greater than the fum of 
SD and bd (or Al) 10 the time it de&ribes ki with its accelera- 
■ced mocioD, agamft 'the firft axiom. ' Tbia theorem is demon- 
ftrated la riie.fame maimer &6m the thit-d and ioiirth axioms, 
whenthe liorion of P is perpemally retanJ«d, and rhe.motion 
of ^ is either uniform or reuided* 

38. When the motion of P is continually accelerated, but 
themotian of ^Tetarded, the motion of Q^may be accelerated, 
uniform, cr retarded;- ^SupfJofey Erft, thicthi modon of Q^ife 
Bcceieteed-i'ind ifthe-velociiylof Q_at I was.grtaterifhaft 
the velocity of P; at D added to thai velocity dt'p'ai'./, k 
might be l^c&d raual ka the velocity of pac*^ 1 added to 
die velocity of P atlome.fubfequent cwm, as when ic comes 
tO'L. . But this.is ithpoffible. For, fuppofittg that this could 
-be,admitced,:and-dia6 dl and JK.aie jdefcribed by p and Q_ 
,io the lime P. defcr&os: DL, th^ point P, with its.morioti U 
L continueti unifonrily, would defcribea' greoter fpace than ' DIl 
in that time, (by the Iecond. axiom'; ) and the point p, whh ks 
mQtion,at:(rf cdnttnotfd tmifoimiy, .wkwld defcribe a gredter-fpace 
than (^. in the ifimt Jiime, (by.itiiej'ihird axibra : ) .foithatthe 
poiat<(^;.iV!i[h.iiBJitocion atiixontiiiiwd^anfontTlyj woujd-de* 

1 fcribe 
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fcrHot a greater Q>ace than tbe fum- of DL and dl (or IK) in thsi 
time. But, becaufe the motion of Q is fuppoled to be continua' 
ly accelerated, it follovrs, from the nrft axiom, that the point C 



time. But, becaufe the motion of Q is fuppoled to be continual- 
ly accelerated, it follovrs, from the nrft axiom, that the point O , 
with ics motion at I continued uniformly, would defchbe a 1^ 



^)ace than IK io thatdme \ and thefe being contiadtdory, it ap* 
pears, that the velocity oi Q^at I is not eqaal to the velocity of 
F at L added to the velocity of p a£ d^ and cannot exceed tbe icsa 
of the velodty of P atD'added to the vclocUy of ^ at (^ If the 
Vdodcy of Q^at' I was leis than this fwn, ii.mighLbe equal ca 
the velocicyorp at rf.addcd to the velocity of P atfome pre- 
ceeding term of the time, aa when it came td & . But this i» 
impofribl& For, if it could be admitted, then,, iappof lag hd 
and jU to be defcribe'd by p and Q^ wl}ile P defoibcs BD, die 
point P, with, its moticMi at B continuwJ uniformly, woidd der 
fcjibc a lela fpace cfaao BD (by- the fvcSL axioFn) in that ume ; 
0nd th6 ppitit/), with its niocion at d continued! tmiibrmly;, would 
deicribe a leis Jiuicc than bd (tty the fourth axiom) .in.tbe fame 
ume : fo that the point Q^, with its motioa st I connnued uni- 
formly, would delcribe in this .time a fpace lels than the fum of 
■BD and bd, or Id^ But the motion of Q^ being continually ac^ 
celerated, thfi point Q^, with its. motion at I contiiiued nni- 
lormly, would de^be a greater fpace than Id. in diat time, by 
the fecond axiom : and thefe being contradidory, it is evident^ 
th^t the velocity of Q^ at I is not equal to the velodty of P 
at B added to the velocity of p at d^ and cannot be Ids than 
the velocity of P at D added to the velocity of p at d. If d» 
niadon of Q^ be uniform, while the motion of P is accei^ated 
and themotionof p is retarded, it is damonftrated,' iothe fame 
manner, that the Velocity of QI at I is equd to the velocity of 
P at.D added to the velocity ^ pttd. 

■ 39. If the velocity of Q^ be continually jretajded, (the reft 
reniabing as in the lau ardcle,) and ics velocity .at I-was great- 
er than the velocity of F ac D addM to the velocity tk p acdy 
it might be eqaal to the velocitybf p at Ibme pFeceediag-temi 
of the dme, as when ic came to *, added to the velocity of P 
at D. Buif-this is impofliUe. For, foppofing that this is a^ 
mitced, and that P and Q, de&nbe j^Diand Jd in tbe dme /^de^ 
icribes hd, the point p, withits motion ac^concibniid qnirarm- 
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Ghap. I. Meth&d of FUtxJons. 7$ 

ly, would defcribe in tSat time a (pace greater than hd, (by the 
third axiom j ) the point P, -mth tts monoo at D continued u* 
n^rmly, would defcribe a Heater fpace than BD in the fame 
time, (by thefecond-axiom :j and therefore the point Q, widi 
its mouon at X cootinued anifotmly, would defcribe in'this cime 
a Ipace Kjreater than the iiim of SQ and hd^ or kL But the 
mouon of Q_ being continually r^tarde<], it would delciibe a.ld9 
^>aceibanAl 

vithitsmo- A P B D L G V 

dcmatlcon- 
tinued uni- 
ibrmly in. ' 
thattinie,by 
thefourtha- 

xtoni : and thfife are cootradiftory. If the velpaty of :CILat I 
was lefij than the velocity of P at D added to the velocity of ^ 
!at dy it might be fuppoled equal to the velocity pf P at D ad' 
ded to the velocity of p at feme fubleqnent tenn of the time> 
as when it comes to / ; and (by the third and founh axioms) 
it mfeht defcribe, with its moncwi at I conritmed -uoifbrmly, a 
h&%act than the fum of DL a^d dl^ or IK, in t^ie fame ump 
^hat by ita recorded niod<Mi it defcribes IK. ; but it woold de- 
Icribe, with the fame uniform motion, in the fame time, a great*- 
er fpace than IK., by the tlwd axiom : and ^1^ are cootradi- 
dory. Therefoie die velocity of Q^-at I is equal to the velo- 
city of P at D added to the velocity of p at oL , 

40. If the imce defcribtd by Q^be always equal to the fum 
of the foaces defcribed in the fame time by three or more points, 
k is ealy, from what has been fliewn, to extend the demonftra- 
tion to thefe cafes, by fubftituting always one point in place (£ 
two : And it appears, m general, that the velocity of (^ at any 
tenp of the time, is equai to the fum of the velocities- of aU 
the other points at the lame term. 

41. It follows^ from what has lieen derabnftrated, that whetj- 
the fpace defcribed by any point p is always equal to the diJ^ 
rence of the fpaces defcribed fa the fame timp by the points (^ 
and P, then the velocity of p is always equal to the difference- 
of the velocities of theie pcdats.. 

THE- 
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41. fy^hen the velocity: of a piofhn it ahvayfi equ^ ts 
the ftm of the velocttier of any other motions, the 
/pace defirihed ^ ip i<r -always equal to the /urn of 
the /paces defer tbed in the fame time by theje other 
motions. 

Let the velocity of the point Q_be always equal to the funi 
of the velocities of the points P aod p\ and let IH, DG and ^ 
be any (paces delciibed by Q^ P and p in the lame time : then 
fhall IH be equal to the mm of BG and dt, - This theorem may 
be demonflrated immediately trom the axioms, in th^ fame man- 
ner as the fourth and fixth \ but more briefly thus : Suppofe the 
point ^ to' defcribe, 
A P D G '■ " y upon the line ej\ 3 

" fpace ib always e- 

'qual to the fum of 
DG and dg^ then (by 
phe fevenrii theorem) 
the vclocitj^cfjmuu 
f be always' equal to 
the fUm of the velo- 
cities of P and p, arid therefore is equal to the Telocity of Q^ 
from which it follows, by the fourth theorem, that IH is al- 
ways equal' to ih ^ and therefore IH' is equal to the fura of DG 
imd dg. 

43. It follows, from this theorem, that when the vfelodty of 
any^tnt p is always equal to the difference of the velocities of 
,two other points (^and P, the fpace dg defcribed by /> is al- 
ways equal to the aifference betwixt IH arid DG, which are 
.delcribed in the fame time by the points Q_and P. 

44. In demonftrating thefe theorems, we have fuppofed diat 
£very motion is either uniform, continually accelerated, or con- 
.tinually retarded ; or that the time may be difHtiguilhed into 
parts, auring each of wliich the motion is reducible to one or 

■other 
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oiher of thofe kinds. For though the velocity of a motion may, 
at certain terms of the time, be increafed or diminiihed at once 
by a given or aflignable c^iiancity \ it is impoffible that a moti- 
on can be increafed or diminiihed in this maoDer perpetually, or 
at every term of the time. li' luch a motion could be fuppo- 
fed, its velocity would exceed ail conceivable velocities in the 
leaft dme that could be ajli^ed. This, if it feem to need a 
proo^ may be demonftrated m the following manner. Let the 
point F defcrihe any fpace DG> upon the line ha, in the dme 
HV J and let its veloci- 
ty iit G be to its veloci- A P D G ^^ 

ty at D in any aflignahle 

rado, as in that of EK. H R S Q^ V 

to EF. The velocity of 

P may be fuppofed^ at E F L M N K _Z 
.certain termaoi the time, ' " 

to be increaled at once, by a quantity that may be io the fame 
ratio to the velocity of P at D, as a given line Z is to EF ; but 
it cannot be fuppofed to be increafed in every ^gnable part of 
the dme by this quantity, how nunute foever it may be. For, 
fuppofing that this could be admitted, let FK be divided by a 
continual biledion into equd parts, FL, LM, MN, NK, dll 
jeach of thefe parts become lels than Z ; and let HV, which re- 
jirefents the tune, be ^vided into die fame number of equal 
parts, HR, RS, SO, QV. Then, by what we have fu[^K>- 
.ied, the velocity of P muft be increafed, m the time HR, by 
.a quanuty that is to the velocity of P at D as Z is to EF j and 
therefore, fince 7. is greater than FL, the velocity of P at the 
end of the dme HR, is to its velocity at the beginning of that 
time in a greater rado than EL is to £F. In like manner, the 
velocity of P being iscreaied in each of the futrfequent times 
RS, SQ , QV, by the quantity represented by 2., which is grea^ 
er than LM, MN or NK ; it follows, that the velocity of P at 
the end of the time HV, (that is, when it is fuppofed to come 
to O,) is to the velocity it had at the begiiinbg of that tim^ 
when it was at D, m ji greater ratio than EK. is to EF : but the 
rado of thefe velocities was fuppofed to be the fame as that of 
EK CO EF ^ and thefe are cootradi^ory. It spears, in the 
L &me 
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Jame manner, that the velocity of P cannot be fumoled to de- 
creale, fo as to be diminiihed by a given quantity how minute 
feever, reprefented by 2, at every term of the time, ot in ^ 
very affignable part of ic. 

45. When a motion is accelerated or retarded in a contifioed 
manner, it Is evident, that, fiom any pjiven term, a part of the 
time may be taken fo fmall, that the dii^rence of the velocities 
at the b^;inning and end of this time, may be lets than the i^& 
ference of any given uneqaal velocities j and that the ratio of 
thofe velocities approaches to a ratio of equality, by diminifti- 
ing the time, fo that it may come nearer to chat ratio than 
any given ratio of inequality. It follows from this, that if BD, 
DG and GK. be defcribed by fuch a motion in the equal times 
HR, RS, SQj then, by diminiftung the time HQ_, the ratio 
of GK to BD will approach nearer to a ratio of equality than 
any ratio of inequality that can be aJSgned. For, if the mo> 
ti(Mi be accelerated, BD muft be greater than the fpace which 

would be defcribed in the 
A P B D G K a time HR by the motion at 

B continued uniformly, (by 
H R. S Q^ the firft axiom ; ) and GK 

is lels than the fpace which 
would be defcribed, in the fame time, by the motion at K con- 
tinned uniformly, (by the fecond axiom : ) fo that GK is greao- 
er than BD, but in a lefa ratio than the velocity at K is greater 
diao the velocity at B ^ and therefore in a ratio, that, bydimi- 
Diflung the time HQ^, may approach nearer to a ratio of equa- 
lity, than any aflignable ratio of inequality. If the motion of 
P be retarded in a continued manner, it appears, from the tWrd 
and fourth axioms, chat the ratio of BD to GK is lefs than the 
ratio of the velocity at B to the velocity at K ; fo that, by di- 
miniftiing the time HQ^, the ratio of BD to GK may approach 
nearer to a ratio of equality, than any given ratio of inequality. 
46. It follows, converfcly, that if the ratio of GK to BD 
approach to a ratio of equality by diminifhing the time HQ_, 
io as to come nearer to it than any given mtio of inequality, 
«nd this obtain whatever part of the time be reprefented by 
HQj then dw motion muft be increafed or (Uminilhed in a 
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cooonoed maniieb For, if the mocioti petpetually increale, 
theo the velocity at G is to the velocity at D in a lefs ratioj 
than GK. is to BO, (by the firft and lecond axioms \ ) and there- 
fore in a ratio that (by the ruppolition) may come nearer to a 
tatio of equality, than any given ratio of inequality : fo that 
the motion muft be accelerated in a continued manner. If the 
motion perpetually decreafe, then the velocity at D la to the 
velocity at G in a left ratio than BD is to GK, (by die third 
and fourth ^oms : ) and therefore in a ratio that may approach 
to a ratio of equality nearer than any given ratio or inequali- 
ty : fo that the motion is retarded in a continued manner. The 
motions that are increafed or diminished in a continued man- 
ner, are thus diilii^fhed from thofe that at cenain terms ate 
kcreafed by a- g^ven quantity, but betwixt thole terms are ei- 
ther untform, or are accelerated or retarded in a continued 
CianDer- It appears eaiily, from tvliat has been fhewn, that, io 
the third and fifth theorems, if the motion of P be accelerated 
or retarded in a conunued manner, the motion of f is alfo ac- 
celerated or retarded in a continued manner ^ and that, la the 
feventh theorem, when the motions of P and p are accelera- 
ted or retarded in a continued manner, the motion of Q^is ac- 
celerated or retarded in the fame manner. 

THEOREM IX. 

47. When a point P defer ibes a line Aa with a mo- 
tion of any kind, and another foint f defcribes the 
fame J^aces on this line Ka, in equal times, but in 
a contrary order, and with an ofpofite dire£fion ; 
the •velocities of thefe joints at any given term of 
the line are equal. 

Sappofe that the point P proceeding fiom A towards a de- 
£;rii>e8 any fpace DL in any time HQj and that the point p, 
in moving from a towards A, defcribes always that fpace DL 
in the fame time HQ^in which it was defiribed by P : Thea 
the velocity of p at D moft be equal to the velocity of P at D. 
' '^ La Whea 
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When the motion of the point P is onifomi, !t follows, from 
the fuppofirioo, that the motion of p is alfo uniform, and that 
their velocities are always equal. IJst the motion of P be coi>- 
tinually accelerated ; and it follows, from the fuppofitioo, that 
the modon of j> is continually retarded. If the velocity of the 

pomt p at D waa 
A P D L pa greater than the 

velocity of P at 
H Q ^) it ni'ght be 

fuppotede^ualta 
the velocity of P at fome fuMequent terra of the time, as whea 
it comes to L. But this is impoffible : For the point P, with, 
its motion at L continued umformly, would defcribe a greater 
Ipace than DL, in the time HQ, (by the fecond axiom \ ) and 
the pomt py with its motion atD continued uniformly, would 
defcribe a lefs fpace than DL, in that time, (by the fourth axiom : ] 
fc that the velocity of j) at D is lefs than the velocity of P at L. 
If the velocity ot P at D was greater than the velocity of p at 
D, it might be fuppofed equal to the velocity of p at lome term 
before p came to D, as to its velocity at L. But this alfo is tpi- 
poflible : For the point P, with its modon at D continued uni- 
formly, would delcribe a lefs fpace than DL in the time HC^, 
(by the firft axiom ; ) and the point p, with its modon at X 
continued uniformly, would defcribe a greater Ipace than LD 
in the fame time, (oy the third axiom : ) fo that the velocity 
of p at L is greater than the velocity of P at D. It appears, 
therefore, that the velocity of p at any term of the line ha^ as 
D, is neither greater nor lefs than the velocity of P at the lame 
term, but equal to it. If the motion of P is continually re- 
tarded, the motion of p muft be continually accelerated j and 
the demonftration is the fame as in the former cafe. 

48. In the following articles, we fuppofe, that while the 
points P and p defcribe the line A<», the points M and m de- 
Icribe tlie line Ef j and that EM is determined in any regular 
manner from AP, fo chat when AP is equal to the abfcife of 
any figure, EM is always equal to the correfponding ordinate. 
Then, if Em be determined in the fame manner from Ap, it is 
evident, that when Ap becomes equal to AP, Ew becomes equal 
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xa EM i and that, according as AP is greater or lefi ttian hpy 
EM is greater or lefe than Km, If P and p come together to 
aov poitit D, then M and tn fhall come at the fame time to fome 
pcunc IL upon the line £e ^ and, -according as DP is greater ox 
iefs than Dp, LM is greater or lefs than Lm. It is am evident, 
that the motion of P being uniform, if the motion of M be ao- 
eeterated or retarded in a continued manner ; then, tlie motion 
of f> bebg alfo uniform, the motion of fo muft be accelerated 
tot retarded in a conrinoed manner. If this feem to need any 
proo4 it may be ealily deduced fcom the 45tb and-^tSch axdclea^ 

THEOREM X. 

49. The motions of the points P and / in the line A* 
being uniform, let YM.Me always determined in ai^ 

■ regular manner from AP, and E»w he determined 
in the fame manner from kf^% then the •velocity of 
the point M, at any term of the line E?; jhall be to 
the velocity of the point m, at the fame term of that 
line, as the velocity of P // to the velocity of ^. 

Let the points P and p come together to D j let M and » 
come at the fame time to L : and the velocity of M at L Ihall 
be to the velocity of « at L, as the velocity of the unifonn 
motion of P is to the velocity of the uniform motion of j). If 
rtie motion of M is uniform, the motion of m is alio unubnn. 
For, if the '„ „ _ _ 

point Mde- A P B D G 

icribe the p 

(paces FL,, 

tS in any E M F L S , e \ 

eq'jaltimes, m 

the point p 

will delcnbe equal Ipaces BD and DG in thefe equal times j 
and, the motion of P being oniiorm, it will defcribe the fame (pa- 
ces in equal times. But while P defcribes BD and DG, M de- 
fcribes FL and LS with its uniform niotioo j and therefore FI* 
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is equal to LS : aod the fpaces being equal which are defcrib^ 
by «* in any equal times, its motion muft be uniibrm. The ve^ 
locity of M 13 to the velocity of P as FL is to BD j Mid the 
velcx;ity of m is to the velocity off in thp fame ratio. There- 
fore the velocity of M is to the velocity of w ae the velocity 
of P is to die velocity of f. 

jO.. Xf the niodon of M is continaally accelerated, the mo- 
tioa of m is alto accelerated continually. In this cafe, if th? 
velocity of « at L was to the velocity of p in a greater ratio, 
than the velocity of M at L is to the velocity ofP ; thep the 
Velocity of m at L might be to the velocity off, as the velo- 
city of^ M at fome fubfequent term of the line E« is to the ve- 
locity of P. SuppoJie the point Sto be fuch a term, and let P 
delcribe DG while M ddcnbes LS. Then, becaufe the motion 
of the point M is condnually accelerated, it would defcribe a 
greater Ipace than LS with its motion at S continued uniform- 
ly, in the time P defcribes DG, (by the fecond axiom.) From 
which it follows, that the velocity of M at S is to die velo- 
city of P in a greater ratio dian LS is to DG; and therefore 
the velocity otm at L is to the velocity of p in a ratio chat is 
alfo greater than that of LS to DG. But, in the fame time that 

L defcribes DG with an uniform motion, the point m defcribes 
S with an accelerated modon ; and it would defcribe a left 
^ace than LS with its modon at L continued uni^irmly, in this 
tune, (by the firft axiom.) Therefore the velocity of m at L 
is to tne velocity of p in a le<s rario than LS is to DG : and 
thele being contracUdory, it appears, that the rado of the velo^ 
city of w at L to the velocity of p, is not greater than the rado 
of the velodty of M at L to the velocity of P. If it was a 
lefi rado, then the velocity of m at fome fubfequent term of 
the line Ee might be to the velocity of f , as the velocity of M 
at L is to the velocity of P. Suppofe die point /to be that 
term j let p de^ribe Dg while m defcribes L/.* and fmce the 
pant lOj vnth its motion at / condnued uniformly, would de^. 
Kribe a greater fpace than ly while p defcribes D^ with its u- 
ciform modon, (by the fecond axiom ; ) it follows, that the 
velocity of w at /is to the velocity of p in a,greater ratio than 
I/is to D^ ■* and therefore the velocity otM at L is to the 

velocity 
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relodty of P in a ratio that is alfo greater than that of I/to Tig. 
But while P defcribes D^ with an uniform motion, the point M 
delcribes t^ with an accelerated motion ; and it would defcribe 
a lefs fpace than L/" with its motion at L continued uniformly, in 
diis dme, (by the firft axiom.) Therefore the velocity of M at 
L is to the velocity of P in a lefs ratiothan L/is to Og. And 
thefe being contradiftory, it appears, that the velocity of wat 
L is to the velocity off neither in a greater nor in a lefi ratio, 
than the velocity of M at L is to the velocity of P. ITierdfore 
the velocity 

ofMatLis A P B D G s 

to the velo- p g 

city of OT at 

L,a3thcve- E M F L S « 

locity of P ■ ^- 7 

13 to the ve- 
locity of p. In like manner, thia theorem is demonftrated from 
the tnird and fourth axioms, wWn the motion' of M is caor 
timially retarded. In either cafe, it may be demonflrated from 
the lame principles, by confidering the (paces de&ribed by the 
points M and w before they come to L, whether their morions 
De cotltinued a^er that teml' or noL An example of the mao- 
aer ho^ this is done, was given in the aift article. 

5t It is denionftrated, m the fame manner, that EM being 
always determined from AP in any regular mwiner, and Em 
being deterrtined from Ap in the fame manner; if the morions 
of F and' M be uniform, and M come to L When P comes to 
b, then the velocity of flf at L fliaU be to the conftant veld- 
city of M, as the velocity of p at D is to the conftant velod- 
ty of P. If the morion of ji is accelerated continaally, the 
motion of m is alfo accelerated conrinually : and if the velo- 
city of w at L was to the velocity of M in a greater ratio, 
"than the velocity of p at D 13 to the velocity of P, it might be 
fuppofed that the velocity of »» at L is to clie veiodtV of M, 
"as the velocity of p at ^ is to the velocity of P ; that is, (fiip- 
pofing DG, Di', LS, 1/ to be defcribed by the points P, p, M, 
m relpeftively, in the fame time,) in a greater ratio than D^ is 
to DC, (by the lecond axiom,) ot' (becaufe the motions of P 

and 
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and M at uniform, and D^ is to DG as l^h to LS) in a great- 
er ratio than I/is to LS. But the velocity of fn at L is to the 
velocitv of M in a lefs ratio than 1/ is to LS, -(by the 6rft a- 
.Kiom : ) and thele being contradii^ory, it iigpears, that the rar 
tio of iJie velocity of »« at L to the velocity of M is not great- 
er^ than the ratio of the velocity of j> at D to the velocity of 
F. In the lame manner, it is Ihewn, that it is uot a lefs ratio; 
and therefore the velocity of ib at Lis to the velocity of M, 
as the velocity of J) atD is tojhe vdocity of P. M'ben the 
motions of; and tn are cominuaUy reurded, the demonfiratloa 
is deduced, in like manner, from the third and ibuith axioms. 

52. The motion of the point P in the HneAV being uniform, 
but the motion of j> variable, let their felocitiea at D be equal; 
let the ume in which p deicribes ^D be equal to the time in 
which P defcribes BS j and let Df and DG be alio {lefcribed 
by them in any equal timea Thenj .if the motion of p be per- 
petually acce- 

A P B D G ' V lerated,^Dfiian 

p ^ I be always lefs 

than BD, (by 
the ftcond axiom,) becaufe hD is defcribed by f with an acce- 
Jerated motion, and BD is defcribed in an equal ttine by F with 
an uniform motion equal to that which p acquires at D. - But 
Hg is greater than DG, (by the firft axiom,) becaufe D^ isde- 
Icribed by p with aa accelerated motion, and DG is defcribed 
in an equal dme by an uniform motion equal to the motion of 
p at D. If the motion of; be perpetually retarded, then (by 
.the fourth axiom) £D is greater than BD,. and (by the third ar 
. xiom) D^ is lefs than DG. 

53. Let the motion of P in the Kne AV be uniform; and 
the motion of p in the line av be accelerated or retarded con- 
tinually, (that is, let its velocity increafe or decreafe from one 
degree 10 another, by pafling through all the intermediate de- 
grees,) wlule P defcribes any Tpaces BD and IXi; let p ddcribe 
the Ipaces bd and dg \ and, tne motion off being firft accelera- 
ted, let bd be always lefs than BD, but dg greater than 1>G : 

' then the velocity of p axd ftiall be equal to the conftant velo- 
xity of P. For a greater fpace than ag would be delcribed by 

the 
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the point f, with its motion at g continued uniformly, in the 
fame time P defcribes DG, (by i£e fecond axiom ; ) and there- 
fore the velocity of P is lefs than the velocity of pit^. A left 
ipace than hd would be delcribed by the point f, with its mo- 
uon. at h ?ontinaed . ,, - -^ «- v 

unifcrmly, m the ^ P B D G V 

fame time P de- 
fcribes BD, (hj the a p h ^ ,. -^ ^ 
firft axiom : ) and " 
therefore the velocity of P ia greater than the velocity of p at t. 
The motion of ;^ is fuppofed to be accelerated in a continued man- 
ner ; and thereiore, the conftant velocity of P being greater than 
the velocity of p at *, but leis than the velocity off at ^, it 
muft be equal to the velocity of J at fome mtermediate term 
of the Ipace h^. But it ts demonftrated, in the fame manner, 
that the veloaty of P ia ^eater than the velocity of p at any 
term before d, and lefa than the velocity of p at any term aftec 
d. Therefore the velocity of P ts equal to the velocity off at 
d. If the motion of p be retarded continually, and bd be al- 
ways greater than BD, but dg lefa than DG ; it is demoallra- 
ted, in the fame manner, from the third and fourth axioms, that 
the coflftant velocity of P is equal to the velocity ot p at d. 

54. L«t the motion of the point P be al£) accelerated \ bu^ 
the modon dp being more accelerated, let Vd be always leu 
than BD, but dg greater than DG. In this cafe, the velocity of P 
at D is leis than the velocity of p at ^, becaufe a lefs fpace than 
DG would be defcribed by the former continued uniformly, 
and a greater fpace than dg would be defcribed by the latter 
continued amfbrmly, in the fitme time, (by the firft and lecond 
axioms.) The velodty of P at D is greater than the velocity 
of p at by becaufe a greater ii>ace than BD would be defcribed 
by the former continued uniformly, and a lefs fpace than hi 
(which is itfelf lefs than BD) would be defcribed by the latter 
conunued uniformly, in the &me time, (by the fame axioms.) 
Therefore, the motion of the point p being accelerated conti- 
nually, the velocity of P at D muft be equal to the velocity of 
P at lome intermediate term of the fpace hg. But, in the lame 
tnanner aa we have fhewn, that it is greater than the velodty 
M oF 
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ofp at hy aad le&chan the velocity of ;> at^, it is demoDfirft- 
ted to be greater than the velocity of ^ at aoy term before p 
comes to dy and to be leJs tbanthe velocity <^ f at aay term 
afiei it paues d. Therefore the velodcy of P at j> U equal vt> 
the velocity of pad. 

SS- Let the motion of the fcnnt f be tiow retarded contino- 
illy, «nd the moti<xi of P be alfo retarded.; let kd be alwaya 
greater thaa ED, and dg lefa than DG, .(which happens whm 
the motion of j) is nuxe retarded thoR «be motion oi^P-) The 
velocity of P at D ia greater than -the velocity oT^' at ^j h^ 
caofe a greater Ipace than DG would be defcribed by the former 
eontmued uniformly, and a lefs foace than d^ would be defori- 
bed bj the Utter continued uniformly, in the fame time, (by 
the third and fourth axioms.) The velocity of F dt D is lefe. 
than the velocity of p at J, (by the fame axioms.) Thetefone^ 
fince the motion of p ia ■ ' t\ f- v 

fijppofed to decreafe in a A F B D _ G V 

continued maoQer,theve- 

locity of P at D muft be a p h ^ , ^ ^ 

equal to the velocity of 

f at fome intermediate term of the fpace tg^ But, b the iame 
manner as we have Ihewn, that the velocity of P at O i^gretf- 
er than the velocity of p at^, hut left than the velocity of p at 
>, it is demonfirated that the velocity of P at D iS' greater, ot 
lefs, than the velocity of p at any term of the fpoce tgy d. on\j 
excepted. Therefore the velocity of P at D is equal ^ the ve- 
locity of pat d^ 

56. Wnen the- morioa of ^ is retarded coBtiauoUy, and chft 
motion of P is accelerated consbually ; and bi is always great- 
er than BD, but dg kfe than DG : then the velocity oip at ^ 
is greater than the velocity of P ai B, becaufe a greater fpace 
than bd would be defcribed by the former continued umformly,. 
and a lefs fpace than BD would be deforibed by the latter con-> 
tjnued. unitonnly, in the fame time, f by the firft and third axi- 
oms.) The velocity o£p at ^ i& lefs than the velocity of P 
«t 0, becaufe a lels Ipace than dg would be deforibed by the 
former continued uniformly, and a greaer fpace thaa DG would 
^ddcribed. by the latter continued uniformly^ in the fame firne^ 

(by 
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(by the fccond and foOTth sxioms.) Therefore, fince the mo- 
ac»is of P aod f incrcafe and decreafe in a continued manner, 
their velocities muft be equal at fbme iacermediate term of the 
time in which they d^ribe BG and bg. But, in the fiuue mact- 
ner as we have fliewn that their velocities are unequal at B and 
(, and at G and g, it is demonftrated that their velocities are 
unequal at any term of the time, that only when they come to 
D and d excepted. There&re, in thie cafe alio, the velocity of 
F at I) is equal to the velocity oip at d. 

T H E O R E M XI. 

5'7. The motion of the point P »fen the line Aa being 
uniform, and the motion of the foint f upon the 
fame line being accelerated or retarded continually^ 
let their velocities he ^quai at D. Then, EM he* 
tug always dttermitied from AP in any regular man- 
ner, and Emt being determined from Af in the fame 
manner ; when P comes to D, let M come to L with 
a motion that is accelerated or retarded continual- 
ly, and the velocity ofmath Jhall be equal ta the 
velocity of Mat t.. 

Id the firft place, let the morion of M be continually acce- 
lerated, and die motion of j> continually retarded. Let the 
pcrints P, ft, M and m defcribe the ^ces BD, *D, FL and /L 
»e^ftively»'" the dme TV^ and the fpaces DG, D^, LS, Lf 
in the time Yt. Then (by an. ja.) bD is greater than BDf 
and D; lefs than DG. From which it follows, (ait. 48.) that 
/L is greater than FL, and I/lefs than LS. In this cafe, the 
motion of m may be uniibrm, accelerated, or retarded. Let 
it fhit be uniform. By the 6rft axiom, the point M, with its 
morion at F conrinued uniformly, would defcribe io the rime 
TV a fpace lefs than FL, which (3 itfelf lefe than / L, the fpace 
defcribed in the fame time by the point « j fo that the veloci- 
ty of M at F is lel's than the conftanc velocity of m. There- 
fore, lince the motion of M is accelerated in a continued man- 
M 2 ner. 
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oer, by the fap[>olition ; if its motioa at L be greater than the 
velocity of f», its velocity at fome intermediace term of the 
Ipace FLj as K., mull be equal to the conftont velocity of m. 

A P B R D Ct G a_ MandiM 

p b . r . q E defcribe 

the fpa- 
E M F K L N S * cesRD, 

n* ty 17- • the fame 

t .^ ^ i limeZV; 

and be- 
caufe fD exceeds RD, (art. 52.) kL muft be greater than KL. 
The point M, with its motioa at K continued uniformly, would 
defcnbe in the time ZV a fpace lefs than KL, (by the firft a- 
xiom,) which is lels than AL, that is defcribed in the fame ume 
hy the point m with its uniform motion. Therefore the velo- 
aty of M at K. is leia thao the conftant velocity of m. But 
they were equal ; and thefe being contradi^ory, it appears, 
that the velocity of M at L is not greater than the conftant ve- 
locity of w. The velocity of to is Jels than the velocity of M 
at S, becaufe X{ is defcribed by the former in the time Vf, and 
a greater fpace than LS (which exceeds L/^ would be defcri- 
b^ in the fame time by the latter continued uniformly^ by the 
fecond axiom. Therefore, if the velocity of nt be greater than 
the velocity of M « I, it muil be equal to the ve&city of M. 
at fome intermediate term of the fpace I^ as N. While M 
defcribea LN, let P, p and m defcribe DQj Dj and L* ;. and 
Tiq bang lefa than DQ^, (by art. 52.) L» is therefore lefe thaa 
LN. The point M, with its motion at >J continued uniform- 
ly, would defcribe a greater Ipace than LN (by the firft axiom) 
while m with its uniiorm motion defcribes L» j and therefore 
the velocity of «ia lefs than the velocity of M atN. But they 
were equal j and theft are contradiftory. Therefore the velo- 
city of m is neither greater nor lefs than the velocity of M at 
L, but precifely equal to it. The demonftration proceeds by 
the fame fteps when the velocity of M is accelerated, that of 

retarded. 
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ittarded, and the velocity of m is accelerated. For it appears, 
in the lame manner, that the velocity of m at L is greater than 
the velocity of M at F, bat lefs then the velocity of M at S ; 
lb that it muft be equal to the velocity of M at iome interme- 
diate term of the Ipace FS : and it appears, itom the firft and 
fecond axioms, that it cannot be equal to the velocity of M at 
any term of the (pace FS, but L only. 

58. The motion of M being ftill accelerated conunually, 
and the motion of p retarded continually, let the motion of m 
be alfo retarded. If the velocity of »> at L be greater than 
the velocity of M at L, let the velocity of p in the line h.a 
be greater than the velocity of P in the fame ratio. The con- 
ftant velocity of p being greater than the velocity of p at D, 
and the motion oi p bdng retarded in a continued manner, the 
velocity of 

pihaUbee- A P p » D g a 

qual to the P t>' S 

velocity of 

p at lomft E M fa / L / # 

terra before mi a 

it comes to 

D, as at b. Then, Em being- determined from Ap in the fame 
manner as £M is -determined from AP, the -motion of m fhall 
be continually accelerated, (ait. 48.)'' and the velocity of m at 
any term of the line E«, as L, (hall be to the velocity of M at 
the feme term, as the velocity of p is to the velocity of P, (by 
the tenth theorem,) or as the velocity of m at L is to the ve- 
locity of M at L. Therefore the velocity of m at L muft be 
fuppofed equal to the velocity of m at L. Let p, pj m and m 
defcribe the fpaces hH, bD, fL, and fL in the fame time: and 
bD being greater than ^D, (by the tbird axiom, the velocity 
of p being equal to the velocity of p at ^,) fL muft be great- 
er dian fL. The pcant m, with its motion at L continued u- 
niformly, would defcribe a greater fpace than f L in that time, . 
(by the fecond axiom.) The point m, with its nwtion at L 
cot»inued unifoimly, would defcribe a lefs fpace than /L 
(which is lefs than f L) in the fame time, (by the fourth a- 
xiom.)-' Therefore thevelocity of m at L is greater than the 

velo- 
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velocity of flf at I* But thefe velocidea were fuppofed equal : 
and tbele being contradidory, it fiillowa, that the velociry of 
m at L ia aoc greater than the velcx:ity of M at L. If the ve- 
locity c^ M at L be lets than the velocity (^ M at L, let the 
velocity of p be leGi than the velocity of P in the fame ratio i 
and, fioce it is left than the velocity of p at D, let it be equal 
to the velocity of f at fome fubfequent term of the line A/i, as 

atf. Em be- 
ing determi'- 
ned irom Ap 
in the fame 
maoner as 
EM is deteiv 
mined IrcMn 

AP, the velocity of m at L ia to the velocity of M at L, as 
the velocity' of p is to the velocity of P, (by the tenth theo- 
rem \ ) and therefore muft be fuppofed equal to the velodty of 
m at L. Let p, p, m and m defcribe ^e fpaces D;, Dg, 1/ 
and L« in the fame timej and Dg being tels than D^, (by 
the fourth axiom,^ Ls is lefs than L/C The point m, with its 
iTKxion at L continued uniformly, would ddcribe a fpace le& 
than Lb in chat time, (by the firft axiom ^ ) and the pcnot m, 
with its motion at L continued uniformly, would ddcribe a 
greater fpace than I^|(which exceeds Ls) in the &me time, (by 
the tbird axiom.) Therefore the velocity of m at L is leJs 
dian the velocity of f» at L. But they were fuppofed e^u^ ; 
smd thefe being ccwtradidory, it appears, that the velocity fx 
m at L is neither greater nor Ids than the velodty of M at L, 
but {»ecifely equti to it. 

50. The motion of M bebg accelerated contbually, as for* 
merly, let the motion of ^ be alfo accelerated ccnuinually, and 
it b evident that the motion of M is alio accelerated, (art 14.) 
If the velocity of w at L be not equal to the velocity of M at 
L, let it firft oe greater, in the fame ratio as IV is greater than 
IH J and (El being any point betwixt H and V) let the velo- 
city of p be to the velocity of F (or the velocity of p at D) 
as IR. is to IHj and, fince it is greater than the velocity of ^ 
at D, furaole it equal to the velocity oi pt* g. Let p defcribe 

Dg 
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Z^ with its amfiinn modon, in the Ikrae dme that p defcribet 
D^, and I^ Ihall be greater than pf, (by die feccxid axicHn.) 
Let Em be detennined from Ap in the fame manner as EM is 
determiQed from AP i and, if m and m describe the^aces Ls 
and if in that time, La ihall be greater than L/: 'the point 
m, with its modon at L continoed uniformly, would de£:nbe a 
}els ^Mce than L/* in this^time, (by the firft axiom.) The point 
jn, with tC8 motion at a continiied unifbnnly, would de&nbe 
« grcacer fpace than La in the fame dme, (by the fecund axi- 
om.) Thete&re the velocity of «» at L is lets than the velo- 
city of m at s : but it ia crcacer than the velocity of m at L, 
(in the fame proportion as IV is greater than IR. \ } and, conle- 
queody, it muft he equal to the velocity of m at fome inteiv 
mediate tenn of the <j>ace Ls, as o. In the lame time that m 
delcribes 
L).letfl. A P ^ P «■ S t 



P 
M 



6 



p and «f 
defcribe 
the fpfr- 

Da and 

JLcrefpe- I H R V 

aively. " 

The fcant m, with its mowm at L crationed unUbrmly, wavH 
defcnbe a Ipace lels duu Lo in due dme, (by the firft axiom.) 
The pcnnt m, with its motion at o coodnued uniformly, would 
deCinbe a fpace greater than Lo in die feme time, (by the fe- 
cond axiom ^ ) and, Dn being 'greater than D/i, (becaufe the 
Telocity of p always exceeds the velocity of e dll p come to- 
r,) Lo is greater than ho. Therefore ^ velocity of m at L 
IS lelfi than the velocity of m at o. But they were iiippoied 
equal ; and thefe beiog contradidory, it appears, that the ve- 
locity of m at L is not greater than the velocity of M at L.- 
In like manner it is demonftrated, that the veloeicy of ra at L. 
is not lefs than the velocity of M at L ^ and there&ie thefb 
velocities are equal to each other. 

60. The other cafes of this tbeorenr, when the mocon o£ M 
IB- fiippoled to be Ktarded. coQUnaally> ace demoaffnited in die 

fine 
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fame maimer : or they may be deduced from thofe we have de- 
fcribed, by the nincb theorem. When the motions begin or 
end at the terms D and L. the fame demonftration is auAi- 
cable \ iiQce k is fufficient, chat the motions may be conceived 
to have begun before chefe terms, or to becondnned after them. 
For the fame eeafon, thefe demonftrations may be applied, when 
L is a term where the moticHi of M ceales to be accelerated, 
being afterwards retarded ; or where ic ceafes to be retuded, 
i)eing afterwards accelerated. In like manlier^ the theorem may 
.be extended to thofe cafes, when the velocity of M is increa- 
led or diminiihed at L by any finite or afEgnable quantity^ by 
conceiving the velocity thus augmented or diminiihed to have 
been [«o£ced by a continued acceleration or letazdation while 
M came to L. 

iSi. In general, it follows from what has been demonftrated, 
<Aat when the points P and f deferibe the line ha with mot^ 
ons that are either uniform or varied continually ; and, EM be- 
ing determined from AF is any regular manner, Em is detemu* 
<ied from A^ in the fame manner : then the velocity of m, at 
any term ctf the line £e, is to die velocity of M at the fame 
term of that line, as tlu velocicv of p, at the corre^xmding 
term of the line hay is to the velocity of F at the lame term* 

61. In the two following theorenu, when we fay a ratio 
is a limit betwixt two other ratios, we mean no more^ but that 
it is greater than the one, and lefsihan the other. 

THEOREM Xn. 

^he velocity of a motion that is accelerated or retard' 
ed perpetual!^, is, at any term of the time, to tht 
velocity of an uniform motion, in a ratio that is al- 
ways a Itmit between the ratio of the f^aces defcri- 
Bed by thefe motions in any equal times before that 
term, and the ratio ofthejpaces defer ibed by them 
in any equal times after it. 

Wiole die pcuatPdefcnbes the line Atf with an ooifonn mo- 
tion. 
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licHi, let the point M defcribe the line Ee with a motion that is 
■accelerated or retarded perpetually. When P comes to D, let 
M come to L. Let BR. and FK. be fpaces defcribed by the 
points P and M in any time before they come to D and L j and 
let QG and NS be ipaces defcribed by them in any time after 
that term : and the velocity of M at L {hall be to the conftant 
velocity of P, in a ratio that is always a limit betwixt the ratio 
of FK to BR. and the ratio of NS to QG. 

Firft, let the motion of M be accelerated ; and the point lA, 
with its motion at N continued uniformly, would defcribe a 
Ipace lefs than NS, in the lame time the point P with its uni- 
form motion d&- 

fcribes QG, (by AP BRpqG a 

the firft axiom.) — ~~"~"^~— ^— — — — — — — ^~~~~ 

Therefore the EM F K L N S g 

velocity of the ' 

pcnnt M at N is to the conftant velocity of the point P (art. 4.) 
in a lefs ratio than NS b to QG. But' the motion of the point 
M being perpetually accelerated, its velocity at L is leG than 
its velocity at N, and therefore is to the conftant velocity of P 
in a lefs ratio than that of NS to QG. By the fecond aKiom, 
Che pcaot M, with its motion at K continuea uniformly, would 
deforibe a greater fpace than FK, in the fame time P with its 
nniform motion defcribes the fpace BR ; and therefore the ve- 
locity of the point M at K, is to -the conftant velocity of the 
point P in a greater ratio than FK. is to BR. But the velocity 
of the pomt M at L is greater than its velocity at K ^ and 
therefore is to the conftant velocity of P in a greater ratio than 
FK is to BR. Thus it appears, that the velocity of the point 
M at L is to the conftant velocity of P, in a ratio that is al- 
ways a limit betwixt the ratio of NS to QG and the ratio of 
FK to BR \ being in this cafe leis than the former, and greater 
than the latter of thofe ratios. 

63. If the motion of the point M be retarded perpetually, 
then (by the third axiom) the point M, wirfi its motion at N 
continued uniformly, would defcribe a greater fpace than NS, 
in the fame time P with its uniform motion defcribes the (pace 
QG J and therefore the velocity of M at N is to the con- 
N ftant 
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flant veloaty of P in 4 greater racb lUan NS Is to QG. But 
the motion of M being now retarded, its velocity at L is great- 
er than its velocity at N ; and therefore ita velocity at L is to 
the velocity of P In a greater ratio than NS ia to QG. By 
the fourth axiom, the point M, with its motion at K con^ 
tinued uniformly, would defcribe a Ipace lefs than FK, in 
the lame time P de&ribes BR. with its uoi&rm motion ; and 

therefore the ve- 
A P B R. D (^ G a locity of M at K. 

is to the cooftant 

EM F K L N S e_ velocity of P in a 

~~ ' left ratio than FK 

is to BR. But the velocity of M at L is left than its velocity 
at K ; and, confequendy, the velocity of M at L is to the 
conftant velocity of P in a lefs ratio than FK is to BR. There- 
fore the velocity of M at L is to the conftant velocity of P^ 
in a ratio that Is always a limit betwixt the ratio of NS to QG 
and the ratio of FK to BR, being in this cafe greater than the 
former, and lefs than the Utter of thofe ratios. It is evident,, 
that in either cafe the velocity of M at L ia to the velocity oi 
F, in a ratio that is always a limit betwixt the ratio of KL to 
RD, and that of L^ to DQ^^ for this ia only a-pauicular cafe- 
cf the theorem. 

THEOREM xirr. 

64. The JPaee defcribed by a motion that is accelera-- 
ted or retarded perpetually, is to the /Pace defcri- 
bed in the fame time by an uniform motion, in a ra- 
tio that is a limit betwixt the ratio of the 'veloci- 
ties of thefe motions at the beginning of the time, 
and their ratio at the end of it. 

The points F and M being fuppofed to defcribe the fpaces DG 
and LS in the lame dme, and the motion of M being accelera- 
ted, as in tlie 6zd article; then, fince the point M, with its. 
motion at L continued uniformly, would defcribe a.Jeis fpace. 

than. 
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than LS, in die time P defcribes the fpace DG mth an unifomi 
motion, (by the firit axiom ; ) it follows, that the fpace LS ia 
to die fpace DG in a greater rado, than the velocity of M at L 
is to the conftant velocity of P. The point M, with its mo- 
ticHi at 5 conunaed uniformly, would delcribe a greater fpace 
than LS, in the time P delcnbes DG with its unUorm mouoo, 
Qty the lecond axiom ; ) and, confequentl7|, the fpace LS is to 
the (pace HG in a lels rado, than the velocity of M at S is to 
the conftant velocity of P. Therefore the ratio of the Jpace LS 
tx> the fpace DG, is a limit betwixt the rado of the velocity of 
M at L to the conftant velocity of P, and the rado of the velo- 
city of M at S to the velocity oi P ; being greater than the 
former, and lefs than the latter of thofe rados. 

65. Lee the motion of the point M be perpetually retarded^ 
«s in the 6^d srdcle; and, by the third axiom, the point M 
would delctibe a greater fpace than LS, with its mouon at L 
condnued tiniformly, in the time P defcribes DG \ bat the point 
M, with its motion at S condnued uniformly, would delcribe 
« iefs fpace than LS in the time P defcribes DG, (by the fouith 
axiom : ) Theiefore the fpace LS is to the fpace DG in a rado 
that is lefs than the rado of the velocity of M at L to the ve- 
locity of P, but greater than the rado of the velocity of M at 
S to the velocity of P. 

THEOREM Xir. 

6^. The motion of the point P heing uniform^ but the 
motion of the point M continually varied, let the 
velocity ofV be to the velocity ofM at L, as a gi- 
ven line Dg is to Lc ; let Dg be always to "Lf as 
the fpace DG defcribed by V in any time, is to LS 
the JPace defcribed by M in the fame time. Then, 
by diminijhing the Jfaces DG and hS continually, 
cf may become lefs than any ajfignable magnitude. 

Let «f be any fmall quandty affigned at pleafure \ and let k 

he added to Lf when the morion of M is accelerated, but fub- 

N 2 daded 
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dufted from Lf when the motion of M ia retarded : and it is 
manifeft, that, by diminifliing LS, the velocity of M at S ap- 
proaches continually to the velocity of M at L, lb that their 
difierence may become equal to the difierence of any two un- 
equal velocities that can be afligned, or lefs than ic, how fmall 
foever it may be. Let LS be dimbiilied till the difierence of 
thofe velocities be to the conftant velocity of P as ex is to D^ ; 

andtheveloci* 

A P B D G g a ty of M at S 

ihalLbe ee.tho 
EMFL S s c f X e velocttyofP^ 

" " Lx is to Dg. 

When the motion of M is accelerated, it follows, from the 
64th article, chat the rado of LS to DG, or of 1/ to Dgy is 
greater than the ratio of the velocity of- M at L to the velod- 
ry of P, or the ratio of he to D^ ;. but that the fame ratio of 
LS to DG, or of L/ to D^, is lefs than the ratio of the velo- 
city of M at S to the velocity of P, or the ratio of Lx to Dg. 
Therefore 1/ is greater than he, but lefs than Lx ; and, confe- 
quently, ef 13 lels than ex. When the motion of M is leeard- 
ed continually, then (by the 65th arucle) the ratio of LS to 
DG, or of 1/ to 
A P B D G £ a D^, is lefs than the 

ratio of the velo- 
EM F LS >c f c 8 e city of M at L to 
' the velocity of P, 

or the ratio of he to D^, but greater than the ratio of the velcc 
city of M at S to the velocity of P, or the ratio of Lx to D^. 
Therefore L/ in this cafe is lefs than Lc, but greater than hx ; 
and, confequently, cf is lefs than ex. In the lame manner it is 
demonftrated, that if FL be always to BD as Ls is to D^, then, 
by diminilhing the Ipaces FL, BD, which are defcribed by M 
and P before they come to L and D, cs may become lefs than 
any given magnitude. And if FL, LS be fpaces defcribed by 
the point M m equal times, or in times that are to each other 
in any given proportion ; and FL, LS, DG be to each other al- 
ways in the lame proportion as Ls, L/ and D^ .■ then, by di- 
minifhing the fpaces FL and LS continually, ^ may become 

lei& 
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lefe than any given magnitude. It appears from what was fliewn 
in the 44th article, that any motion muft be fuppofed to be ei- 
ther uniform, or varied in a continued manner for fome time, 
bow fmall foever that time may be j and therefore this theorem 
obtains univerfally. 

67. Becaufe cf the difference betwixt 1/ and Lt decreafes (b 
that it may become lefs than any given quantity, how fmall fo- 
ever, when DG and LS are diminilhed continually ; it appears, 
that the ratio of T>g to L/ (or of DG to LS) approaches conti- 
nually to the ratio of 1% to Lc, fo that it may come nearer to 
this ratio, than the ratio of Pf to any aflignablc quantity great- 
er or left than Lc. For this reafon, the ratio of Lc to D^ is by 
Sir Isaac Newton called the Limit of the variable ratio of 
L/ to D^, or of LS to DG, in a more reftri Aed fcnfe of this 
term than that in which *^fft mode ufe of it in the twelfth and- 
riiirteench- theorems; 

68. When the morion of the point M is conrinually accelera* 
ted from L to S, then 1/ conlifts always of two parts : the part 
Lc is invariable, and meafurea the velocity of M at L ^ the part 
(/"is variable, and arifes from the accelerarion of the motion of 
M while it defcribes LS. This latter part decreafes continual- 
ly when DG and LS are diminilhed, and vaniflies with them. 
Therefore, when EM is determined from AP by any conilm- 
&.VOH or equation, and thence the variable ratio of LS to DG, 
or of L/"to the given quantity D^, is reduced to a rule or ex- 
preflion, all that is requifite to determine the rado of Le to D^ 
IS, to diftinguifti betwixt Lt the invariable part of If and the 
variable part cf. And, for this purpofe, it is fuffident to fup- 
pofe DG and LS to decreafe, and to find what part of L/ con- 
rinually decreafes at the fame rime, and at length vanifhes with 
LSj for this part lAcf: which being rejefted, the remainder 
Lc is to D^ as the velocity of M at L is to the conflant veloci- 
ty of P, or as the fluxion of EL is to the fluxion of AD. Whew 
the morion of M is conrinually retarded, then L/ is lefs than 
Lf by the difference cf which decreafes and vanilhes with LS, 
as before j and this part of the expreflion of If being difcover- 
ed and rejefted in the fame manner, the other part givc-s Lf, 
which is to the given line D^- as the fluxion of £L is to the 
fluxion of AD. 65). It 
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65). It is in thi3 concile manner Sir Isaac Kewton moft 
commonly determines the ratio of the fluxions of quantities. 
But we mall treat more fully of his method afterwards \ and, 
fince there have been various objedlons made agaioft this do- 
ftrbe, we fliall demonftrate its principal propofitions immediate- 
ly &om the axioms. By tracing them to uich plaia principles, 
their evidence may be more eaiily examined, and obje6tions a- 
gaioft them may either be obviated, or, if any doubt or difficul- 
ty remain, it may appear who-ein precilely it lyes. It is worth 
while to demonftrate the chief propofitions or this method in 
as clear and compleat a manner as polTible, if by this means we 
can preserve this u:ience from dilputes. Some of the preceeding 
theorems are fo evident, that they are commonly admitted with- 
out a proof: but, becaute we are delivering the elements of 
this dodrine, and have propofed, ip. treating it, to imitate the 
ancient Geometricians, (who never increalM the number of 
their principles without neceiOty,) we have deduced thofe the- 
orems from the axioms \ that it might appear how few and plain 
the principles are which it is necellary for us to alTume in de- 
monftrating it. It remains, before we proceed to enquire into 
the fluxions of particular quantities, that we ihould lay fbme* 
thing of the higher orders of fluxions. 

70. When a motion is accelerated or retarded continually, 
the velocity may be itfelf confidered as a variable or flowing 
quantity, and may be reprefented by a line that increafes or de* ' 
creafes coodnually. When a velocity increafes uniformly, lb 
as to acquire equal increments in any equal times, its fluxion is 
meafured by the increment which is generated in any given time. 
In this cafe, the velocity is reprefented by a line that is defcri- 
bed with an unifonn motion ; and its fluxion, by the conllant 
velocity of the point that defcribes the line, or by the fpace which 
this point defcribes in a given time. . When a velocity is not ac- 
celerated uniformly, but acquires increments in equal dmes that 
continually increale or decreafe, then its fluxion at any term of 
the time is not meafured by the increment which it aftually ac- 
quires, hut by that which it would have acquired if its accele- 
ration had been'continued uniformly from that term for a given 
time. And, in the fame manner, when a motion is retarded 

con- 
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continually, the quantity by which it would be diminilhed in 
a given time, if its retardation was continued UDifotmly froia 
any term, meafures its fluxion at that term. While the point 
M delcribes the line Ee,, let the point Q^defcribe the line I/, fo 
that IQ^ may be always equal to the fpace that would be dekri- 
bed by the modon 01 M if it was continued unifomily for a 
given time. Then IQ^ihall always reprefenc the velocity of 
M, and the ve- 
locity of the EM e 
point (^ fliall 
xepreienc the 

fluxion of the i Q- 1 

velocityofMi ' 

which therefore is meafured, at any term of the time, by the 
%ice which would be defcribed by Q_wiih its mouoa at that 
term continued unifonnly for a given time. The velocity of 
M is the fluxion of EM j and therefore the velocity of Q^re- 
prefents the fluxion of the fluxion of EM. Thus, when a fli^ 
xion of a quantity is variable, it may be confidered itfelf as a 
fluent, and may have its fluxion, which is called the Second fia— 
xion of that quantity. This may alfo have its fluxion, which 
is called the Tiirdjaxion of the iiril fluent : and we Iball ihew 
afterwards, that motions may be eatily conceived to vary iti- 
fiich a manner, as to give ground ibr admitdagfecond floxiona,. 
and thofe of any higher order. 

71. The fecond fluxions are deduced from the firi^ in the- 
iame manner and upon the fame principles aathe flill fluxionS' 
are deduced from their fluenta-t and therefore we flwlUfubjoia. 
in this pJUcfrbat one theorem concerolBg them- 

LEMMA IL 

When^tt motion is accelerated or retarded nniferm^\ 
the Jpace defcribed by it is an arithmetical mean be- 
twixt thejpaces that would be defcribed in the fame 
time by the motions at the beginning^and end of that 
time continued uniformly. . 

Let 
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Let the point M defcribe the line LS in any given time, with 
a niodon.ihat is accelerated or retarded uniformLy; let LC and 
SH be the fpaces that would be defcribed in an equal time by 
■its motions at L and S continued unl±brmly. Then the difference 
■of SH and LS Ihall be equal to the difference of LS and LC 
■ Let the point m move from S to L, defcribing always any 
Jpaces upon SL in times equal to thofe in which they are de- 
Icribed by M, but in a contrary order, (aa in art. 47.) and the 
velocity of tn at any term of the line LS, muft be equal to the 
velocity of M when it comes to the fame term of that line, by 
the ninth theorem. In the fame time the point M defcribes any 
^pace L2, let m defcribe Sx ; and, fince the time in which M 
defcribes «S is equal to the time in which m defcribes it, (by 
the fuppofidon,) it follows, that Lz and xS are defcribed by M 
in equu times. Therefore, fince the motion of M increafes or 

decreafea u- 

E L g R. X C S He nifomily,the 

M ^ difierence of 

its velodries 
it L and z 18 equal to the difference of its velocities at x and S ; 
and, confequently, is equal to the difierence of the velocitiea of 
« at X and S. From which it follows, that the fum of the ve- 
locides of M and itu, is always equal to the fum of the veloci- 
-ties of M at L and of m at S, or to the fum of the velodty of 
M at L added to its velocity at S. Therefore, by the eighth 
theorem, LS the fpace defcnbed by M added to LS the ^ace 
defcribed by m in the fame time, is equal to the fum of the fpaces 
liC and SH that would be defcribed in an equal time by the 
motions of M at L and S condnued uniformly \ and, conf&* 
quently, the difference of SH and LS is equal to the difference 
.of LS and LC. 

72. Let LR and RS be any fpaces defcribed by the point M 
with a motion that is accelerated or retarded uniformly, in equal 
times that immediately fucceed after one another; and, in the 
fame time that M defcribes the fpace LS with this motion, it 
would defcribe a fpace equal to LS by its motion at R conti- 
tiued uniformly. For the velocity of M at R is an arithmeti- 
cal mean betwixt its velocities at L and S, becaufe the motion 

of 
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of M increafcs or decreafrs uniformly ; and therefore the point 
M, with its motion at R continued uniformly, would delcribe 
a fpace equal to half the fum of LC and SH, in the fame time '' 
that it would defcribe LC with its motion at L, or SH with its 
motioa at S continued uniformly. But, by this lemma, LS is 
equal to half the fum of LC and SH \ and the point M de- 
fcribes LS with ita accelerated motion in the fame time that it 
would defcribe tC with ita motion at L continued uniformly. 
Therefore, in the fame time that the point M defcnbes LS with 
a motioa uniformly accelerated, it would defcribe a fpace equal 
to LS with its motion at R. continued uniformly. 

73. If the motion of the point M begin at the term L from 
nothing, then LC vanilhes, and LS is equal to one half of SH ; 
that is, when the morion begins from nothing, and is accelera- 
ted uniformly for any time, the fpace defcribed by it is one 
half of the fpace defcribed in an equal time by the motion that 
is acquired by this acceleration continued uniformly. This is 
one ofthepropolitions difcoversd by Galilevs ^ and feveral 
others of this kind may be demonftrated in the &ne manner 
ftom the preceeding theorems, without having recoorfe to the 
method of indiviiibles or of infiaitelimals. 

THEOREM XV. 

74. Let the foint M defcribe the line %e with any va- 
riable motion ; and, in the fame time that it would 
defcribe LC with its motion at h continued uniform- 
fy, fupfofe that it would defcribe LS if the accele- 
ration or retardation of its motion was continued u- 
niformly from that term. Then, if the velocity of 
M at\., or the fir^ fluxion of Eh, be refrefented 
by LC, the fecond fluxion of EL may be meafured 
by%QS. 

The fluxion of the velocity of M, at any term of the time 

of its motion, is meafured by the increment which it acquires 

in a given time when its acceleration is continued uniformly 

O from 
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itora that term. The acceleradoo of the motioii of M being 
fuppofed CO be continued uniformly, till it de&ribe LS in the 
fame time that it would defcribe LC with its motion at L con- 
tioued uniformly ; let SH be to LC as the velocity which M 
would acquire in this manner at S ia to its velocity s,t L : and, 
lince the velocity of M at L is fuppc^ed to be repiefeoted by 
LC) the velodty which it would dbus acquire at S will be te- 

EMF L CS«:/H e 

I Q_ K V IT i 



prefented by SH ; and the increment of ica velocity which 
would be generated if the acceleration of its motion was conti- 
nued uniformly from L, in the fame time that it would delcribe 
LC with its motion continued uniibmily from L^ will be re- 
prefented by the excels of SH above LC j wluch is equal to 
aCS, by the lafi lemma. Therefore the fluxion of the veloci- 
ty of M at L) or the fecond fluxion of £L, is reprefented by 
flCS. When the motion of M Is retarded, then the decrement 
of the velocity of M that would be produced if the retardati- 
on of its motion was continued utulbrmly fiom L, in the fame 
time in which M would defcribe LC with its motion continued 
uniformly from L, is reprelented by the excels of LC above 
SH J and the fecond fluxion of EL is reprefented by that excefs,. 
or by aCS. 

y$. Or if we fuppofe, as in the 70th article, that the line IQ, 
always reprefents the velocity of M, or the fluxion of EM, 
the velocity of the point Q_ will reprefent the fluxion of the 
velocity of M, or the fecond fluxion of EM. Becaufe LC is 
fuppofed to reprefent the velocity of M at L, let IK. be equal 
to LC, and C^fljall come to K when M comes to L. The ve- 
locity of Q_at K is meafured by the Ipace which would be 
defcribed by its motion at K continued uniformly, in the fame 
time that M, with its motion at L continued uniformly, would 
defcribe LC. Let KV be this fpace ; and, the motion of (^be- 
ing fuppofed uniform while it defcribes KV> the acceleration o» 

Ktarda- 
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retardation of the motion of M w therefore continued aniform- 
ly for that time ; and the velocity of M at S 13 to its velocity 
at L, as IV is to IK. or IXX Therefore the point M would de- 
fcribe fpaces equal to IK and IV by its motions at L and S con- 
dnaed oniformly, in the fame time that it defcribes LS when 
the acceleration or retardation of its motion is continued uni- 
formly i and, by the laft lemma, KV is equal to aCS. But 
KV reprefenis the velocity of Q_at K, or the fecond fluxion 
of EL ; which ia therefore alio reprefented by aCS. When 
the motion of M is retarded, IQ_ decreafes, the point Q moves 
from K. towards I, and the fecond fluxion of EM is in this cafe 
laid to be negative, bebg confldered as a power that retards the 

fenerating motion, dimmiflung continually the firft fluxion of 
:M. It appears &Dm this thec»em, that, as the firft fluicion of 
• variable qoantity, at any term of the time, is meafured by the 
increment or decrement which would be produced if the gene- 
rating modon was continued uniformly from that term for a gi- 
ven time ; fo its fecond fluxion may be mealured by twice the 
difereace betwixt this increment or decrement, and that which 
would be produced if the acceleration or retardttion of the ge- 
nerating modon waa condnued uniformly from that term for 
the fame djne. 

76. Let Kv, LfT and I/be any other fpaces that would be 
defcribed in the fame time by the uniform morion of (3 , the 
modon of M at L continued uniformly, and the morion of M if 
its acceleration waa continued uniformly from that term, refpe- 
£lively. Then the velocity of M acquired by this lail moaon 
at / Ihall be to its velocity at L, as It is to IK or LC : an^ 
the di&rence of thofe velocities being to the velocity of M ac 
L as icf is to Lr, by the laft lemma ^ it follows, that zc/* is to 
Kw as Lf is to LC. But Ku ia to KV as Lr is to LC, (by the 
fecond theorem ; ) and therefore ^ is to CS in the duplicate ra- 
tio of Lf to LC. It is alfo evident, that when LC and LS are 
fuppofed to decreafe continually, the ratio of CS to LC decrea- 
ies fo that it may become lefs than any aflignable ratio. For 
the ratio of the velocity of M at S to its velocity at L, or that 
of SH to LC, approaches continQally to a ratio of equality, as 
the point S approaches tio L^ and may come nearer to it than 
O a any 
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any adignable ratio of inequaUty. But CS U lels than the di& 
ference of SH and LCj and theretore the ratio uf CS to LC 
may become lels than any aflignable ratio. From this it fol- 
lows, that when LC, which repreients the firft fluxion of EM, 
continually decreafes, diea iCS, which reprefents its fecood flu- 
xion, decreafes fo that its ratio to LC may become lels than 
any alEgnable ratio. 

77. Let FL and L5 be fpaces defcribed by the poiDt M in 
any equal times that fucceed after one another j and let KV be 
deicribed by Q^in the fame time M defcribes LS. When the mo- 
tion of M is accelerated or retarded uniformly, its velocity at L, 
or the firft fluxion of EL, may be meafured by half the fum of 
FL and LS ^ and the fecond fluxion of EL may be meafured 
by the difference of LS and FL. For the point M would de- 
£:ribe a fpace equal to half the fum of FL and LS by its modoo 
at L continued uniformly, in the fame time that it defcribes LS 
with a motion accelerated or retarded uniformly, by the 7ad ar- 
ticle j and KV, or iCS, fwhich meafures the fecond fluxion of 
EL when LC meafures its tirft fluxion,) is equal to the difference 
of the f^ces LS and FL. When the motion of M is accele- 
rated uniformly, the (pace LS which is defcrit>ed by M in a gi- 
ven time, is equal to LC, that reprefents the fiiA fluxion of EL, 
added to the half of KV that reprclenis the fecond fluxion of 
£L \ and LS is equal to the difference of LC and one half of 
KV when the motion of M is retarded uniformly. In other calea, 
when the acceleration or retardauon of the motion of M is not 
uniform, but increales or decreales continually while it delcribes 
the fpace FS, LC is not equal to half the fum of FL and LS ; 
but it follows fi:om the 66th and 67tb articles, that its ratio to 
half their fum approaches continually to a ratio of equality as 
its limit, when inofe Ipaces are continually diminilhed. And in 
the fame manner it appears, that, by diminilhing LC, the ratio 
of KV to the difference of LS and FL, and the ratio of LS 
to the fum or difference of LC and one half of K V, continually 
approach to a ratio of equality, fo that they may come nearer 
to it than any allignable ratio of inequality. The ratio of cf 
to CS (the differences betwixt the fpaces defcribed by M and 
thofe which would be defcribed in the fame times by its motion 

conti- 
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contiDued uoifonnly from L) approaches coocinually to the du- 
plicate ratio of Lf to LC, by diminifliing thofe fpaces, ibme cafes 
excepted that will be delcnbed afterwards. There are theorems 
analogous to thefe which relate to the higher orders of fluxions i 
but we Iball demc«iftrate them afterwards, and proceed dow to 
enquire into the fluxions of geometrical magnitudes. Befide« 
the preceeding general theorems, there are others concerning 
the compoiition and refolution of motion, which are fometimes 
conlidered at the grounds of this method : but they may rather 
lerve kix applying this general dodrine to particular cafes j and 
therefore we tefei them to another place. 



C H A P. 11; 
Of the Fluxions of />lane reSHlineal Figures. 

PROPOSITION!. 

y%.'~r^He fluxion of a parallelogram of an invari- Fig, 16, 
X ^^le altitude, is always meajured by a fatal- PI. 3, 
lelozram of the fame altitude defcribed upon the 
ri^t line which meafUres the fluxion of the bafe-. 

While the prant P defcribes the bafe AO, let the given right 
line PM, by moving Mrallel to itfelf, generate the paralldo* 
gram APMF. When P comes to D, let PM come to DE ; andi 
if the fluxion of the bafe at that term of the time be reprefent* 
ed bvDG, the fluxion of the parallelogram atthe fame-teim 
fliall be reprefented by the parallelogram EG.- 

When the motion of P is uDiform, (that is, when ic defcribea 
equal fpaces in any equal times,) the nght line PM defcribes e- 
qual parallelograms in eqaal times, (Elem. ^d. i.) Therefore 
the mouon of PM is alio uniform, (art. 14.) and in the fame 
time that'the point P defcribes DG with an uniform motion, the 
right line PM defcribes the parallelogram EG' with an uniform 
notion. Therefevej the-fluxion of^e bafe AD being repre- 
fented 
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feoted by DG, the fluxion of the paiallelogtam AE is repre- 
fernxd by the paraUel^^Tftm EG, by an. 1 1. 

79. Since P is a point or term ot the line PM, which is of a 
g^ven or invariable magnimde, and is iuppofed to move always 
parsUel to itlelf, any pmnt in this line moves with the fame v^ 
locity aa P. Acxrordine as the motion of P is acceleraced or 
retarded, the motion of the right line PM is accelerated or re- 
tarded \ and, in the fame time that the point P would deicribe 
IXj whh its morion at D condnued unitbmily, the right line 
PM woold defcribe the parallelogram EG with its modoa con- 
dnued uni&rmly from the fame term. If this can be fuppofed 
to need any other ptoo^ it may be demonftrated from the axi- 
oms in the following manner. 

80. When the motion of P is condnually accelerated, the 
morion of PM is alio accelerated continually, (Elem. i. 6. 
and art. 14.) Let the point p deicribe the bafe with an uniform 
motion eqaal to that of F at D ; let pm, equal and parallel to 
PM, generate the parallelogram hpmV : and the cor^tant velo- 
city oipm fhall be equal to the velocity of PM at the term or 
moment when P comes to D. For, while p with its uniform 
modoa defcribes any fpaces rD and DG, let P with its accelera- 
ced morion defcribe the fpaces kD and DK j and, Jince the ve- 
locity ot P at D is equal to the conftant velocity of p, DK is 
greater than DG, (by ax. i.) and D^ greater than D^, (by ax. 
a.) Complete the parallelograms EG, E^, EK, Ei ^ and E^ 
fhall be greater than EG^ but EA lefs than 'E^. By ax. 2. the 
right line PM would defcribe a greater fpace than EK, with 
its motion at the term K continued uniformly, in the fame time 
P defcribes DK, or pm defcribes EG. Therefore the velocity 
of PM at K is greater than the conlhnt velocity of pm. By 
ax. I. the right line PM, with its motion at k conrioued uni- 
formly, would defcribe a lefs fpace than EA in the dme P and 
P defcribe jfcD and ^ D \ and in the fame rime pm with a conftanc 
velocity defcribes £^, which is greater than Et Therefore 
the velocity of PM at k is lefs than the conflant velocity of 
p». In the fame manner it is demonftrated, that the velocity 
01 4ffl is lefs that the velocity of PM at any term after P pafles 
I), but is greater than the velocity of PM at any term before 
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P comes to D. Therefore the velocity of pm U equil to the 
velocity of PM at the term or moment when P comes to D. 
When the modou of P is retarded, it appears in the lame man- 
ner, from ax. 5- & 4* that the modern ol PM at D is equal td 
the cooftaot velociry of pn. The uoifoim velocity ci py or th6 
tnodon of P at D, being mealured by DG, the motion of p« 
is roeafured by the parallelogram EG, (by art. 78.) which there- 
fore meafures the modon of PM at D, or the fluxion of the 
parallelogram AM when AM becomes equal to AD> In the 
ume manner it is demonltrated in genieral, that whwi a given 
line, by revolving about a given center or axis, delcribes any 
area ; or when a given furuce, by moving parallel to itfelf, or 
by revolving on a given axis, generates a folid : the modoa 
with which the area or folid flows at any given term is always 
the lame, when the velocity of the generating figure at that 
term is the fame, whatever variadon the modon of' the gene- 
rating figure may be fubjefit to before or after that term. 

81. Let thenght lines AO, AV be given in pofidon; and,Fifi. 17. 
while the point P defcribes the bafe AO, let the right line PM, 

by moving parallel to itfelf, generate the triangle APM. At 
the fame dme, let tbe point p delcribe the right line .so ^ «id a 
given or invariable right line pn^ by moving parallel to itfelf 
generate a parallelt^am am always equal to the triangle APM. 
When P comes to D, let p come to J, PM to DE, and ^ to 
4e : Then the velocity with which the bafe AD flows, is the 
fime as the velocity 01 the point P at the tenn or moment when 
it comes to D, (art. lo.) and the velocity with which the tri- 
angle ADE flows at that term, is the fame as the velocity of 
the invariable right line pm when p comes to d. Therefore,, 
when the velocity of P is given at any term of the dme, to de- 
termine thence the velodty of tbe right line pm at that term,. 
is the iame as from the fluxion of the bafe AP to determine the 
fluxion of the triangle APM, (art. i i.l and if the velocity c£pm 
is given, to determine thence the velocity of P, is the iame as- 
from the fluxion of the triangle APM to determine the fluxion: 
of the bafe AP. 

82. It is manifeft, that when the place of the point F at any 
term of the dme is given, the place of the right line pm at that 

terra. 
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term is found by applying upon the given rigTit line «/' a paral- 
lelogram affl equal to the triangle APM, (the ao^e vifo being 
always ftiTOofed equal to MPO.) If the place of pM is given, 
and that c» P is required ; let AO be of fuch a magnitude that 
OV parallel to PM may be equal to id/' or apw : and take AP 
a mean proportional betwixt ap and AO. For if ap be to AP 
as AP is to AO, or as PM is to OV, (which is equid to %af\ ) 
the reS;angle contained by ap and af ihatt be eqtul to halt the 
redangle contained by AF and P^^ and the parailelogriun am 
XbaU be equal to the triangle APM. 

L E M M A in. 

83. When the b&fe increafes unifopn^, the triangle 
ificreafes with a motion that is perpetually accele- 
rated ; but -when the bafe decreafes uniformly the 
triangle decreafes with amotion that is ferfetual- 
/y retarded. 

The fame tjiio^ being fuppofed as in the two lafi articles, the 
motion of the point P is the motion with which the bafe flows j 
and the modc«i of the ^ven right line /wi is the fame as that with 
which the triangle flows. Let the right line pm delcribe the pa^- 
iallel(Mrams *« zxAdh in any equal times that immediately fcc- 
ceed after one another^ anddet the p(»nt P describe the right lines 
BD and DG in the fame equal times. Let BC, DE and GH, 

Sarallel to PM, meet AP in C, £ and H. Then, becaufe the 
Kices delcribed by pn are iuppofed to be always equal to the 
ipaces delcribed in the fame time by PM, the parallelogram be 
will be equal to the trapezium BDEC, and the parallelogram 
db equal to the trapezium DGHE. Becaule the morion of P 
is uniform, BD is equal to JX?, and the trapezium DGHE is 
greater than BDEC in the fame proporrion as the fum of DE 
and GH is greater than the fum of DE. and BC, or the fum 
of AG and AD is greater than the fum of AD and AB \ and 
the parallelc^am dh is greater than ht in the fame proporrion. 
Therefore, when the bafe increafes .uniformly, the Ipaces he 

and 
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and Hh defcribed by pm in any equal times that fucceed after one 
another, perpetually increafe j and the morion ol ptn is accelera- 
ted perpetoaUy. But when the bafe decreales, the point P moves 
from O towards A j the right line f «, by moving from o towards 
(3, defcribes in any equal tiniea that fucceed after one another the 
parallelograms ha and eb that peipetually decreafe j and its mo- 
tion in this cafe is perpetually retarded. The motion with which 
the triangle flows, is meafiired by the motion ofpw j and is there- 
fore perpetually accelerated when the bafe increafes uniformly, 
but perpetually retarded when the bafe decreafes uniformly. 

84. When the triangle APM increafes uniformly, the baleFici 
increafes with a motion that is perpetually retarded \ but when 
the criMigle decreafes uniformly, the bafe decreafes with a mo- , 
tioD that is perpetually accelerated. For, when the triangle 
APM increafes or decreafes uniformly, the motion of the right 
line pm is uniform, by the fuppofmon. While fm delcnbea 
the equal parallelograms be and db in any equal times, let the 
point P defcribe the right lines BD and DG ; and, the trape- 
zium BDEC being equal to the parallelogram be-, and DGHE 
equal to the parallelogram db^ the trapezium BDEC is equal 
to the trapezium DGHE, and BD is greater than HG in the 
fame proportion as the fum of DE and GH is greater than the 
fum of DE and BC. Therefore, when the triangle increafes 
uniformly, or the motion of pm from a towards is uniform, 
the ipaces BD and DG defcribed by the point P in any equal 
times perpetually decreafe, and its motion is perpetually re- 
tarded. But, when the triangle decreafes uniformly, or the 
modon of pm from towards a is uoilbrm, the Ipaces GD and 
DB defcribed by P in any equal times perpetually increafe, and 
its modon is accelerated perpetually. 

8<. All the rules for the operations in the dire£l method of 
fluxions may be deduced from the two following propoHtions ; 
and there can hardly remain any ground for obietiions againfl ic 
when tbefe are eftablilhed in an unexcepuoname manner. We 
Aiall therefore demonflrate them at fome length, by the method 
which fcems to fet the evidence of this doctrine in the cleareft 
light, and to refolve in the moft fatisfyiug manner the difficul- 
ties that have been raifed againft its truth or accuracy. 

P PROP. 
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PROP. IL 

Fig. ly.The fides AD, AE of the triangle ADE being given in 
& ij). fojition, and the angle ADE being alfo given ; in 
the fame time that the motion with which the bafe 
ADfows, continued uniformly, would generate any 
right line DG, the motion with which the triangle 
ADE flows, continued uniformly, would generate 
the parallelogram EG. Or : The fluxion of the bafe 
AD being reprefented by DG, the fluxion of the tri- 
angle ADE is accurately meajured by the parallelo- 
gram EG. 

While the point P defcribes the bafe AO, and the variable 
right line PM by moving parallel to itfelf generates the tri- 
angle APM, let the invanable right line pm, by moving parallel 
to Itfelf along the right line do, generate the parallelograin am 
always equal to the triangle APM, fo that the fpaces delcribed 
by em may be always equal to thofe delcribed in the fame rime 
by PM, as in the preceeding arricles ; Then the morion with 
which the bafe fiows, or its fluxion, Ihall be always mealured 
by the velocity of tbe point P ; and the motion with which the 
tnangle APM flows, or its fluxion, ihall be always meafured 
by the velocity of the invariable line pm. When AP becomes 
equal to AD, let ap become equal to ad^ (that is, let p come 
to d when P comes to D ; ) and the right lines PM, pn Ihall 
come to DE and de at the fame term of the time. Suppofe that, 
if the motion of P was continued uniformly from this term, it 
would defcribe the line DG in any given dme; and that, if the 
morion of «» was continued uniformly from the fame term, it 
would delcribe a fpace equal to the parallelogram eky in the 
fame given rime : Then Ihall the parallelogram ek be equal to 
the parallelogram EG. 
Fig. ij' ^aft i. When the bafe increafes uniformly, or the motion of 
the point P irom A towards O is uniform j the motion o£fia 

trom 



,y Google 



Chap. n. flane reSfilineal Figures. iif 

from a towards o is a motion perpetually accelerated, by the laft 
lemma. Let the point F defcribe £D and DG ia equal umes that 
facceed immediately after each other ; and let fm defcribe the 
parallelt^rams be and dh in the fame equal times. Let BC, DE 
and GH parallel to PM meet AV in C, E and H j and the pa- 
rallelogram he fhall be equal to the trapezium BDEC, and db 
equal to DGHE, by the fuppofition. The motion o£pm being 
accelerated perpetually, it follows from ax. i. that the paral- 
lelogram ek IS lefs than the parallelogram dh ; becaufe the fpace 
db is defcribed by pm with an accelerated motion, and ek'\& the 
ipace that would be defcribed in the fame time by pm with its 
motion continued uniformly from the beginning of that time 
without any accelerarion. By ax. a. the fame parallelogram 
ek is greater than be^ which was defcribed by jim in an equal 
time before its velocity at the term when it comes to d was ac- 
quired. Therefore the parallelogram ek is lefs than the trape- 
zium DGHE, but greater than the trapezium EDEC It is e- 
vident alfo, that the parallelogram EG is lefe than DGHE, but 
greater than BDEC I fay further, that the parallelogram ek 
IS precifely equal to EG. For, if ic is not equal to EG, ic 
muft be greater or lels than it. Let ek firft be greater than 
EG, and produce DE beyond E to R, till DR. be greater than 
DE in the fame ratio ; and, completing the parallelogram DRIX5, 
it fhall be to EG as DR is to DE, (Elem. i. 6.) or as ek is to 
EG, (by the fuppofition : ) and therefore the parallelogram RG 
will be equal to ek. Let RL meet CH in N, and NQ_ paral- 
lel to DE meet the bafe in Q^^ Suppofe that pm would defcribe 
the parallelogram «, by its motion continued uniformly from 
the term when p comes to (^ in the fame time P defcribes DQ_ 
with its unifoitn motion. Then, the fpaces defcribed by any 
uniform motion being in the fame proportion as the times ia 
which they are defcribed, (by theor. i. art. 16.) the parallelo- 
gram ek, or RG, fliall be to the parallelogram ex as DG is to DQ^, 
or as RG is to RQj and therefore the parallelograms ex and 
RQ^are equal. But, while the point P defcribes DQ, , the right 
linepm defcribes a Ipace equal to the trapezium DENQ^, by 
the fuppofition ; and, its motion being perpetually accelerated 
during tliis time, it follows from ax. i. that DENQ^is greater 
P 2 than 
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than ex the Ipace which would have been defctibed in the fame 
time by pm it" its motion had been continued uniformly iron* 
the beginning of that time without any acceleration. And, 
fince DR is greater than DE in the fame proportion 35 ek is 
fuppofed greater than EG, the p^irallelogram R.Q_is greater 
than the trapezium DENQ^; and therefore isfurely greater than 
ex. But RQ was proved equal to tx : And chele being contra- 
dictory, it follows, that the parallelogram ek is not greater than 
the parallelogram EG. 

86. Let us fuppofe now that the parallelogram ek is lefs than 
the parallelogram EG j and, Dr being fuppofed lefs than DE 
in the fame proponion, con^lete the parallelogram rG ; and, 
fG being to EG as Dris to DE, (Elem. 1. 6.) or as ek is to 
EG, rG muft be equal to ek. Let rl produced meet CE in w, 
and nq parallel to D£ meet the bafe in q. Suppofe that pm 
would delcribe the parallelogram ex, by its motion continued 
uniformly from the term when p comes to rf, in a time equal to 
that in which P defcribes jD. Then, by theor. i . the parallelo- 
gram ek, or rG, Oiall be to the parallelogram ex as DG is to jD, 
or as the parallelogram rG is to rq ; and therefore ex is equal 
to rq. But, while F delcribes qD, the right line pm defcribes 
a ipace equal to the trapezium ^sED, by the fuppolition ; and, 
ks motion being perpetually accelerated during this time, it fol- 
lows from ax. 2. that the trapezium ;s£D is le& than ex the 
feace which would be defLribed in an equal tune by pm with, 
the motion continued uniformly which it acquires, at the term 
when p comes to d. And, the trapeiium qrtED being greater 
than the parallelogram rq, (lince Dr is lefs than DE in- the fame 
proportion as ek is fuppofed left than EG,) it follows, that the 
parallelogram ex is greater than the parallelogram rq. But ex 
was found equal to rq : And thefe being contradidory, ic fol- 
lows, that the parallelogram ck is not lefs than the parallelo- 
gram EG. Nor is ek greater than EG ; and, confequently^ 
thele parallelograms are equal to each other. Therefore, when 
P and p come to D and d, if the motion of />/» was continued 
uniformly from that term, it would defcribe a fpace equal to 
the parallelogram EG, in the fame time that the pomt P defcribes 
X>G with its uniform motion : and^ the fluxion of the bafe AD 

being 
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being reprefeneed by DG, the fluXfon of the triangle ADE 
(which i» meafured by the velocity of pm at the term when P 
comes to D and p to dj is reprcfcnted by the parallelogram EG. 
87. Cafe a. Let the bafe decreafe uniformly, or the morion 
of P be uniform from O towards A ; and the motion of the 
right line pm from towards a (hall be perpetually retarded, ' 
by leoMna 3. In this cafe, (the conftrudion and figure being 
the iame as in the former,) the fpace ek is greater than the pa- 
wJlelcgram <*, or the trapeiium DECB, by ax. 3. and ek is 
kfa than the parallelogram bd^ or the tiapeziuni GHED, by 
as. 4. I fay further, that the parallelogram ek ia precifely e- 
qual CO the parallelogram EG. For, if ek be not equal to £)G, 
let it firA be greater than EG ^ and, DR. being fuppofed to be 
greater than DE in the fame proportion, let RL parallel to the 
bafe meet GH in L ; and ck will be equal to RG. Then, in 
the fame manner as in the 85th article, the parallelogram RG^ 
or eh, is to the parallelogram RQ^as the bafe DG is to D(^; and 
k follows from theor. i. that, in the time P defcribes QD, pm 
would defcribe a fpace equal to the parallelogram RQ^ by its- 
motion conrinued uniformly from the term when P comes to 
D \ and, by ax. 4. this fpace mufl be lels than the trapezfum 
QNED, which is equal to the ipace that was defcribed by pn» 
with its retarded motion- before p came 10 d while P delcribed 
Qp. But ch* parallelogram RQ^ is greater than the trapezium 
QNED, fince DR is greater than DE in the fame proporrion as 
^ parallelt^ram ck is fuppofed greater than EG : And thefe 
being contradiilory, it follows, that the parallelogram ek 13 
not greater than tne parallelogram EG. Let ek tnere&ie b« 
fappofed lefa than EG, and Dr lefs than DE in the fame pro- 
porrion \ then, completing the parallelogram tG^ as in the lafl; 
arricle, rG fhall be equal to ek : and, lince the parallelogram. 
rG 19 to r; as the bafe DG is to D^, it follows from ueor.' 
t. that, m the fame time P defcribes D^^ the right line pta 
would defcribe a fpace equal to the parallelogram rtj^, by its- 
morion continued aniformly from riie term when p comes ta 
d. But this fpace (by ax. 3.) muft be greater than the trape- 
zium D£»f, which is equal to the fpace defcribed in the fame 
time by pm when its morion is perpetually retarded &om die 

fame 
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fame term : and the pmllelogram r^ is lefa than the trape-^ 
zium DEff^, fince Dt* is lets than DE in the fame proportion as 
the parallelogram ek is fuppofed to be lefa than EG. But thefe 
are contradictory ; and. therefore ek is not lefs than EG. Not 
is ek greacei than EG ^ and therefore ek and EG are equal, 
ip. ' 88. Cafe ^. Let the triangle APM increafe uniformly, ortbe 
motion of pm from a towards o be uniform ^ and the motion of 
P from A towards O Jhall be perpetually retarded, by art. 84. 
In this cafe, if ek be fuppofed greater man EG, let DR. be 
greater than DE in the fame propordon ; and the parallelogram 
RG ihall be equal to ek. Let RX parallel to the bafe meet 
EH in N, and NQ^parallel to DE meet the bafe in Q. Then, 
fince the parallelc^ram RG is to RQ^as DG is to DQj and it 
is fuppofed, that, m the time pm defcnbes the parallelc^am ek 
(or RG) with its uniform motion, the point P would defcribe 
DG with its motion continued uniformly from the term when 
it comes to D : it follows, from theor. i , that the point P would 
defcribe DQ> by the fame motion continued unitormly, in the 
time pm defcrib^ a fpace equal to KjQ. Therefore the point 
P would defcribe a line lets than DO « by the fame motion con- 
tinued uniformly, in the time pm deicribes with its uniform mo- 
tion a fpace equal to the trapezium DENQ_, which is lefs than 
R.Q. But, while pm defcribes a fpace equal to DENQJ the 
point P defcribes DO with a morion perpetually retarded, (by 
arc 84.) and therefore, by ax. 3. it would defcribe a hne 
greater than DQ^in this rime, by its morion condnued uni- 
formly from the term when it comes to D : And thefe being 
contradictory, it appears that ek is not greater than EG. Let 
ek be now lefs than EG ^ and, if Dr be lets than DE in the 
fame proporrion, ek ihall be equal to rG. Let rl parallel to 
the bafe meet CH in », and ttq parallel to DE meet the bale 
in q. Then, fince the parallelogram rG is to rq as the bafe DG 
is to Dj, it follows, from theor. i. that, in the fewne time pm 
defcribes a fpace equal to rq with its uniform morion, the point 
P would defcribe a line equal to Dq by its motion conrinued 
uniformly from the term when it comes to D j and therefore P 
would defcribe a greater line than D^, by the fame morion con- 
tinued uniformly, in the rime pm defcribes a fpace equal to the 

trape- 
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trftpezipm qnEDy which is greater than the parallelogram rq. 
But in this time the point P tJefcribes jD ■with a retarded mo- 
uoa, (by art. 84.) and therefore it would defcribe a leis line 
than qD in the lame time with the motion that remains when k 
comes to D continued oaiformly, by ax. 4. And thefe being 
,coQcradidory, it follows, that the parallelogram ek is not lets 
than EG. Nor is ek greater than EG j and therefore thefe pa- 
rallelograms are equal to each other. 

85). Cafe 4. Let the triangle APM decreafe uniformly, or the 
motion of ptti from towards a be uniform ; and the motion 
of P from O towards A ihall be perpetually accelerated, by 
art 84. In this cafe, if eJc. was equal to any parallelogram RG 
greater than EG, (the conArudion being hmilar to that of the 
laft article,) the point P would defcribe a line equal to DQ_, 
by its motion continued uniformly from the term when it comes 
to D, u the fame time pm with its uniform motion defcribes a 
^ce equal to the parallelogram RQ^; and the point P would 
defcribe a line lels than DQ^, by the fame motion continued u- 
niformly, in the time ptn defcnbes a fpace equal to the trape- 
zium QNED. But, while pm defcribes a fpace equal to this 
trapezium, the point P defcribes QD with an accelerated moti- 
on J and it would defcribe a line greater than QD in this time, 
with the motion It acquires when it comes to D continued uni- 
formly, by ax. I. And thefe being contradiiftory, it follow* 
that ek is not greater than EG. Itek was equal to any paral- 
lelogram rG lefe than EG, then the point P would defcribe D^, 
by its motion continued uniformly from the term when it comes 
Co D, in the fame time pm defcribes a fpace equal to the pa- 
rallelogram rq -J and P would defcribe a greater line than Vqy 
by the fame morion continued uniformly, in the rime pm de- 
fcribes a fpace equal to the trapezium DEnq^ which is greater 
than the parallelogram rq. But, while pm defcribes a {pace e- 
qual to DEflf by its uniform morion, the point p defcribes the 
line D} with an accelerated motio^ ; and it would defcribe in 
this rime a lefs line than D^, with its morion continued uni- 
formly from the term when it coines to D, by ax. 1 . And thefe 
being cootiadidory, it appears, that the parallelogram ek is 
not lefs than EG. But it is not greater thau EG ; and there- 
fore 
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fore thefe parallelograms are equal to each other, when either 
the bafe AD, or the triangle ADE, increafe or decreafe unitbrmly. 
9a The lali three cales might have been demonftrai:ed from 
the firft, by art. 47. & 57. But, for the illuftration of this me- 
thod, we chofe to deduce them immediately from the axiom* 
and the firft theorem. When the motion of f w is accelerated, 
and the motion of P accelerated or retarded, the propofition 
may be demonftrated in the fame manner. But all the other 
cafea of this propofition are briefly deduced from the firft, by 
the eleventh theorem, thus. In general, let the motion of P, 
while it defcribes AO, be accelerated or retarded at pleafure ; 
but let it come to D with a motion, that, continued uniformly for 
any given time, would generate the line DG : and the right line 
ptn fliall come to de with a motion which, if it was continued 
uniformly for the fame time, would generate a parallelogram ek 
Fig. 30.equal to the parallelogram EG. For, fuppofe QK parallel to 
PM to generate the triangle AQN ; let the motion of Q be u- 
niform, and equal to that with which P comes to D j let qny 
equal and parallel to pm., generate the parallelogram aqnf, al- 
ways equal to the triangle AQN : and, if the motion of qn was 
continued uniformly trom the term when q comes to d^ it would 
defcribe a fpace equal to the parallelogram EG in the fame time 
Q, defcribe* DG, by the firft cafe, (art. 85. & 86.) Therefore, 
fiDCe the velocity of Q^ is conftant, the velocity of qn increafes 
Dt decreafes as DE, or as AD increafes or decreafes \ and, con- 
lequently, it is accelerated or retarded in a continued manner. 
It IS evident, that aq is determined from AQ^in the fame man- 
ner 9a op \s determined bom AP. Therefore, fmce the points 
P and Q^ are fuppofed to come to D with equal velocities, the 
points p and q fnall come to d with equal velocities, by theor. 
XI. and the velocity of ^m at that term is equal to the velocity 
oiqn. From which it follows, that if the motion of pm was 
continued uniformly from the term when p comes to d^ it would 
defcribe a fpace equal to the parallelogram EG, in the fame 
time that the point P would defcribe DG with its motion con- 
tinued uniformly from the fame term- Therefore, in general, 
the motion with which the bale AD flows would generate DG, 
and the motion with which the triangle ADE Bows, continued 

uniformly, 
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uDiformly, wonld generate a {pace equal to the paraUelogram 
EX?, in the fame time : fo that the fluxion of the bafe AD is re- 
fvefented by DG, and at the fame dme the fluxion of the tii'^ 
angle ADE by the parallelogram EG. 

01. Co&oLLA&Y I. The motion with which the triangle flows 
is toe fame, whether tt iocreafe or decreafe with an unitorm or 
with a variable modon, when the bafe is of the iame magnitude, 
and ilowa with the fame motion. For, whenAD and DG are 
given, the parallelogram EG is of a given magnitude. 

pi. Cob. II. Thetriangle ADE, anytrapeiium ADEFwhenFiG.2i. 
the line FE is given in polidon, and toe paiallelc^ram ADEL 
when the fide AL is invariable, flow with the fame niodon when 
the morion with which their bafe AD flows is given. For all 
thofe morions conrinued uniformly would generate the &me pa- 
rallelc^ram EG in the fame rime. 

93. CoR. III. While the bafe AD by increafing uniformly 
acquires the augment DG, the triangle ADE aoquirea the au^ 
ment DGHE. But it is only the part EG of this augment that 
can be faid to be generated by the morion with wliich the tri- 
angle ADE flows at the term when P comes to D. The part 
EIH is generated in confequence of the accelerarions of this 
motion : fcr the fpace EG is all that would be generated by 
the motion with which the triangle ADE flows, it that morion 
was conrinued uniformly, without any further accelerarion, for 
the time in which the bafe AD acquires the augment DG. If 
the morion of pw was to be accelerated no more after it arrives 
at dy then we have fliewn that fm proceeding .with an uniform 
mouoQ would defciibe a fpace equal to EG, and not to the tra- 
peuum DEHG, in the time P defcribes DG; and, in meafu- 
ring this motion of j>m, or the fluxion of the triangle ADE, 
the part EIH of the increment which the triangle acquires in 
this rime oug^t to be rejefted. When the bafe decreafes uni- 
formly, the triangle decreafes with a retarded morion, the pa- 
rallelogram E6, or EG, b equal to the fpace that would be 
generated by tlus motion, or the motion of pw at rf, if it was 
continued uniformly, while P defcribes DB : but a lels (pace 
DfiCB is generated in this time by the retarded motion with 
which the triangle flows \ and the- difference ECS arifes from 
Q_ the 
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the retardacion of thst motion. In general, whether the mo- 
ticMi of P be uniform or variable, whatever is generated by^the 
motion with which the triangle flows, more than the parallelo- 
gram EG, (in the time P would defcribe DG by its motion at D,) 
arifes from the acceleradon of this motion ; and whatever is ge- 
nerated lefs than EG is owing to its retardaticn. Thole accele- 
rations or letardauons may obferve various laws. They depend 
upon the morion of the point F before or after it comes to the 
term D ; and are different when the point E defcribes difereni 
right lines. But the motion with which the triangle ADE flows 
when P comes to D, is not affeded by ihefn, and depends upon 
the motion of F at the term when it comes to D and the magni- 
tude of the njbt Ibe DE only, the angle EDG being given. ^ 
Fig. 18. p^ Cor. IV. When the bafe increafcs unifonnly, the tri- 
angle increafes with a motion that is uniformly acceleratei 
For, if DG be delcr^d by P with any uniform morion in a 
given time, DG will be of an invariable magnitude, and the 
parallelogram EG will increafe in the fame propoixion as DE or 
AD, and therefore will increafe uniformly ; fo that the veloci- 
ty of fm, or of the pdnt p., will be as the rime from the be- 
gmning of the motion, fuppofing the point P to begin its mo- 
tion at A. When the bale decreafes uniformly,, the morion 
with which the triangle flows is uniformly retarded : foe it de- 
creafes in the fame proporrion as D£ or AD decreafes ^ and the 
velocity of /mi, or of the point p, decreafes in the fame propor> 
tion as the time that remains to flow till P come to A. The 
motion of f«j or of />, in the firft cafe, ia fimilar to that of hea- 
vy bodies defceoding by the a<^on or influence of an unifoim 
gravity; and the morion of pm, if it was to. be accelerated no 
more after it comes to </, would be fimtlav to the mouoB of a 
heavy body, if, after a like term, the aftion of gravity upon it 
was to ceale, or was deftroyed by an ecpal oppolite adion, pref- 
fure or refinance. And thus it appears, that we have made 00 
fijppofitions, in. demonflraang thu propdition, but fucb as arc 
not only eafily conceived (which however is all that ia requir 
led in geometry), and generally admiaed, but are alfo founded 
in nature and common obfervation, and are illuflrated by the 
DotioDS chat ais mpfl uoireifally known. When the bale AD 

deciseaiea. 
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decreafes uoifiirmly, the motion of ^^ or of cbe pointy is H- 
milar co the moctoo of a heavy body riling in a line perpeadicu- 
iar to the horizon agaiofi the adion of an uniform gravity. 

oj. CoK. V. It may be worth while co obfeire, that toe do- 
Snne of motlona that are accelerated or retarded uniformly, is 
eafily demonflrated from the two firft cafes of this proportion, 
without fuppoliog any (Quantities indivifible oi iniinitety dimi- 
oilhed. When the motion of P is onifoim, AF reprefents the 
droe j the fpace defcribed by pm, being always equal to the tri- 
angle APM, increafes in the duplicate ratio of the rime AP, 
(Clem. I p. 6.) and the Ipace defcribed by the point p increafes 
ia the fame proporrion. The velocity of p increafes uniformly, 
in the iame proportion as AF the rime from the beginning of the 
motion, by the laft corollary. From wluch it follows, cot>-Fis.ai. 
veriely, that if the motion of any point, as p, be accelerated 
notformly, or in the fame proporrion as AP the time ftom the 
beginning of the morion, the fpace defcribed by it from the 
beginolng of the morion ihall increafe in the dnjuicate ratio of 
this rime. For, if the velocity of p be equal to the velocity 
of J> at any term of the rime, their velocities, and confequently 
^e fpaces defcribed by them in the £une time, (by theor. 4.') 
mull be always equal. And tbts is the celebrated theorem dif- 
covered by G^lil£us. Becaufe the parallelogram EG is to 
the parallel^ram A E as the bide DG is to AD ; it appears, that^ 
in the time P defcribes AD, the right line ptn would defcribe % 
Q>ace equal to the parallelc^ram AE, if the morion it acquires 
at d was continued uniformly. But the parallelogram AE is 
double of the triangle ADE, or of the paraUelogram at. There- 
fore the point p would defcribe a line double of ad, if the mo- 
rion it acquiies at d was conrinued uniformly, in the fame time 
that it delcribes ad with 3 morion that is accelerated uniformly : 
which is another of his theorems. Becaufe the trapezium BCHG 
IS double of the parallelogram EG, it follows, that the fpace 
delcribed by a morion that is uniformly accelerated, ia equal to 
the fpace that would be defcribed in an equal time by the morion 
at the middle term of that time conrinued uniformly j as was 
ihewn in a different manner b art. 72. When the bale AP dfr- 
creafes uniforaily, the velocity of p from towards * decreafe* 
Q_a unir 
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uniformly, and may be always reprefented by AP. The fpace 
fa that remains to be defcribed by the point p before its motion 
be at an end, decreafea in the feme ratio as the triangle APM 
decreales, or in the duplicate ratio of AP ; that is, in the di*- 
plicate ratio of the velodcy of p, or of the time that remains to 
flow till the end of the motion. Therefore the (paces that niay 
be defcribed by bodies before their motions be deftroyed, when 
they are continually retarded by an uniform gravity, ^or by any 
uniform power or refiftance that diminifties their velocities e- 
qually in any equal times,) are in the duplicate ratio of their 
velocities. 

^. CoR. VI. If the angle APM be a right one, and PM be 
double of AP, the triangle APM ftiali be always equal to a 
■ iquare defcribed upon AP ; and the motions with which this 
fquare and the triangle APM flow (hall be always equal, by 
theor. 3; Therefore, when P comes to D, the motion with 
which a fquare upon AD flows, continued uniformly, would 
generate a rectangle equal to EG, in the time P defcribea DG. 
But the reftangle EG is equal, in this cafe, to a reftangle con- 
tained by lAD and IXJ j and this reftangle reprefents the flu- 
xion of the fquare, when DG reprefents the fluxion of AD the 
fide of the fquare* The parallelogram ad being equal to the 
fquare of AD, the right lines afy AD and ad are in continued 
proportion \ and, the re6tangles ek and EG being equal, DG 
^which reprefents the fluxion of AD) iatoi^ife (which reprefents 
the fluxion oi ad) as af is to DE, or a AD; and DG is to one 
half of dk in the fubduplicate -ratio of af to ad. Therefore, 
when three quantities are in continued proportion, and the firft 
is invariable, the fluxion of the fecond term is to the fluxion of 
the third, as the firft term is to twice the fecond term ; and the 
fluxion of the fecond term is to one half of th^'fluxion of the 
third term in a fubduplicate ratio of the firft term to the third. 
97. Cor. VII. When the bafe flows uniformly, the velocity 
ofthe motion with which the triangle flows increafes in the 
fame proportion as PM or AP increiifes, and is equally augment- 
ed in any equal times. Therefore the fluxion of this velocity, 
. "Df the fecond fluxion of the' triangle, is conftanc : and if we 
conceive the continual acceleration of this velocity to be the 

efftft 
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tiSt&. of feme power, the exertion of thia power muft be fiip- 
pofed uniform. When P comes to D, the motion with which 
■ the triangle' flows, continued uniformly, wonld generate the pa- 
rallelogram EG, in the fame time P defcribes DG. When P 
,comes to G, the motion with which the triangle then flows, 
continued uniformly, would generate the parallelogram DH iu 
the fame time. The difference of thefe parallelograms, or the 
parallelogram IN, reprefeots the fecond fluxion of the triangle 
ADE ; and IN is double of the triangle EIH, which is the part 
of the increment of the triangle that is generated in confequence 
of the uniform acceleration of the motion with which it flows 
while P defcribes DG. It is evident, that, if the motion of P 
be increafed or diminiflied, then the motion with which the tri- 
angle ADE flowS} or its fluxic»i, is ktci^afedin the fame jpro- 
portion; becaufe the paraHelograiti E(3 iocrtdfas in the fihne 

{>rOportion as its bafe DG. But the triahgle ElH, ortbeipanrt- 
elc^am IN which meiafuto the Ifecdnd fluxion ef the triangle, 
increafes or decreafes in the duplicate ratio of DG,- or of the 
fpace EG which meafures its firft fluxion. And, the velocity 
of P remaining, if the tirtie tt which -DG is fuppofed to be de- 
fcribed be continually diminiflied, then EG which tneafurea the 
firfl fluxion of the triangle decreafes in the fame proportion j but 
IN is diminiflied in the daplicateraao of this time, and its rario 
to EG may become lefs than any aflignable ratio. The pa- 
rallelogram IN (wWch raeafures the fecond fluxion of the tri- 
. angle ADE) is equal to the diflference of the increments DECB, 
DGHE which are generated whi^e P defcribes ED ^nd DG. 
The increment DGHE ta equal to the parallelogram EG (whicK 
meafures the firft fluxion of the triangle) added to one half of 
IN which meafures its fecond fluxion. Thele things agree with 
the 74th, 75th, 76th and 77th articles, and illullrate them. 
When the tiafe flows uniformly, it is evident that the triangle 
has no third fluxion : and what we have faid of the triangle 
"APM is eafily applied to the right line op, which aiways flows 
in the fame manner, becaufe the roStangle contained by it and 
the invariable right line af is always equal toixhe triangle, by 
the fuppofition. ' 

LEMMA 
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LEMMA IV. 

98. Let the points P and Q^defcribe the right lines 

AO, AV ^iven in pojition, with motions that are 

^if**** either uniform, or are always to each other in an 

^*3' invariable ratio ; and, the parallelogram APRQ 

being completed, the point K Jhall be always founa 

in the fame right line. 

While the point F describes BD and DG upon the line AO, 
let Q, defcribe KL and LM upon the line AY ; complete the 
paiallelogramB ABCK, ADEIv and AGHM : let CN paralia 
to AO meet DE and GH in S and K ; and let £1 panUel to 
AO meet GH in L Becaafe the velocities of F and Q^are to 
each other in an iovanable ratio, it follows Skxr theor. 6. that 
fiD is to DG as KL is to IM. Tberefoie BD b to BG as 
KL is to KM, or CS 19 to S£ as CN is to NH ; and, confe- 
queatly, any three places C, E and H of the point R. bebg in 
a right line, it follows, that the pc»nt R. ia always found in the 
£une right line. 

PROP. IIL 

^^, The fluxions of the right lines AD and AL being 
reprefented by DG and LM, the fluxion of the re£f- 
Fis-ai. angle A^, contained by ADand AL, is meafured ac- 
&23, curate^ by the fum of the rectangles EG and EM 
when thefe lines increafe or decreafe together, but 
by the difference of EG and EM when one ofthofe 
lines decreafes while the other increafes. 

FiG.2a. Caft I. Let the fides AP, AQ^of the reftangle AR. both in- 
creale, or both decreafe, together, by the uDiform motions of the 
points P and Q. When P comes to D, let Q_come to L, and 
R. to E ; and, while P defcribea i)G, let Q, defcribe LM, and 
R. defcribe EH : aiul the point R. fhall be always found in the 

right 
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right line EH, by the Uft lemma. Produce HE, and lee it 
meet AD in F before it meets with AL : then, the reaangle 
AK- being always equal to the fum of the triangle FPR and 
mpeiium AFR.Q_t the incienient or decrement of the ret^angle 
)» always the fum of the incremencs oc decrements c^ the tri- 
angle and trapeziuRLtbac ate generated b the ianie time ; and, by 
theor. 7. the motion with which the redangle flows, is always 
equal to the fum of the mocicns with which that triangle and 
trapezium ilow. But, by prop. 1. (art. 85.) ifthemocioos with 
which the triangle FDE and trapezium AFEL flow were-ccnti- 
nued uniformly, the parallelc^rama EG and EM would be ge- 
nerated by them in the fame time that the points P and Q_de- 
fcribe DG and LM with their uoiform motions. Therefore, if 
the morion with which the reftangle AE flows was conrinned 
nnifonnly, a fpace equal to the fiim of the piirallelograms EG 
and EM would be generated by ic in the fame time ; and, if 
the fluxions of the fides AD and AL be reprefeoted by DG and 
LM, the fluxion of the reftangle AE muft be reprefented by the 
fum of the tedangles EG and EM. Tbe demon^atioa is the 
£uiie when HE produced meets AL before ic meets with AD : 
only, in this cafe, EM reprefents the fluxion of the triangl& 
and EG the fluxion of the trapezium : and, if HE produced 
pa& through A, the point F cobcidea with A, and the reaangle 
AE is the fum of two triangles the fluxions of which are repre- 
Jeated by the rei^tangles EG and EM. 

loa G»/S 2. Let the fide AQ^decreafe while the fide AP in- Fis. 13- 
cteafes ; and, the motiona of P and Q being ftill uniform, the 
point R. fliall defcribe a right line EH/By the laft lemma. Be- 
caufe the angle MHE is acute, and the angle HML right, HE 
produced Ihall meet wkh AL produced beyond Lin fome point 
/; and it Ihall meet with AD produced beyond D in fome point 
F. The redangle AE in this cafe is always the excels of the 
trapezium AD^ above thetriaogle/LEv and the motion with 
wluch it flows IS always equal to-cne difierence^of tbe motions 
with which that trapezium and triangle flow, by art.41. Thero- 
ibre^ if the fluxion of the fides AD and AL be reprefented by 
DG and LM, the fluxion of the redangle AE fhalt be repre- 
lented by the difference of the isdangles EG aud EM. 

101. Ca& 
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: lOi. G»/e 3. When the motions of the poicts P and Q^ are 
variable, but are io an invariable ratio to each other, the point 
R ftill defcribea a right JUne, by the laft lemma: and the mo- 
tion with which the rectangle A£ flows, 13 ftill meafured by 
■the fiun or diSeience of the redangles EG aod £M when the 
(notions of F aod Q^, at the tenn when they come to D and * 
Jjy are mea&red by DG and LM, by prop. 2. In general, let 
FiG.14.the motions of P and Q^be varied at pleafuce^ and let them 
come to D and L with motions by which contmued tmiformly 
they would defcribe DG and LM in any given rime. Let the 
right line AC conftitute with AD an angle that is half a right 
one J produce ED and £L till they meet AC in C and K : and 
KE, or CE, Iball be always equal to the fam of AD and AL. 
Upon AD produced let AF be always equal to CE, and FR pa- 
rallel to DE meet AC in R ; and the triangle AFR (which is 
equal to KEG) fhall always exceed the rectan^e A£ by the 
two triangles ADC, ALK. Therefore the mouon with which 
the re<^langle AE increafes, is equal to the excels of the morion 
with which the triangle AFR increafes above the fum of the 
.morions wirii which ^e triangles ADC, ALK increafe. When 
the fides AD, AL mcreafe together, take FT equal to the fum 
.of DG and I^, but equal to tb«r di&rence when AL de- 
creafes while AD inaeaies. Let GQ^and TX, parallel to DE, 
meet AC m the pcdnts Q^and X ; let MY, parallel to AD, meet 
AC in Y: let CP and R2, parallel to AD, meet GQ^and TX 
in P aod Z j and let KS, parallel to AL, meet AC in Y. By. 
prop. a. if the motion widi which the triangles AFR, ADC, 
ALK increafe were continued uniformly, they would generate 
the ipaces F2, DP, LS in the fame rime that the motions with 
which their bafea increafe, conrinued uniformly, would gene- 
rate the right lines FT, DG, LM. But, when the fides AD, 
AL increafe together, FT is equal to the fum of DG and LM ; 
and FR is equal to KE, or EC : and therefore FZ is equal to 
the fum of the redanglea ES and EP. From which fum de- 
duce DP and LS, which meafure the morions with which the 
triangles ADC, ALK increafe, and the remainder is the fum of 
EG and EM ^ which therefore meafures the motion with which 
the redai^le AE flows. But if AL decieafe while AD increa- 
fes, 
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Jes, then, £T bemg equal to the diffirence of DG and LM, cheFio. 15. 
xe^ftngle ¥% will be equal to the diffirence of the redangles EP 
4U)d ES ; and, becaufe the triangle ALK. decreafes, the motion 
with which the fum of the triangles ADC, ALK increafes will 
be meafured by the difference betwixt DP and LS. From F2^ 
or the difference betwixt EP aod £S, fubduS: the di^rence be- 
twixt DP and LS, and the remainder will be equal to the diffe- 
rence betwixt EG and EM ; which therefore meafures the moti- 
on with which the retStangie AE flows when DG and LM niea- 
fure the morions with which its fides AD and AL flow. If DG 
be equal to LM, the parallelogram EP is equfd to ES : the Ime 
FT, and the morion with which the triangle AFR. flows, va- 
oifli j the motion with which the rectangle AE increa&s is equal 
to the morion with wluch the fum of che triangles ADC, ALK 
decreafes, and therefore is meafured by the difference becwixc 
LS and DP ; which is equal to the difietence betwixt EG and 
EM, becaufe ES the fum of £M and LS is equal to EF the fum 
of EG and DP. If LM be greater than DG, then the triangle 
KEG (or AFR.^ decreafes, and FT mull be taken from F to^ 
wards A : Imt me morion with which AE increafes will Alll be 
meafured by the escefs of EG above EM. When EG is equal 
to EM, then this motion vanifhes; and, when EG is lefs uuui 
EM, the re^angle AE decreafes by a motion that is IHU mear- 
fured lyy their difierence. Thus it appears, that, whether the 
■fides AD and AL flow with uniform or vMifJUe mouona, and 
xhe f (»nt E defciibe a right line or not, when the .fluxions of 
the fides AD and AL are meafured by DG and LM, the flu- 
xion of the redangle AE is meafjred by the fum or difierence 
of the rectangles EG and EM, their fum when the fides in- 
creafe or decreafe together, their difference when one fide d^ 
creafes while the other increafes. We fhall demonilrate this 
propofirion in a different manner afterwards- 

102. Cor. When the fides of the reftangleAEincreafewithFio.ai. 
uniform morions, the re61angle flows with' a motion that is u- 
niformly accelerated :, For the reftangle is always equal to the 
fum of the triangle FDE and trapezium AFEL j both of which 
increafe with motions that are uniformly accelerated, by cor. 4. 
4>rop. 2. While the fides AD and AL acquire the augments DG 
R. and 
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aad XM^ the re&iingle AE is increafed by the fpace DELMHG : 
but there is no more than the para EG and EM of this tncre- 
ment generated in coolequence of the mocioa with which the 
redai^e AE flows at the cenn or momeox when P ccunes to 
D and Q_to Lb The part \b is generated in ccmfequence of 
the uoifoim acceloation of this motion winle the points P aad 
Q^de&ribe DG and LM. This part is lejefted in meafuriag 
the motion with which the redangle AE flows at thu temi}' 
but the kicreafe or acccleradon of this motion generated In a 
riven drae, or the uniform power hy wMch this increafe may 
be conceived to be produced^ may be meafured by it. A fpace 
double of V> would be generated in the fame given time by an 
Boiform motion equal to the difference of the motions with 
which the redaDgies AH and AE flow ; and therefore the fe- 
cond fluxion of the rectangle AE may be meafured by that fpace j 
«8 was demonArated in the fiiieenth theorem. 

1 03 . In the fecond cale, die fluxion of the refbingle AE may 
be exprefled by the rectangle that i# contained by LM and the 
difierence of FD and AD, or of AF and aAD \ for that reft- 
angle is equal to the difierence of the re^lan^s EG and EM. 
In this cafe, the fluxion of the redangle AE conrinually de- 
creaies whilJe AD increafes ; h vanilhes when AD is equal to 
DF or to one half of AF ; and the redangle AE is greateft ac 
that term. When AD becomes greater than FD, the fluxiun 
of the re£tan^ AE becomes negative \ that is, the rectangle 
decreafes continoally till it vanifti when AD becomes equal to 
AF. The fecond fluxion of the reflangle b invariable, and is 
meafured by aIJ>, as in the flrft cafe : but it is confldered as ne- 
gative, becaufe it continually diminiftiea the flrft fluxion, or re- 
tards the motion with which the rectangle increafes tiM AD be- 
come equal to one half of AF, and accelerates the motion with 
which the redangle decreafes after that term. If we fuppele, 

Fia. aajn the flrft caie, aie points P'and Q_ to move from O and V to- 
wards A,, and their motions to be continued aiter P comes to F 
and Q to A, we fliall have the firft and fecond ca&s compre^ 
hendea in com view. 

104. We have infifted ft) much on the two preceeding pro* 
pofliions £br the reafboa mentioned in the 6ptii and Sjtb ar- 
ticles*. 
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tides. In deliveriog thofe elements, we have endeavoured tQ 
avoid every thioe that might im>ear abftrofe or ob&ure, and to 
obviate the objcOTCos that have been advanced lately agunft this 
do£trine) though we have not taken paidcular notice of then;. 
In the third lemma, we demonftrated that the motion with 
vhich the triangle flows is perpetually accdeiated while th« 
bafe flows uniformly. Nor do we lee how this can be difj>ute<^ 
fince that motion cannot be funnfed to be eicher uniform or 
retarded for any part of the tinic how finallfoever. SomePhilo- 
fbphen nuy be 01 opinion^ that a line or velocity cannot be coo* 
ceived to increafe or decteafe continually, but hy certain finalX 
indivifible increments or decrements only. Ifow repugnant £>- 
ever this principle may be to what is dononftrated by Geom*- 
tricians, the preceeding propofidons and a ^reat part of this to* 
£trine may be eafUy adapted to it, as we mnted id the 7th ar- 
ticle. It was in efieS in this form that fiune part of its elemeua 
firll aweued in the method of indivifibles : out we proceed to 
eftablUh it on the more accurate prindples of the a ^ 



CHAP. III. 

Of the Fluxions of f lane curvilineal Figures. 
LEMMA V. 



105- 



THe bafe of Any figure being fuppofed to in- 
creafe uniform^, the area flows with an 
accelerated or retarded motion^ according as the 
ordinates increafe or decreafe while the pafe in- 
creafes. 

While the point P delcribes the bale by moving from A to-Fis.a(L 
wards a, or bom a towards A ; let the ri^ht line FM, by mo- 
vie^ parallel to itf^ from AF towards a}., or fexn af towards 
AF, generate the aieaAPMF or isFA^. Let $D and DQ.be e- 
R. 3 qnal 
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qual parts of the bafe defcribed by P in any equal rimes j let qn, 
DE and QN, parallel to PM, meet the curve, or any continued 
line FE^, in », £ and N : Then it is manifeft, that, when the 
ordinates from qn to QN increafe, the area DEN(^i3 greater 
than the area \iEnq. Therefore, when AP increafes uniformly, 
or the pcnnt P defcribes jD before it defcribes Cy), and the right 
Ime PM generates the area qViEn before it generates DQNE, 
the motion with which the area flows is always accelerated : 
but if dp increafe uniformly, or the point P move from Q_to 
f, the increments of the area aPMf which are generated in any 
equal times that fucceed after one another, perpetually decreafe, 
and the motion with which it flows is always retarded. 

106. It is evident, in the fame manner, that, when the ordi- 
nates decreafe while the bafe AP decreafes, the area APMF de- 
creafes with a retarded motion ; but, when the ordinates in- 
creafe while the bale a? decreafes, the area aPMf decreafes with 
FiG.a7.an accelerated motion. It is aifo manifeft, that, when the area 
APMF is fuppofed to flow with an uniform motion, fo that any 
increments or decrements jsED, DENQ_ generated in equal 
times are always eqaal, then ;D is greater than DQj and the 
bafe AP increafes with a retarded motion, or decreafes with an 
accelerated motion : but the bafe aP increafes with an accelera- 
ted motion, or decreafes with a retarded morion. It is eafy to 
reprefent the morion with which the area flows by the motion 
of a given right line pm, that, by moving parallel to itfel^ may 
be fuppofed to generate a pardlelogram always equal to the a- 
lea, as in the preceecUng chapter. We omit this right line pm 
. in the following propolirioos \ but it may be eafily fuppUed by 
ihe reader if he pleafes. 

PROP. IV. 

107. The fluxion of the bafe AD being refrefented by 
DG. the fluxion of the area ADEF is accurately 
meafured by the parallelogram EG. 

Fic.a6. P'rft» let the bafe AP increafe uniformly, and the ordinates 
PM increafe while the bafe increales. The area flows, in this 

cafe, 
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cafe, wkh an accelerated modon, by the laft lemnia ; and, if 
diia motion was continued uniformly from the term or moment 
when P comes to D, a ftace would be generated by it greater 
than BDEC, (by ax. 2.) but lefs than DGHE, (by ax. i.) in 
-the fame time P defcribes DG with its uniform motion. Let 
this fpace be fuppofed equal to X, and X ihall be equal to the 
parallelogram EG. For, if it be faid to be greater than EG, 
let DR be greater than DE in the lame ratio ; complete the pa- 
rallelc^ram DRLG, and it ihall be equal to-X, becaufe it is to 
EG as DR is to DE^ (Elem. i. 6.) or as X is to EG. Let RL 
meet the curve CH in N, and NQ_ parallel to DE meet the bafe 
in Q. Then, fince the parallelogram RG is to RQ__a9 the bafe 
DG 13 to t>Q_, it follows from die firft general theorem, (art. 
i^S.)- that a fpace equal to the parallelogram RQ_would be- ge- 
nerated by the motion with which the area APMF flows, con- 
tinued uniformly from the term or moment when P comes to 
D, in the fame time P defcribes DQ^ But, while P defcribes 
the line DQj the area DENQ^is generated by the accelerated 
motion with which the area flows ; and DENQ^muft be great- 
er than the fpace which would have been generated in this time 
if the motion with which the area flows had been continued u- 
nifbrnily from the beginning of the time without any accelera- 
tion, by the firft axiom. Therefore the area DENQ^ia greater^ 
than the parallelogram RQ. But, becaufe DR is greater than 
DE, (in the fame proporrion as X is fuppofed to be greater than 
EG,) and the ordinates from DE to QN continually increaie, 
the parallelogram RQ is greaterthan DENQ. And thefe be- 
ing contradidory, it Follows that the fpace X is not greater 
than EG. If X be faid to be lefs than EG, let Dr be lefs than 
DE in the fame proporrion J 'complete the parallelogram IV/G, 
and it fliail be equal to X. Let rl produced meet the curve in <», 
and nq parallel to DE meet the bale in q. Then, lince the pa- 
rallelogram rG is to rq 2s, the bafe DG is toD^-itfcdlows, - 
that a (pace equal to the parallelogram rq would be generated 
by the morion with which the area flows, continued uniformly 
from the term when P comes to D, in the fame time P defcribes 
a line equal to Dj with its uniform motion. But, while P dc- ■ 
fsribed ^D before it came to D, the-lpace ^sED was generated 

by-^ 
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by che accelerated motion with which the area flows ; and thi» 
fpace 9«ED muft be leis than the fpace which would be gene- 
Eated by che motion with which the area flows if it was conti- 
nued uniibnnly &om the term when P comes to D, by the fe- 
cond axiom ; that is, qnSX> is lefs than the parallelc^ram rq : 
which is abfuid. Therefore the (pace X is neither greater nor 
lefs than the parallelograna EG, but pred&ly equal to il When 
the bale decreafes or increafes uniformly, and the ordinate? de- 
creafe at che fame time, the area flows with a retarded motion \ 
and che demonftration b che fame as that of the 87th anicle. 
F1G.27. 108. Let the area APMF flow unifomily, and acquire the 
augment DESK in any given time. Let DG be the fpace thu 
would be deC:ribed by P with its motion at D continued un»- 
formly for the {ame ume \ and the area DESK. fliaU be equal 
to the parallel(K|[ram EG. For, if the ordinates increafe while 
the bale increases, the motion of P is retarded, (by art. 106.) 
and, if the area DESK be fuppofed equal to any parallelogram 
DRXXj greater than EG, let R.L meet the curve EH in N, and 
KQ parallel to ED meet the bafe in Q. Then, becaufe the pa- 
rallelogram KG is to R-Q^as the bafe DG is to DQ^ it Allows, 
that the pomt P, with its motion continued uniformly from D^ 
would defcribe the Une DQ^, in the fame time that the area by 
flowing uniformly acquires ati augment equal to the parallelo- 
gram RQj and the point P would defcribe a leis Uoe than DQj 
by the fame uniform motion, while the area by flowing uDiform- 
ly acquires the augment DENQ^ But, becaufe the motion of 
P is retarded while che area increafes uniformly, it follows &om 
the third axiom, that the point P would defcribe a greater line 
than DQ^, by its motion continued utuformly from D, while 
die area acquires che augment DENQ^ And thefe being cod- 
tradi^ry, the area DESK is not greater than EG. In like 
manner, it appears from the fourth axiom, that che area DESK 
is not equal to any parallelogram Dr/G lefs than EG. There- 
fore che area DESK is equal to the parallelogram EG. When 
the ordinates decreale while the bafe either increafes or decrea- 
fes, and the area is fuppofed to flow uniformly, the bafe flows 
with an accelerated motion \ and the demonftration is che iame 
as in che Spch article. In thofe cales, when the motion with 

which 
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which the area flows is uniform, the pftnlleloeram EG (whidi 
is etjuftl to the fpace that would be generated by- that unifonn 
motioo in a given time) is of an invariable magnitude ; and the 
velodty of the point P is always reciprocal^ as the ordinate 
FM : whence it may be determined, whether the morion widi 
which the area flows is accelerated or retarded, when the law 
according to which the velocity of F varies and the natnre of 
the carve F£H are known. 

105). In general, whatever the motion of the ^cAot P may 
be, or that with wtuch the bafe flows, the propoiirion is demoit- 
Arated univer&Uy from art. 107. by the ninth and eleventh g^ 
neral theorems in the manner that was defcribed in the poth ai^ 
dele. Therefore, when the fluxion of the bafe AD is repre- 
lented by DG, die fluxion of the area ADEF is reprefented by 
the parallelogram EG. And, converfely, when the fluxion of 
the area is reprefented by the parallelogram EG, the fluxion c£ 
tiie bafe is repreleiited by DG. 

1 10. Cob.. I. When the fluxion of the bale AD is given, the 
fluxion of the area ADEF is the lame, whatever luie be defcri- 
bed by the point M if it pafa through E. If the bafe flow uni- 
formly, whatever is generated more or left than the parallelo- 
fim EG by the motion with which the area flows, in the time 
defcribes DGj proceeds from the acceleration or retardation 
of the motion with which the area flows at the teim when P 
comes to D. 

\iv. Cor. IL "When the fluxions of the bafes of two figures 
diat are generated in the fame time are equal, the fluxions of 
the areas are aa-their ordinates-^ and when the ordinates are al- 
ways in a given ratio, (as in the cafe d^cribed in the introdn* 
&ion, pa|. 7. fig. i.): the areas that are generated in the fame 
time are m the lame given ratio, by. the fixth general theorem.- 
When the fluxions ofthe bales are reciprocally as the ordinates,. 
the fluxions of the areas are equal ; and when the fhixions 01 
^e bafes are always-to each.other in this r^o, the areas thac 
are generated m the fame time are equal, by. the fourth general 
Aeorem. 

ivx. Cor. nik Let AE be a Ee£langle conttuned by the twoFia.2S. 
fides AD, AL ^ while AD and AL flow with- any accelcraced 
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or retarded motiom, let E defcribe any Ime FE that meets one 
,of the Cdes AD in F. Then, the redlangle AE being equal to 
the ium or difference of the areas AFEL and FDE, the fluxion 
of the reftangle AE Ihall be meafured by the fum or difference 
of the reSanglesEG and EM, -when the fluxions of the Iides 
AD, ALare meafured by the right lines DG and LM. And thus 
the thicd ca4 of the third proportion. is briefly demonllrated. 
FiG.ap. 113. CoR.IV. If theareaADef'be alwaysequalto therefl:- 
-aogle contuned by.the ordinate DE and the right line DG that 
.reprefents the fluxion of the ba^ AD, then ihaU the parallelo- 
.gram eG meafure the fluxion of the area AD*f, or of the paral- 
Jelc^iram EG, or the fecond fluxion of the area ADEF. And, 
.if the area ADef be always equal to the parallelogram K>, the 
parallelogram eG ihall meafure the third fluxion of the area 
ADEF. In the fame manner the higher fluxions of this area 
may be reprefented \ but, in fome c^es, by proceeding thus, 
we ihall come to fome fluxion that is conftant, which cannot be 
.conlidered as a'flowiog or variable quantity. 

114. Cos.. y. From this propofition fome general theorems 
.10 the do6hine of motion may be eafily demonftrated. If the 
Fig. a6.bafe AP reprefent the time of any motion, PM the velocity at 
& JO.. any term of the time P, the fpace defcribed by the motion in 
the time AP may be meafured by the area APMF \ that is, the 
fpace defcribed m the time AP Ihall be to the fpace defcribed 
iu any other dme AD as the area APMF is to the area ADEF. 
For, the modon of F being uniform, the motion with which 
the area APMF flows varies in the fame proportion as the or- 
dinate PM, by what has been demonftrated \ and therefore, if 
the invariable right line pm^ by moving parallel to itfelf, de- 
icribe a fpace am always equal to the area APMF, the velodcy 
of the right lin^ /wi, or of the point />, fliall be always mea- 
fured by die ordinate PM at any term of the time, as P. From 
which It follows, conveifely, (as in art. 95.) that if we fup- 
pole the velocity of the point p- at any term P to be meafured 
by the ordinate PM, the fpace defcribed by the point p in the 
rime AP fliall be meafured by the area APMF ; or, the fpace 
defcribed by p in the time AP fliall be to the fpace defcribed by 
.it in the time AD as the area APMF is to the area ADEF. In 

the 



,y Google 



I'l.^.Pa..i3ff. 



L_I.B_E_LJ> 




„ Google 



„ Google 



Chap, III. plane turvHineal Figures. xif 

the fame mflDneij if the adioa or exertion of aoy power that 
accelersces or retards motioo be always repiefented by the or- 
dinate FM while the bafe AP reprefeots the time, the motion 
t^t is generated or deftroyed by this -power in the time AP is 
to the motion that is generated or deftroyed in the time AD as 
the area APMF is to the area ADEF. Quantities of all kinds 
that increafe or decreafe while the time increafes in any regular 
manner whatfoeven may be thus fubjeifted to menfuration by 
the quadrature of figures. 

115. Cor. VI. There is another general theorem in the do- 
fbioe of motion that alfo follows ealily from tMs propoHtion, 

I^et the bafe AP reprefent the fpace described by any motion ^Fig. 27. 
let the ordinate FM be always reciprocally as the velocity : that 
is, let the velodty at any place F be always to the veloaty n 
any other place D as the ordinate DE is to the ordinate PM^ and 
the time in which the line AP is defcribed fhall be to the time in 
which AD is defcribed as the area APMF is to the area ADEF. 
For it follows from this propoficion, (arc. 108.) that, if the a- 
rea APMF flow uniformly, the velocity of the point that de- 
fcribes the Infe Ihall be reciprocally as FM \ that is, its veloci- 
ty at P fhall be to its velocity at any gjven term D as DE is to 
PM. From which it eafily follows, converfely, (as in art. ^^^ 
that, if the velodty of a point that defcribes the line AP at any 
term of that line, as P, be always reciprocally as the ordinate 
PM, the area APMF fhall flow uniformly, or in the feme pro- 
portion as the ume of the motion. 

116. Let a given right line SF, revolving about the cen- 
ter S, generate the circle ADi>, and meet any corve FEH al- 
ways in M j then, if the ray SM increafes while the arch AP 
increafes, it is manifeft, that, when the motion of P in the dr^ 
cumference AD^ is uniform, the area FSM flows with an acce- 
lerated motion. For, if BD and DG be equal arches defcribed 
by P in any equal times, and the rays SB, SD, SG meet the 
cun-e FMH in C, £ and H, the area SEH fhall be greater than 
SEC The fe^or ASP and the angle ASP increafe uniformly 
in this cafe. If the motion of P be variable, but its velocity at 
D be meafured by the arch DG, the motion with which the fe- 
dor ASD flows fhall be meafured by the fe£tor DSG, and the 

S motion 
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motion with which the angle ASD flows by the angle DSG j &» 
may be demooftrated in tbe fame maoaer as the Soch article. 

PROP. V. 

117. The area FSE being fuppofed to flow as in the laft 
article, let the arch El de/cribedfrom the center S 

Fig ai ^^^^ '^^ '''?^ ^^ '* ' ' '*"^' '^ ^*^ fluxion ofthefe- 
■^ ' Hor ASD be reprefented by the feSfor DSG, theflu^ 
xion of tbe curvilineal' area FSE jball be accurate- 
ly meafursd by the feBor ESI. 

Let the motion of P in the circumference KDa firfl be oni- 
forni, and the rays SM terminated by the curve FMH increafe 
while AP increales, as in the lall anicle \ and the area FSM 
fliall flow with an accelerated motion. Suppofe that a fpace c- 
qual to X would be generated by this motion continued uni- 
formly from the term when P comes to D, in the fame time P 
defcribes DG ; and the fpace X Jhall be lefs than the area £SH, 
(by ax. 1.) but greater than the area CSE, (by ax. a.) If X 
be not equal to the feftor SKI, let it firft be greater than that 
fe^oi. Produce SE to R till SR be to SE in the fubduplicate 
ratio of the Ipace X to SKI ; let the arch RL defcribed from 
the center S meet the rays SD, SG in R and L, and the curve 
in N J and the fpace X fhall be equal to the fei^or SRL. Let 
SN meet the circle in <Xj, and, fince the feftor SRL is to SRN 
as DG is to DQ^, it follows, (by theor. i.) that, if theniorion 
with which the area FSE flows be continued uniformly, it will 
generate a fpace equal to- the fedlor SRN, in the time that P 
defcribes the arch DC^^ But this fpace muft be lefs than the a- 
rea SEN which is generated in the fame time by the accelerated 
morion with which the area FSM flows, by the firft axiom. 
Therefore the feftor SRN is lefs than the area SEN. But this 
is abfurd \ and, cwifequently, the fpace X is not greater than the 
feAor SET. If it be faid that tlie fpace X is Ids than the feftor 
SEI, ktSr be lefs than SE in the fubduplicaterauo of the fpace 
X to the itStot SEI. From S as center defcribe the arch r^ 
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meeung the rays SD, SG in r and /, and the curve EC in n. 
Let Sfl meet the circumference of the circle ADd in ^ > and the 
ipace X Ihall be equal to the feilor Sr/. But Sri is to Sr» as 
rl is to rff, or DG to D^ ; and therefore (by iheor. i.) a fpace 
equal to the feftor Sr» would be generated by the motion with 
which the area FSE flows continued uniformly^ during the 
ume in which P delcribes an arch equal to qD \ and this fpace 
muft be greater than the area SnE which is generated by the ac- 
celerated motion with which the area flows while P defcribea 
jD before ic comes to D, by the fecond axiom ; that is, the ft- 
ctor Sffr muft be greater than the area S»E : which is abfurd. 
Therefore the fpace X is neither greater nor lefs than the (e£tox 
SEI, but is precifely equal to ic. 

I rS. The reft remaining as in the laft article, fuppofe thea-FiG.53. 
rea FSM to increafe uniformly, and to acquire the equal incre- 
ments CSE, ESH in any equal dmes that immediately fucceed 
after each other. LiCt the rays SC and SH meet the circumfe- 
rence KDa in k and K j and, fince the rays from S terminated 
by the curve CEH are fuppofed to mcreale continually from SC 
to SH, ic is manifeft, that i^e angle ESH is \t& than ESC, and 
that the arch DK is lels than D^ Therefore the motion of the 
point P, in defcribing the circumference ADj»^ is perpetually re- 
tarded. Suppoie that the point F would defcribe the arch DG 
by its motion at D continued uniformly, in the fame time that 
the area FSE by -flowing uniformly acquires the ai^ent ESH \ 
and the area ESH fli^l be equal to the ieSor ESI. Fon if 
ESH be greater than ESI, let SR be greater than S£ in the (ub- 
duplicate rado of ESH to ESI 1, let the arch RIj defcribed from 
the center S meet SG in L, and the curve EH in N j and let 
SN meet the drcumference DG in Q^ Then, lince the fedor 
SELL is to the fe<^or SRN as the arch RL is to the arch RN, 
or as DG is to DQ, it follows, that, in the time the area FSE 
by flowing uniformly acqiures an augment equal to the feiStor 
SRN, the point P would defcribe DQ_ with its motion conti- 
nued uniformly from the term when it comes to D \ and, in the 
Ume that the area FSE acquires the augment ESN, (which is 
le6 than the feitor SRN,) the point P would defcribe an arch 
lefs than DQ_by the fame motion continued uniformly. But, 
S 1 while 
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while the area FSE acquires the augment ESN, the point P 
with a retarded motion defcribea DQ^j and it would defcribe 
an arch greater than DQ^in the fame time by its motion cooti- 
naed uniformly from D, by the third axiom. And thefe being 
contracUiiilory, it follows, that the area ESH ia not greater than 
the fe<itor EST. In the fame manner it appears, that ESH is 
not equal to any fedor Sri lefs than SEI. 

119. In general, all the other cales of this propofidon are 
deduced from the firft, by the ninth and eleventh theorems, in 
the Gune manner that we demonttrated the 00th article : fo that, 
when the fluxion of the arch AD is reprefented by DG, or the 
fluxion of the feftor ASD by the feSor DSG, the fluxion of the 
area FSE is exprelTed accurately by the fe£tor ESI ; and, con- 
verfely, when the fluxion of the area FSE is exprefled by th^ 
fedor ESI ; produce SI till it meet the circumierence KDa in 
G, and DG mall reprefent the fluxion of the arch AD. 

laa Cor. I. The fluxion of the feiEior ASD is to the fluxion 
of the area FSE in the duplicate ratio of SD to SE. When the 
arch AD, or the angle ASD, flows uniformly, the fluxion of 
the area FSE increafes or decreafes in the duplicate ratio of the 
ray SE. But, when the area FSE flows uniformly, the fluxion 
of the arch AD, or of the angle ASD, is reciprocally as the 
fquare of the ray SE. 
Fig.32> 111- Cor. IL IntheiiSth ardcle, where the area was fup- 
pofed to flow uniformly, it was fhewn, that, if the feftor ESI 
be equal to the area ESH, and SI produced to the drcumference 
ADo meet it in G, then DG is the arch that would be defcri- 
bed by P with its motion at D continued uniformly while the a- 
rea FSE acquires the augment ESH. From this it follows, 
that, if the angular motion of the ray SE was continued uni- 
formly, the angle ESI would be generated by it in the fame 
time. Let SH meet the arch EI in R ; and the angle ESR, 
which is aftually generated by the ray SP revolving about the 
center S while the area is increafed by ESH, is to the angle 
ESI that would have been generated in the fame time if the an- 
gular motion of SE about S had been continued uniformly, as 
the fedor ESR is to the area ESH j and the difference of thofe 
angles is to the latter angle ESI as the area ERH is to the area 
ESH. 12a. The 



v Google 



Chap. III. fUne eurvilineal Figures. 141 

112. The fimilarity of eurvilineal figures may be derived 
from chat of re£liUne3l 6gures thac are always fimilarly delcri- 
bed ia them ; or, we may comprehend all forts of limilar fi- 
gures, planes or folids, in this general definition : Figures are 
firailar when they may be fuppoled to be placed in fuch a man- 
ner, diac, any right line being drawn from a determined point to 
the terms that bound them, the parts of the right line intercepted 
betwixt that point and thole terms are always in one conftant 

ratio to each other. Thus the figures ASD, aSd are limilar, Pio. 33. 
when, any line SP being drawn always from the fame point S 
meeting AD in P, and ad in j>, the ratio of SP to Sp is invari- 
able. It is manifel^ that the reftilineal jnfcribed figures APDS, 
apdS are limilar, in this cafe, according to the definition of .fuch 
figures that is given in the Elements. If the right lines PM 
and pm parallel to'each other meet SA in M and m; then FM 
fhall be to /M as SM is to Sm, or as SA is to Sd ^ and AM 
is to am as PM is to pm. And, converfely, if AM be always 
to am as AS is to ifS ; and PM be always to pn as AM is to 
<»», it is manifeft, that the paints S, p and P are always in one 
right line, and that Sp is to SP m the invariable ratio of Sa to S A. 
From which it appears, that the common definitioo of fimilar 
figures, particularly that of Apollonius for the conic le61ions, 
and of Cavalerius for any figures whatfoever, is included iu 
t^ or is eafily deduced from it. When the fimilar figures are 
in the fituation we have defcribed, they are alfo fimilarly fitu- 
ated, and all their homologous lines are either placed upon one 
another or paralleL 

113. If the right line SP, by revolving about the given point 
S, gi^nerate the fimilar figures ASP, aSp^ their fluxions Ihall 
be to each other in the duplbate ratio of SP to S^, or of SA 
to Sa\ and, confequently, in an invariable ratio. Therefore, 
by the fixih general theorem, the fimilar figures ASP, aSp which 
are generated in the &me time are in the fame inrariaue rado. 
The triangles ASP, a'&p and the fegments AKP, anp are in the 
fame duphcate rauo of SA to Sa, or of AP to ap. If we fup- 
po(e the ray Sa and the figure aSd to increaie or decreale fo 
as to remain always fimilar to a given figure ASD, the fluxion 
of the area a'^d Ihall be to the fluxiou of the infcribed triangle 

aSd 



,y Google 



145- 0/ '*' FluxioHS of Solids. Book I, 

<iSf^ in the invariable ratio of that area to the mfcribed triangle; 
and the fluxion of che area tfSi increafea or decreafes untfonnly 
when the fluxion of %a is conftant. 



CHAP. IV. 
Qf the Fluxions of Solids, and of third Fluxions. 

PROP. VI. 

114. *~W^He fluxion of the folid that is generated h 
X. the revolution of the area ADEF about the 
Fie<a5. axis AD, is meafured by the cylinder that is ge- 
nerated by the re^angle EG, 'when the fluxion of 
the axis AD is meafured by DG. 

The demonftradtm 13 the £une as that of the fourth propoli- 
don \ and it is eafy to deduce corollaries from this propontion 
fimilat to thofe which were inferred &om the founh. 

PROP. vn. 

iij. The fluxion of a folid that can be conceived to 
be venerated by any plane fur face moving parallel 
to ttfelf and perpendicular to a given axis, is mea- 
fured by a prifia that has the generating furface 
for its bafe, and its altitude equal to the right line 
which meafures the fluxion ef the axis. 

By a {Hifin we underfbnd,in tihis propofirion, any upright iblid 
that can be generated by an bvariable plane moving parallel to 
itfelf {leipendicular to a given right line. When the generating 
figure is of an invariable magnitude, tbe proposition is demcnftra- 
ted as in arc 8a The aws AD being fuppofed to fiow unifomi- 

1T» 
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ly, if the generating plane LM continually iocreafe, it is evi-FiG.34. 
dent that the folid muft increafe with an accelerated motion. 
Lee this motion be fuppofed to be continued uniformly &oni the 
term when the plane LM cuts the axis in D, and to generate a 
iblid equal to R in the lame time that the axis hy flowing uni- 
formly acquires the augment DG. Then fliall tne folid R. be 
equal to the prifm upon the bafe LM of the height DG : For, 
if the folid R be faid to be greater than that prilm, let AD be 

(ifoduced to P till Im (the leaion of the folid through P paral- 
el to LM) be to LM as the folid R is to that prilm \ and the 
folid R Ihall be equal to a prifm upon the bafe Im of the height 
DG. From this it follows, (by theor. i.) that the motion with 
which the folid EBML flows, contmued uniformly, would ge- 
nerate a folid equal to a priGn upon the bafe Im of the height 
DP, in the time that the axis acquires the augment DP by flow- 
ing uniformly. But the modon with which the folid flows when 
condnuatly accelerated from the fame term, generates in that 
ume the fmftum included betwixt the fet^ions LM and /i», 
wlucb is lefs than the piifm upon the baJe Im of the height DP ; 
and, if the modon with which the foKd flows was continued »• 
niformlj' from that term, it would generate in the fame time a 
lels iblid than that frullum, (by ax. i.) and therefore lels than 
the prilm upon the bde Im of the heighc DP. But thefe are 
contradiftory j and therefore the foh'd R is not greater than a 
prilhi upon the bale LM of the height DG. In Eke manner it 
Is ftwwn, that the folid R is not left than this priCn. And the 
demonftradon is extended to the other cales of the propofidon 
in the manner that was defcribed in art. pa Thereiore, the 
fluxion of the axis AD being reprefented by DG, the fluxion of 
the folid is accurately mealured bv a prilm upon the bafe LM 
of the height DG. And, converfely, when die fluxion of the 
folid is reprefented by that prilhi, the fluxion of the axis is ac- 
curately meafured by DG. 

116' CoR.I. Letthefolid ALMbeapyranudthat hasitsvei^FiG.35. 
tex m A, and let the fedibn LM be tripte of the ^uare of AD :. 
Then Ihall the folid ALM be always equal to a cube defcribed 
upon AD. Therefore the fluxion of the cube upon AD is ac- 
cuately meafured by aparallelopipedonuponabaiethatis'trrple 

of 
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of the Iqaare of AD, of a height eqoal to DG that meaiures the 
fluxion of the fide AD, or by a parallelopipedon upon the (quare 
of AD of a height triple of DG. From which it follows, that, 
when foor quantities are in continued proportion, and the 6rft 
term is invariable, the fluxion of the fecond term is to one third 
part of the fluxion of the fourth as the firft term is to the third. 
I Vj, Cor. II. When the foUd ALM is a pyramid as in the 
laft corollary, and the motion with which AD flows is uniform, 
the fluxion of the pyramid is as the feftion LM, or as the fquare 
of AD. In this cafe, the right lines AL, AM, ^c. that form 
the folid angle at A, flow with uniform motions. The fefti- 
on LM, and the triangular fides of the pyramid increafe with 
motions that arc accelerated uniformly, by prop. i. cor. x But 
the folid ALM increafes with a motion the acceleration of which 
increafes unitormly j that is, the fecond fluxion of the pyramid 
increafes uniformly, and its third fluxion is invariable. In the 
fame mafiner, when the fide of a cube or the axis of a cone in- 
creafes uniformly, the folid flows with a motion the accelera- 
tion of which increafes uniformly. 

Fio.ai. isS. In art. j}3. we refolved the trapezium DGHE (which 
is che increment of the triangle ADE that is generated while 
AD by increafing uniformly acqmres the augmQuc DG) into 
two parts, Ilia, the parallelogram EG, which is generated b 
confequence of the motion with which the triangle flows at che 
term when P comes to D, and the triangle EIH, which is ge- 
nerated in confequence of the acceleration of that motion. In 
like manner, we are tn the prefent cafe to refblve the increment 
of the folid that is generated while the axis acquires the aug- 

Fic.35.nient DG, into three parts. The firil we conceive to be |;ene- 
rated in confequence of the motion with which the folid flows, 
at the term when its fide or axis becomes equal to AD, fuppoT 
fed to be continued uniformly for that time. The fecond pare 
is conceived to be generated m confequence of the acceleration 
of this motion fuppofed to be continued uniformly from the fame 
term and for the lame time. And the third part is what is ge- 
nerated in confequence of the continual and uniform increafe of 
this acceleration. 

1 39. Thefe three parts may be dilUnguilhed from each other 
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in the following manner. 'Let the triangle MP«,- by movingFic.3(S. 
perpendicular to tlie right line AP,' generate the pyramid APMw. 
While the point P delcribes TsQ^ let the pyramid acquire the 
increment thut is termkiaced by the pUnes £D«, HGi' ptrallel 
to MP« \ let £1 and « paralld to DG meet -GH and gh in I 
and /, and sN parallel to EH meet Hjb in N. Then the friH 
ftam of the pyranrid terminated by theplanes EDf, HG^ is re- 
Iblved into three parts ; the prifm ED«IG/, the prifm EIHe/N, 
and the pyramid t^ih. The firft of thefe, the prifin EDeIG;, 
meafuresthe firft fluxion of the pyramid ADEe when DG re- 
prefenta the fluxion of AD, by die feventh propofition. The 
lecond, viz, the prifm EIHirtN, meafures bne half of the flu- 
xion of the flrfi, the altitude DG being fu^^ofed invariaUe. 
For the fluxion of the trian^e ED«, or IG», is meafured by the 
parallelogram IN, (the fluxion of DE or GI being meafured by 
IH,) by prop. 1. and the fluxion of the prifin EDelGi is there- 
fere meafured by a parallelopipedon NH£« upon the bafe IN of 
the altitude DG, which is double of the prifin EIHnN that is 
upon the fame bafe IN and of the fame altitude. Therefore 
the prifin EIH«jN meafuree tme half of the fluxion of the prifin 
EDelGr, or one half of the fecond fluxion of the pyramid ADEf. 
. The laft part of the fruftum ED«HG*, wz. the pyramid «N(*, 
meafures one fixch part of the fluxion of the panulelopipedoa 
NH£«. For, completing the parallelogram N/RA and the pa- 
rallelopipedon NjbL<, the fluxion of the parallelogram IN is 
meafured by the parallelogram NR, (by prop. 1. IH being in- 
variable,) and the fluxion of the paralleloiMpedon NHEf ia mea- 
fured by the parallelopipedon Nj&Le, of which the pyramid «N/ir 
is one Jixth pan. Therefore this pyramid meafures one flxth 
part of the fluxion of the parallelopipedon NHE«, or of the 
third fluxion of the pyramid ADEf. 

. 1 30. Thus the fohds EDeIG/, NHEf, Ni&Le lefpeaively mea- 
fare the firft, fecond, and third fluxions of the [mamid ADE*, 
when AD flows unifomily and its fluxion is reprefented by DG. 
The three parts which conftitute the fruftum ED«HG^ (or the' 
increment of the pyramid that is generated while AD acquires 
the ailment DG) are, the prilm £D«lGf, the prifm EHIcNr, 
Mtd the pynunid «NaE> \ of which the firft meafares the firft flu- 
T xion. 
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xioo, the fecond meafuus one half of the fecond Auxioay the 
laft nieaiures one fixth part of the third fluxion of the pyramid 
ADE«', and, this part ei^ih being invariable, the pyramid has 
no fourth fluxion. The firft of thefe is the folid that would 
have been generated by the OWtion with which the, pyramid 
AB£« flowS) if it had been continued uniformly for the time vo,, 
which P defcribes DG. The fegood part is what would have 
been produced more than the firfi, if the acceleration of chq 
generating motion had been cimtmued uniformly from the term 
when P comes to D, in the faipe manner as the triangle EIH 
(fig. a;.) is the fpace that is generated, in confequence of the 
acceleration of the motion with which the triangle. APM flow* 
Tvhile P defcribes DG, according to What was ftiewn in the 93d 
article. The third part eiiiih \» what is generated in confeqaeocc 
of the continual uniform increafe of the acceleration of the ge- 
nerating motion, or of the uniform increafe of the power by 
which we may conceive this acceleration to be produced. The 
fiift fluxion of the pyramid ADEc is accurately exprefied by the 
firfl of thofe parts of its increment, and the other two are juft- 
ly aegle<^ed in meafuriog it. . The fecond part ferves for com- 
[Kuing the fecond fluxion of the pyramid at the term when P 
cornea to D with its fecond fluxion at any other term, or with . 
ihe fefcond fluxiffli of any other fglid. The third part ii^ib 
ierres for comparing the third fluxion of the pyran^id with that 
of any other folid, or with the third fluxion of the fame pyra- 
nud when the axis AD flows with a difierent motion. 
. 131. The prifm ED«IGi, which meafures the firft floxion of 
the pyramid AD£e, is to the parallelopipedoa NHEe, which 
meafures its fecond fluxion^ as one half of D£ is to EK, or aa 
one half of AD is to DG. The parallelopipcdon NHE* is to 
die parallelopipedon NjtL«, wUcb meafures the third fluxion of 
che pyramid AD£«, as NH is to N/?, or as AD is to XKi, And 
it is manifeft, that thele ratios, by dimioiihing DE, or by dlmi- 
^Ihing the increment of the pyramid ED^HGi', may become 
greater than any affignable ratio. Therefore the ratio of the 
quantity that meafures the firft fluxion of the pyramid AD£« 
to that which meafures its fecond fluxion, and the ratio of the 
latter to that which meafiires its third fluxion, may become 
^ greater 
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greater than any affigoable rado, wbea che qQandty that mear 
fures ita firil fluxion is continually dimioilhed. The pyramid 
hGHb is [ffecUely equal to the funi of cheie four Iblids, the py- 
iramid AD£«, the prilin £D«IGf, the priTm EHIeNi, and the 
pyramid ;N;^. When DG is continuuly diminifhed, the firll 
of thofe four foltds af^roaches to the pyramid AGH^b, {b chat 
their difference may become leia than aoy aflign^le magnitude ^ 
bat the fum of the firit two a|^roaches much nearer to the py- 
ramid AGH16 .' and the ratio of the dif&ntace betwixt this film 
and that pyHMiid, to the difference of the pyramids AGH^t and . ' 
ADEff, may beccmie leis than any allignable ratio. The funi . 
of the firft three of thofe folids amiroschee ftiil nearer to the 
value of the pyramid AGH^E) ^ and the rado.ofthedi&rence be- 
twixt that fum and this pyramid, to the difference of the fum of 
the firft two folids and the Imie pyramid, may become leis than 
any al^nable ratio. Thus we are led to approximations of va- 
rioDB degrees of exadnefs by this method, as well as to acct^ 
race meofiiratioDS. For, in general, the value of a fluent at the 
hfginfiing of any iinaU time being given, we approximate ta 
its value at the end of that dme, by addiog to tlK former, iiifl, 
the qnandCT^ that would have been produced in tUstime by 
the generadi^ modon, if it had beea contmued uoiformly fixim 
the banning of the time, (which we fuppc^e to meafure the 
£rit fluxion of the fluent; ) then, one hali of the quaadty that 
meafures its fecood fluxi(M], and one fixth i»it of the quandty 
that.roeafures its thiid flazioa. The sqiproximauon ia the mow 
acciunt£, the more we add of thofe qaaodties together, in the 
order we have deferibed them : but of tlus We Ihall treat raoie 
fiilly afterwards. 

137. When AD increa&a uoiformlT^, the milm ED<IGi ii^ 
creafea in the fiune propordcn as the triangle £D#, (iu aldtnde 
IXx being invariable,) orin thedi^iUcsteradoof AD; cbep^ 
rallelopipedon NH£« increafea in the fame proporrion as E< oc 
AD increales, becanfe the fides HK and HI are invariable ; the 
paraUelo^pedon Ni>L( is always of the lame mwnitude. But 
when AD is given, and DG, which meafures the floxion of 
AD, increafes or decreafes, die prifin ED«IGf , which meafures 
the fiift fluxion of the pyramid ADEe, incieaies or decreafes i« 
T a the 
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the fiuwe proporaon ; the mrallelopipedon NHEe, which mea- 
fures the lecond fluxion of that pyramid, increAfeS' or- decreases 
in the fame proportion as its bafe IK, or in the daplicate ratio 
of DG; and the paralielopipedon Ni&Lf, which meafures the 
third fluxion of the fame pyramid, increafes or decreafes in the 
trioleate ratio of ei, or DG. Therefore, when the firft flu- 
xion of the pyramid at any giren term is luppofed to vary, the 
fecond fluxion varies in the duplicate ratio, and the third flu- 
xiffli in the triplicate ra,;io of that in which the firft- fluxion varies. 
B1G.6. 13 V All we have faid of the pyramid ADE« and its fluxions 
FL 2. is eatily transferred co the cone and its fluxions, by what was 
demc^fbated in the introduction, (pag. 19. & 2a) Tiie in- 
crement of the cone AHii that is generated while the axis AE 
is increaftd by EB, or the fruftam defcribftd by the trapeziunl 
-EBCH revolving about the axis KB, is' equal to the cylinder 
•YKsy (BX being a mean proportional betwixt BC and EH) 
and cone ES/ (BS being the diflerence of BC and EH) taken 
together. The cylinder YXjey being refolved into two parts, 
the cylinder HZsi', and the hollow cylirMJiic folid that is ge- 
neraced by the re^angle HX revolving about the axis EB; 
the firft of thefe meafures the firft fluxion c^ the coAe AHi^ 
when the axla ffows uniformly and itsifirft fluxion ia reprefent- 
ed byEB^ and the latter part meafures-one half of the-fluxion 
of the former, or one half of the lecond fluxion of the cone 
AHA. For, the fluxion erf" EH being reprefented by CiB, and 
the flnxic^ 'of its fqaare by thereitangle contained by lEH 
-and CZi ^y piop.-a. cor. 6.) the differetice of the fqdates of 
BX and BZ (or the reftangle contained by EH and CZ) mea- 
fures one half of the fluxion of the fquare of EH ; and the an- 
nular (pace defcribed by ZX revoiving about B meafures one 
half ofdicifluxioncfdiecircle-defcribcdbyBZorEH. There* 
fore the: hollow folid generated by ibe rtdingle HX roeaiiires 
one half of the fluxion of the cylinder HiaZ, or one half of 
the fecond fluxion of the cone AHh. The cone ES/ (which, 
with the cylinder YXsy, completes a fojid equal to the fruftum 
iiixC) meafures one third pan of the fluxion of the hollow fo- 
lid defirribed'by che re£lan^le HX ; becaufe the fluxion of'ihe 
excefe of the fquare o£ BXabove the fquare of BZ (or the flti- 

xion. 
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sion of the reftangle contained by EH and C2} is meafured 
by the fquare of BZ or of CS ; and the fluxion ot the folid ge- 
nerated by the reftangle HX is rfierefore meafured by the cy- 
linder that would be defcribcd by the reftangle ES revolving 
about EB ; which cylinder is triple of the cone ES/7 Thus rt 
appears, that of the three folids which taken together are equill 
to the fruftum Hi&fC, (the incremei^ of the cone AHi that is 
produced while AE is increafed by EB,) the cylinder UhzZ 
meafures the firft fluxion of the cone AHjfe, the hollow folid de- 
fcribed by the rectangle HX meafures one half of its fecond 
fluxion, and t^e cone ES/ meafures one lixth part of its third 
fluxion, the axis b«ng fuppofed to flow uniformly and its flu* 
xion being reprefented by DG. 

134. I^t the point p defcribe the right lihe Pf xti fach a man- 
ner, that an upnght paraUelo^upedon upon a given invarrabte 
bafe, as the Iquare 01 any given line a, and of a height equal 
to Fp, may be always equal to the pyramid APMm, (fig. 36.) 
and, the motion of p being then fimilar to that with which the 
pyramid flows, the acceleradon of its motion fliall Jncreafeuni- 
fcrmly, or the increments of it* velocity generated in any e- 
qual times that fu(;ceed aiter each other Ihall always increale li- 
.niformly, when the motion of the point P i» uniform.'. Let 
dS be aefcribed by /> in anv given rime ; let (iG be the fpacc 
that would be defcribed in that time by ic with its motion con- 
tinued uniformly from rf; and let ^^ be the fpacethat would 
have been defcribed in the fame time if -the acceleration of its 
motion had been continued uniformly from that term. Then 

F r < f" ^ e / S- m. / 



ihall upright parallelofHpedons-on the invariable Bafe that is fiip- 
pofed equal to the fquare of <», and of the altitudes rfC, C/and- 
/S, be refpedively equal wthe prifm»£d0lG/, EHfeN; and tfe 
^jtmadeWb ; and the tight lifies-*^ C/fted/B-ffiaU-mearure 

the-' 
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the iirft fluxion of Vd^ one half of its fecoad flaxioD, and one 
fixth part of its third fluxion, refpeftively. 

i^S- Let the poitita q and r defcribe the right lines Xx and 
%& m fach a manner that X^ may be always equal to the foace 
that would be defcribed by p, and Zr may be equal to the Ipace 
that would be defcribed by q^ if their motions were continued 
uniformly from the terms p and q-, in the fame time in which it 
is fuppofed that p would delcribe dC with its motion continued 
uniformly from d. Then the motion of q fiiall lie niuformly ac- 
celerated, and the motion of r uniform, when the motion of P 
in the line AG (fig. 36-) is fuppofed nniform. Let ^, Vv and 
T/ be Ipaces defcribed by the points p, q and r in the fame time \ 
and let \l be the fpace that would be defcribed by 9 in tlut 
. time by its modon continued uniformly &om V. Then dCy V/ 
and T; meafure the firfl, lecond and thud flaxions of Yd, refp^ 
lively. The upright parallelopipedons on the fquare of the 
invariable line d, of alutudea refpe<^vely eqoal to dC, V/ and 
Tt are equal to the folids EltelG/, NHEe and N*Le; Cfa one 
half of V^ and /B is one fixth part of Tt-^ fo that d& is equal 
to the lum of (^ one half of V / and one fixth pare of Tty t*- 
ken together. 

136. Becaufe/S is the diffetence of dS and df, and is equal to 
one Huh part of Tf j ic follows, that one fixch part of the third 
fluxion of the fluent Fp is meafured, at any term, by the ^fie- 
reoce of the increments that are produced in a given dme, when 
the acceleration of the generating motion is conunoed uniform- 
ly, and when the increafe of this acceleration is continued unt- 
formly, fiom that term \ and it is determmed by a fimilar dif- 
ference when the generating morion is continually retarded, or 
when its acceleration decreafes. 
Fig. 37. 137* The reft remaining as in the iaptharricle,lecBI>bee- 
qua! CO DG, and the plane Ofio parallel to EDtf meet A£,- he, 
£1, ei and «N m the points 0, 0, Y, v and n. Then, the firuAum 
EDK)Bo being eqaal to the exceui of the fum of the prifin 
EDffy% and pyramid ct^ above the prifin EYO^/r, it follows, 
that the difterence between the fruftums ED«HG« and £D«OB0 
is double of the prifm EIH^iN, and therefore meafuies the le- 
cond fluxion of thf! pyramid ADE«, when AD flows uoiformly 

and 
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and its fluxion is reprefeoted by DG. Ic is alfo manifeft, that 
the fruftum HGK}Bo exceeds tne prifm IG/YBji by a foUd that 
is equal to the fum of the equal pyramtda etHh and eowf^ and 
theie&re the difierence between that fniflum and prifm meafures 
cue third part of the third fluxion of the pyramid ADEf. 

138. In the lame manner, (tig. an. 134.) if £/ and 1^ be de- 
Icribed by p in equal times, and ^ be equal to jIC, then the 
dii&rence between e^ and di is equal to iCf^ or to Y/ j and 
the dl^rence of fS and cC 13 double of /B, or equal to one 
third part of Tr. - The fonner dii&retice meafures the fecond 
fluxion of Fiiy and the latter meafures one third part of its third 
fluxicm, when dC meafures its firft fluxicm. From which ano- 
ther theorem may be deduced for determining the third fluxions 
of quantities. If &, dS and Sm be ddcribed by the point p in 
equal times that fucce«d after each other, then it is eafy to fee 
that Tt is equal to the excefs of the di^rence between Sm and 
dS above the difference between dS and fd. In other cafes, the 
ratio of Tf to that excels, or of oae third of Tt to the dif^ 
rence between f S and cCy may not be a ratio of equality j but 
it approaches to that rado, when thofe iocrements are cundnu- 
ally diminished, aa its Umit. 

139. It appears, from what wa»ibewn in the introduftlon, 
diat the third fluxion of any folid that can be generated by a 
conic fedion revolving on its axis is invariable, when the axis 
flows uniformly^ the parabolic conoid excepted, which has its 
fccond fluxion conftam, and has no third fluxion. This account 
of third fluxions is fimilar to that we gave of fecond fluxions in 
art. 517. We have deduced thofe illutoatiMisof them from the 
common geometry, becaufe what relates to fecond and third 
fluxicffls has been reprefented as very abflxde, and becaufe it is 
the application of tlus pan of the mediod tlut has been found 
to be moA liable to njiftakes. . 



CHAP. 
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CHAP. V. 

Of the Fluxions of Quantities that are in a continu- 
ed geometrical 'Fro£re£ion, the firfi term of which 
is invariable. 

140. T Et the right lines E<, F/ interieft ?ach other at right 
Fig. 38. JL. anglesinA; and, AS, AP and AL being in geome- 
trical progrelliai, let SA be taken upon AF,; ^P upon AE, and 
AL.upon A/^ and SPL Ihall be always aright angle. Lee SA 
be invariable; and, while the point P with an uniform motion 
defc*ibes any equal lines pP, Pp, let the point L defcribe IL 
imd L/; produce Ip and ip till they meet LP produced in d 
and D. Then, becaufe the angle SPirf is equal to Sprf, the 
angle PSp is equal to L^l. But, fince SPL is a right angle, 
the an^e SPp is equal to ^LL Therefore the triangles PSp, 
"Ldl are timilar. In like manner, the triangles PSp, LD/ are li- 
milar. Therefcwe L/ is co Pp aa DL is to SP, and LI is to Pp 
as </L is to SP ; fb that L/ is to LI as DL is to dh. But the 
the angle PSD is equal to pp«, or pSA, and the angle PSi^ is 
equal to Ppt^, or pSA ; and, confequently, the angle PSD ex- 
ceeds PS<^ by DSii, £qaal to pSp : lb that DL beiog greMer 
than <^L, L/ is greater than LL Therefore, when the motion 
of P is uniform, the fpaces delcribed by L in any equal fucceed- 
ing times, perpetually increafe, and its morion is accelerated. 

141. Becaufe the angle pSD is equal to pPD, or PSA, it is 

lefs than |>S/, and pD Is leu than ft. Therefore D/ is lefs than 

o.pL But the angle pSi^ being eqim to dVp, or PSA, it is great- 

~~--- er than pSl j and, prf bdng therefore greater than pi, d\ is 

greater than apl. 

1 41. The velocity of L is co the veloclw of P as a AP is to 
SA. For, if the ratio of the velocity of L to the velocity of 
P be a greater ratio than that of aAP to SA, let it be the lame 
as that of aAp (any quantity ^eater than aAP) to SA, or of 
ap/ to Sp. . Then, becaufe D/ is lefs than ap/, the velocity of 
L Ihall be to the velocity of F in a greater ratio than D/ is to 

Sp, 
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Spy or (che criaagles SpP, D/L being fimilar) U istDVp. But^ 
the mouon of L being accelerated, while the morion of P is u- 
niform, it fcUows from the firft axiom, that U is greater than 
the fpace which would be defcribed by L if its motion was 
COTicinued nnifonnly while P defcribes Pp. Therefore the ve- 
lodty of L is to the velocity of P in a left ratio than L/ is to 
Tp. And thefe being contradiftory, it follows, that the velo- 
city of L 18 not to the velocity of r in a rario greater than that 
of lAP to SA. Let the ratio of thole velocities be lefs diaa 
diat of lAP to SA, and be the lame as that of lAp to SA, or 
of 2pl to Spj whidi being lefs than that of t^l to Sp, (becaufe 
dl is greater than apl,) the velocity of L fliall be to the velc^ 
city of P in a le6 rario than that of LI to Pp. But it follows 
from the lecond axiom, that LI is to Pp in a lefs ratio than the 
Telocity of L is to the velocity of P. And thefe being contra- 
didory, it appears, that the velocity of L is to the velocity of 
P, or the fluxion of AL to the fluxion of AP, as aAP is to SA. 

143- Let the angles SPL, PLM, LMN, MNR, i^c. be al-FiG.3p. 
Ways right, and the angular points P, L, M, N, K, ^c. defcritje 
always the right lines &, A/; Atf, AF, AE, ^c. Then Ihall SA, 
AP, AL, AM, AN, AR, £?f. be always a feriea of quanrides ia- 
a condnued geometrical progreflion, the firfl term of which SA is 
invariable. While the point P defcribes any equal lines pP, Pp 
on the line AE, let the points L, M, N, R, £?f. defcribe the 
fpaces IL and L/, mM and Miw, nN and N», rR. and Rf, i^c. 
on the lines A/, Af, AF, AE, the angles Spl and Spl, plm and 
phn, Imn and imn being always right. Let Ip and Ip produced 
meet LP produced in d and D j let ml and mJ produced meet 
ML in g and G j let lun and ««, rn and rn, i^c. produced meet 
NM, RN, ec. in b and H, * and K, ^c. refpeaively. Then 
it is mamfeft, that the triangles PSp, L^l, Mgm, N^n, ^c. and 
the triangles PSp, LD/, MGm, NH»i RKr, £??. are each a 
feries of flmilar triangles. It is alfo evident, that the angles 
;>SA, PSD, LDG, MGH, NHK, ^r. and the angles pSA, PS</, 
LD^, MGir, NHtt, E^f. are each a feries of equal angles ^ and 
that any angle of the former feries exceeds always the corre- 
fponding angle of the latter feries by the di&rence/Sp. 

U LEMMA 



,y Google 



I5'4 0/ the Fluxions' rf ^tantitifs Book I. 

LEMMA VI. 

144. Wheit the firfi .term of a geometrical progrej^ou 
is invariable, and the fecond term tncreafes uni- 
formly, each of the follo'isfing terms ittcreafes with 
an accelerated motion. 

Becaufe the triaoglea PSp, U\j .%m, N;6n, R*r, ^e. are 
fimilar, the incremenss pP, IL, mM, nN, rR, ^c. are in the 
fame proportion as the right lines SP, dh, ^M, i?N, (tR, Be. 
and, the triangles PSp, LD/, MGm, NH», i^c. being alfo fimi-. 
lar, the increments Pj>, hi, Mn;, Ns, R.r, Sc. are in the fame 
proportion as the right Hnes SP, DL,GM, HN, KR, £^c. There- 
fore, pP being equal to Pp, IL is to U as ^L is to DL, mM 
is to Mw as ^M is to GM, nN is to N>» as ibN is to HN, rR 
b to Rr as kK. is to KR. But DL is greater than dl^ GM is 
greater than ^M, HN is greater than i&N, KR is greater AR, 
and fo on j becaufe the angles PSD, LDG, MGH, NHK, ^s. 
exceed the angles PS^, LDf , M&&, NHjt, Sc. retpedively, (the . 
excels being ^ways equal to the angle pSp.) Therefore U, 
Mm, K», Rr, 0e. exceed LI, Mm^ Nn, Rr, i^e. refpe£lively 9, 
and, the motion of the point P being uniform, (fo that the e- 
qual Imes pP, Vp may be defcribed by it in equal times,) the 
motions of the- points L, M, N, R, £^f. are pe^toally accele- 
rated. 

145. It b manifeft, that th« Unes D/, Gm, Hff, Kr, &£. ve 
refpedtively lefs than af/> 3/w, 4tnit, ^i"^, S(- bat that the line* 
dlj gm, ha, kxt SC' Are relpeftively greater than apt, 31m, 4010,, 
5nr, yc. For, the angles pSD, /DG, wGH, »Hfc, £?*:. being 
always equal to each other and to the angle PSA, and the 
angles pSIylpm^ mln-, nmr, ^e. being alfo equal, the latter al- 
ways exceed the former by the angle PSp. Therefore, as fl 
is greater than pD, and D/ therefore lefs than ap/; fo G^ is left 
than a/«», and Gm lefs than 3/w \ Hw is lefs than 3«w, and H» 
lefs than 4ffi8j K»tslef»than4Ar,-<indKr islefsthanjflr. In the 
fame manner, the angles pS;^ Idg, mgb, vthk, Sc. being always 
equal to PSA, and the angles pSl, 1pm, mln, nmr, Qc. being e- 

qual. 
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quial, the former an^e^ dways exceed the latter by the angle 
PSp. Therefore, as fxi is greater than pi, and conlequently d\ 
is greater than apl; £> 1^ is greater than zhn, and ^m greatet 
than 3lni \ rah is greater than 5mn, and ish greater than 4nm j 
■ok is greuel: than 4nr, and kx greater than forj and io on. 

PROP. VIIL 

145. The fluxion of any term AN of a geometrical ^ro- 
gre£lon, ihejirft term of which is t»variable, is t$ 
the fluxion of the fetond term AP » a ratio corn- 
founded of the ratio of thofe terms and the ratio of 
the number of terms which freceed AN to unit. 

The fluxion of any term AN is to the fluxion of the lecond 
term AP, ta a ratio compounded of the ratio of AN to AP, and 
of chd rado of the number of terms that preceed AN to unit ; 
that is, in this example, the fluxion of AN is to the fluxion of 
AP as 4AN is to AP. Firft, let the motion of P be uniibmi, 
and the modon of H fhaU. be accelerated, by lemma 6. Then, 
if the ratio of the velocity of N to tiie velocity of P be not 
that of 4AN to AP, or of 4AM to SA, let it firft be the iame 
as that of 4AM to SA, Am being any line greater than AM. 
The triangles SAp, Aim being flmdar, 4Am is to SA as ^nn is 
to Sp \ but 4f»ff is greater than Hfl, (by art. 145-) and 4mff is 
to Sp in a greater lauo than H» is to Sp, or Nji to Pp. There- 
fore the nrao of the velocity of N to the velocity of P is great- 
er than the ratio of N» to Pp. But the motion of N being ac- 
celerated while the motion of P is uniform, it follows from the 
firft axiom, that a leis fpace than N0 would be defcribed by the 
motion of N continued uniformly in the time Pp is defcribed by 
P. Therefore the velocity of N is to the velocity of P in a 
lefs ratio than N» is to Pp. But thefe are contradidory, and 
therefore the ratio of the velocity of N to the velocity of P is 
not greater than that of 4AM to SA, or of 4AN to AP. Let 
the ratio of thofe velocities be that of 4Am to SA, Am being 
any line left than AM. Then, 4Am being to SA as 4n)n is to 
U a Sp, 
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Sp, mi^mn being lefs than hny (by arc 145.) it follows, that 
the velociry of N is tx) the velodty of P in a lefs tatio than bn 
is to Sp, 01 Nn is to ?p. But, by the fecond axbm, a gieatei 
Ipace than Na would be defciibed by the modon.of N conti- 
nued uniformly, in the time pP is described by P ;. and there- 
fore the velociry of N is to the velodty of P in a greater ratio 
than Nn is to Pp. But thefe being alfo contradidory, the ve- 
locity of N is to the velocity -of P ndther in a greater nor in a 
lefs rado than that of 4AM to SA, or of 4AN to AP j and there- 
fore the fluxion of AN is to the fluxbn of AP precifely in the 
feme ratio aa 4AN is to AF. All the other cales of this pro- 
poiiuon, when the modon of P is variable, ore eafily deduced 
&om this ca&, by the elevendi general theorem. And it is ob- 
vious, that this demooflratton is wplicable in the fame maaDcr 
to any other terms of the progreffion. 

F R O P. IX. 

14.7. The fiuxkns of any two terms in a geometrical 
progreffion, the frji term of which is invariable, 
are in a ratio compounded of the ratio ofthofe terms 
to each other, and of the ratio of the numi?ers that 
fi>€w how many terms preceed them in thifrogrej^on . 

This follows from the laft proportion. The fluxion of AN, 
for example, is to the fluxion of AM as 4AN is to 3AM. For 
the fluxion of AN is to the fluxion of AF as 4AN is to AP, 
by the laft propolidon j and the fluxion of AM is to the fluxion 
ot AP as 3AM is to AP, by the fame. Therefore the fluxion 
of AN is to the fluxion of AM as 4AN is to 3AM j and it ia 
manifefl, that the fame demonAration may be applied when the 
fluxions of any other terms of the progrelEon are compared to- 
gether. 

148. It follows from what has been demonfirated, that, if 
the motions of the points P, L,. M, N, R, yc. were continued 
uniformly, Ibes rcfpediyely equal to SA, 2AP, 3AL, 4AM, 
jAR, €?f. would be defcribed by there in the fame time. 

149. The 
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149. The &cond, third, and higher flaxioos of any tenn of 
the progreffion, may he reprefented by certain multiples of the 
preceeding terms when the firft fluxion of the ftcond term AP 
IS conftant (or the motion of P is uniform) and is reprefented 
by the invariable right line SA. For, the velocity of the point 
N, or the firft fluxion of AN, being reiwefenced by 4AM ; the 
fluxion of this velocity, or the fecond fluxion of AN, may be 
reprefented by four times the fluxion of AM, (which is iifelf 
meafured by 3AL,) or by 1 lAL ; the third fluxion of AN is 
reprefented by 24 AP, (becaufe the fluxion of AL is reprefented 
by lAP,) its tourih fluxion by 24SA, and it has no fifth fluxion. 

15a If Atf be a mean proportional between ALand A/,.8ndFiG.4a 
AP flow uni&rmly, then is iLtt equal to the line that would 
be generated by the motion with which AL flows continued u- 
nifomily for the time in which P defcribes-Pp ; and the difierence 
betwixt la and L« is whdt is generated in confequence of the 
accelerarion of this motion dunng that time. For A» ia to AL 
in the fubduplicate ratio of hi to AL, or in the ratio of hp to 
AP^and L/< is toPp as AL is to AP, orasAP is toSA. There- 
fore i'iu is to Pp as 2AP is to SA, or as the velocity of the 
point I< is to the velocity of P. Let iJ> and kk be two mean 
proportionals between AM and Ara; and, if the motion of M 
was continued uniformly while P deicribes Pp, a Ibe would be 
defcribed by it equal xo %Mh; if the acceleration of that mo- 
tion was continued uniformly from the fame term and for the 
feme time, a line would be defcribed by it equal to '^bk j. and 
what would be generated in confequence of this uniform acce- 
leradon is equal to thrice the diflerence betwixt hk and Hh, 
The di^rence betwixt Mw and 3-fc*, or the excels of the dit 
ference betwixt km and bk above the diilerence betwixt hk and 
lAhy is what is generated in confequence of the increafe of that 
acceleration dunng the fame time. The proportions, betwixc 
thofe differences and the lines that meafure the firft, fecond and 
third fluxions of AM, eafilv appear, and have been already (hewn 
in the laft chapter. Any term has fluxions of as many degrees 
as there are terms that preceed it in the progreffion, when the 
fluxion of AP is invariable j and the increment of any term that 
is generated in a given time, may be refolved in this manner in- 
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to as many parts as it has fluxions of different orders; and each 
part may be conceived to be generated in confequrace of its re- 
^dive fluxion. But this wdl appear mote eaiily afterwards. 



CHAP. VI. 

Of Logarithms, and the 'Fluxions of logarithmic 

^antities. 

151. 'TpHe Lc^rithms were invented for facilitating compo 
J tations in Arithmetic and Trigonometry, by the ce- 
lebrated Lord Napier, Baron of Merchifton, and have been 
found fmce to be of great ufe in the higher Geometry, particu- 
larly in the method of Fluxions. Their nature and genefis is 
propofed by the inventor in a method finiilar to that which is 
applied in this doftrine for explaining the genefis of quanrities 
of all forts, and is defcribed by him almoft in the fame terms. 
He begins his treadfe on this fubjed, by defining that a line in- 
creales equally, when the point that defcribes it moves over e- 
qual fpaces in equal times. L.et A (lays he * ) be the term 
vcom which the Ime is to be delcribed by the flux or motion of 

A C D E F B 



/wg " Q. R^ 



the point P. Let it flow from A to C in the firft momen^ (or 
in any finall part of the time,) from C to D in die fecond mo- 

• sit punam A i tju* dutuid* Jit Unt» fluxu ttltirlm pHnSti qaifti P. Fluat 
tri» frim* mfmimt* P dh A mC, ftcunda numtntt iCimD, fcc. Mirif , Logar. 
Canon, dercripr, deSn. i. He afterwards lays down a poftulart, fimilar to wfiac 
we alTumcd in (he firft chapter, in ihefe words : g^turM qntlihtt meiit c i*rdier 
ts- viteeior darifejft, fiqiittur mctjjaril cui^uc meiui d^mvtham {qmm titc tar- 
ditnm iw vtUtmtm dtfin'mui) duri ptSt. 

ment, 
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raeaty fioni D to E in the third ; aad H) on fi>r ever, defcribing 
always the equal parts AC, CD, DE, EF, ^e. in equal dmea. 
This line is then &id to increafe equally. 

151. By his fecond definition *, a Une decreafcs proportiortal- 
fyy when the point that moves over it defcribes fuch parts in e- 
qual times as are always in the fame conftant ratio to the lines 
from whidi they are fubdufted, or to the diftances of that point 
at the beginning of thoTe times from a given term in the Une. 
Let the ratio of C^ to QS be any given ratio ; let <w be to «>, 
ed to eoy de ta doj ef to «, 1^ to fo^ ^c. always in the fame ia- 
variable rado of QR. to <^. Suppofe that the point p feta out 
frixn d, defcribing ac, ed, de^ e/, fg, i^c. in equal parts of die 
dme ; and let the fpace defcribed by p in any g^veo time be al- 
ways ki the fame ratio to the diftance of p from at the begin- 
ning of that umei Then the right line po is fatd to decreaie 
proportionally. It is manifeft, that the lines ao, eo, doy co^ fo, 
iSc. or the diltances of the point p from at equal fucceeding 
intervals of time, are in a continued geometrical pt^greffion. 

153. Suppofe now that the uniform motion of the point P 
in delcribing the line AB is equal to the motion with which p 
lets out from a in de&ribing the line ao \ and the line AF dhat 
h defcribed by P with this uniform monon, in the fame time 
that oa by decreaiing proportionally becomes equal to op, is the 
Loraritbm of op f. Thoa AC, AD, AE, AF, B^. are the lo^- 
rimms of oc, ed, ot, of, ^c. relpeftively ; and oa is the quantity 
whofe logarithm ia fuppofed equal to nothing. 

154. In like manner, fuppcrfe the line oa to increale propoF- 
uonally ; that is, let the point p move in the line os produced 
beyond /ty and in any equal times defcribe fpaces proportional 
to its diftances isom at the beginning of each time j £b that 

* Lima prefartimtliltr in hrtviarem durtfetrt Jieitur, quutu pmnflus mm trgnf- 
turrtnt t^uaiihui mtmmii jtimiwa. at/tmdit tjiiJJtm a»tiiiiii rMienii ad lintsi 
A auibus niftiaiiuntHr. Ibid, defin ». 

\ Legariiimm eujujqm finis ifi numirut qukm frtximi dijinitm lintam ^tu- 
aquatinr trrvii, tnur** dum finAi ttiiMS iimiafrtftriiontliitr im ilium pmim dt- 
trtvii, ixifiinu Ktrn^ut mttu fynthrtnt, ttt^tu uutit iaMivtUet, Ibid.' Tlut ihii' 
doSrine may be more cencrai, wo abih-ad (rom nuniben, and reprcTem the Jo-' 
gtiithms bv ]inci> u wul u tbc quantifies of whicb-ihey n« tfae logai'ubau. 

tti*- 
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the iocrements ac, cd, Je, ef, iSc- may be defcribed by ic in equal 
timea, when ac is to ao, ca to «, 4e to do, ef to eoy Qc. always 
in the fame invariable rario. Whai f Sas out from a, let P 
let out from A with an equal velodty^ then, the motion of P 
being contitwed uniformly while op increafes proportionally, 
the hne AP is always the logarithm of op ; and the lines AC, 
AD, AE, AF, £^. are the Ic^arithms of at, ft/, «, tf, Oe. re- 

a n e d e . / ** f 

_ 

A C D E F G 



ipe£tively. It is manifiifi, that the lines oa^ cc, ody oe, ofy &c, 
are in continued geometi'ical propcHtion. If ac and fg be de- 
Icribed by /> in equal intervals of time, and a/fyfm be defcribed 
by it in any equal |Kiit9 of dic^e times ^ dienfliall ac be toj^, 
and aa to_/n(, as o<; is to o^ or as 0c b to tv-, or as off is to offl ; 
chat is, the Ipaces defcribra by p in equal -times are in the fame 
pr<^ttion to each other as the diflances of ^ from 0, at the be- 
ginnii^ end, or any fimilax term of thofe times. 

155. When a lauo is given, the point |> defcribes'the di& 
ference of the terms of the ratio b the fame time. When a ra- 
tio is duplicate of another ratio, the point p defcribes the dt& 
ference of the terms in a double time. When a ratio is tripli- 
cate of another, it defcribes the difference of the terms in a 
triple time ; and fb on. Thus the ratio of d</ to of is duplicate 
of^the ratio of of tooa^ and, the lines aCy cd being defcribed 
by p in equal times, the time in which ad is deicribed by it 
is double of that in which it defcribes ac. The ratio of oe to 
oa is uipiicate of the ratio of oc to ooy and the time in which 
ae is defcribed by p is triple of that in which it defcribes ac. 
In the fame manner it ai>pears, that, when a ratio is compound- 
ed of two or more ratios, the pomt p defcribes the difference 
of the terms of that ratio, in a time equal to the fum of the 
times in which it defcribes the differences of the terms of the 
fimple ratios of which it is compounded. 

156. What 
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' ij6' What we have faid of rfie times of the motion of/» 
when op increafes proponronalh', is to be applied to the fpaces 
that aredefcrflied by P in thole times with its uniform motion j 
ttaA hence the chief properties of the logarithms are deduced. 
The diference of the logarithms of the terms of the fame ratio 
is always the fame. When a ratio is duplicate of another rado, 
the-dirierence of the logarithms of ihe terms is doable^ when 
a ratio i» triplicate, that di&rence is triple; and fo on. The 
diftrence ot the Ic^arithms of the terms of a compound ratio, is 
equal to the fum that is produced by adding together the diffe- 
rences of the logarithms of ihe rermsof the firapie ratios from 
which it is compounded. 

157. Thus logarithms are the meafures of ratios. TBe ex- 
cels of the loganthm of the antecedent above the Icgarichm o£ 
the confcquent meafiires the ratip of thofe terms. The mea&re 
ef the ratk) o^ a greater qnancity to s Teller is politive, as this 
ratio compounded with any other ratio- increafes ir. The ratio 
at' equality compounded with any other rario neither- increalea 
Bor diminifhes it ; and its meafure is nothing. The meafure of 
riie ratio of a lefler quantity to a greater" is' negative, as this 
ratio compounded with any other ratio diminiflies rr. The ra- 
tio of any quanriry A to unit compounded with the ratioof u- 
ait lO'A pEodoces the ratio of A to Aj oDthe ratio of equality; 
and the meafures of thofe two ratios deftroy each other when 
added together ; fo that, when the one is confidered as politive^ 
the other is to be confidered as negarive. By liippofing the lo- 
garithms of quanuties greater than oa (which is fuppoied to re-. 
prefeut unit) K> be politive, and the logarithms of qviantirieff 
lefs than it to be negative, tfte Ikme-rufca ferve for the opera- 
tions by logarithms, whether the quantitiea be greater or lefa 
iban (W^ From what we have faid, it is eafy to fee how the lo- 
garithms ferve for abridging computariens. Becaofe unit is ta 
any quantity A as B is- to ^ produ6i-of A and B, and' the lo- 
garithm of unit M nothing, the- logarithm of any prodoft' b e- 
qual to the fum of-the logarithms of the fadors, and the loga- 
nthm of any powcpof A is to the logarithm of A as-the expo* 
aent of that power is co anir. 

L^ When op increafes prtmoitionally, the motion oBp is. 
2t. BtfEfti- 
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perpetudly accelerated ; for the fpaces ac, ci, de^ . ^c, that are 
delcribed by it in any equal times that continually fucceed a&r 
each other, perpetually increafe in the fame propordon as the 
lines cay oc, od, Be W henthe point p moves from a towards o 
as in the ijid article, and op decreafe proportionally, the mo- 
tioo of p is perpetually retarded;^ for the fpaces dekribed bf 
it in any equal timefi that continually fucceed after each otheTy 
decieafe in this cale in the lame proponion as ($ decieaibs. 

P R O P. X. 

15-9. The fluxion of a quantity that increafes or de- 
creafes pfoporcionally, varies always in the fame 
ratio as the quantity itftlf 

Let the Ibe op increafe or decrease proponioiially, and the 
velocity of the point p (or the fluxion of 0^ fixall always vary 
in the lame ratio as its diiiance from 0. Thus the velocity of 
p at the term c fliall be to its velocity at any other term j;, as 
Off is to Of. For, if the ratio of the velocity ofp atf to its v<f- 
lodty at c be greater than that of og to or, let it be the fame as 
that of any line cb greater than <^xxioc\ and let o;k be to of as 
(jf b to oir. Then is ;£ to Ac as oi) is to cf, or as 0^ is to o;( ; 

and the lines 

fl a k c I h kcyshasedt' 

p fcribcd by 

\ the point p 

in the fame dme, by the fuppofidon. Let op fiift incresue pro- 
pordonally : and, becaufe the motion of p is then perpetiully 
accelerated, (art. 158.) it follows from the firft axiom, that a 
lefs line than fb would be de£:ribed by it, if its motion was 
continued uni^rmly from ;, in the fame time that it defcribes 
eb while op increales proportionally ; and it follows from the 
fecond axiom, that a greater line than kc would be defcribedjin 
an equal time by p, if its motion was continued uniformly from 
the term c. Therefore the velocity ofp at ^ is to its velocity 
at c in a ratio that is leis than the ratio of gb to kc, or of ob tQ 
«c. But it was fuf^&d, that the velodty ofp at £ a to the ve- 
locity 
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locity of p at c as o* U to oc. And thefe beio^ contradi6loryi 
it followB, that the velocity, of pax. g is not to its velocity at c 
in any ratio greater than tiiat of f^ to oc. In the fame manner 
it appears, tlwt the velocity of p at c is not to its velocity at 
r in any ratio greater than that of oc to og; from which it 
follows, that the velocity of p at ; is not to the velocity of p 
at e in any ratio that is leis than the ratio of or to oc. There- 
fere the velocity of p at ^ is to the velocity of ^ at c precifely 
as (ig' is to oc ; and the fluxion of o^ is to the fluxion of of in the 
ftme ratio. When op decreafes proportionally, the demonftra- 
tion is dedticed in the fame manner from the tMrd and fourtli 
axioms. 

160. But it may be of ufe fcr iUuftrating the account of loi> 
garithms that is propofed by the inventor, to demonftrare the 
eonverfe of this propoJltion from the axioms, and Ihew that 
When the velocity of p is always as the diilancc op, then thii 
Une increales or decreafes in the manner that is fuppofed by him. 
Let the velocity off therefore increafe always in the fame pro- 
porrion as op increafes ; let af be to gm as oa is to og : and the 
fpaces »/, gm ihall be defcribed by the point p irt equal times : 
that is, op flijll increafe proportionally. For, if the time in 
Which afh defcribed by p be fuppofed to be greater than the 
tirtiein which ^ is delcnbed by it, let en be greater than oa 
in the fame ratio. Let oa., oCy oH, m, of be a feries ot lines in 
continued proportion, the number of proportionals between oa 
and (f being increafed riU the term oc (which is next to oa) be- 
come lefs than en. fiecaufe ea is to of as eg is to em, if og, ob, 

• a f » rf ' f S ^ ^ ^ M 



»k, ol, om be alfo in continued proportion, and the number of 
terms be the fame as in the other leries, the lines oc, c^, <f;, efy 
th, hk^ kJ, Im fliall be in the fame proportion to each other re- 
Ipectively, as the lines oa, oc, od, oe, og, oh, ek, ol, or as the lines 
§c, od. Of, of, oh, ok, ol, om. Suppoie firft the line ac to be de- 
fcribed by an uniform motion equal to that of p at the term d,. 
€d to be defcribed by an uniform motion equal to that of p at 
X a the 
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the term e ; and 4e, eK ^j&, bky kJ, Im to be defcribed by unifonn 
motions equal to thole of the point p at the refbet^ive termaW, tf, 
f , fc, /fe, /. Then, thefe fpaces ac, cdy de^ '/y^S^j *''fc) ^Wj 'w being ia 
the fame ratios to each othei as the velocities of the uniform mo- 
Uons by which they are fuppofed to be defcribed, it follows, tbac 
they are all defcribed in this cafe in equal omes ; and, the times 
in which of and gm are thus defcribed bebg equimultiples of 
the times in which ac and gb are defcribed, they are therefore e- 
quaL Suppofe now the faine fpaces ac, cd, dcy efj gb, bk, kiylm 
to be defc^bed by uni&rm modems reQwdively equal to tbofe 
of p at the terms c^ d^ e-tft h, k, l^ tOy and the rimea in which 
they are in this cafe defcribed, are all equal to each other, foe 
the fame reaXbn ^ and, confequendy, the times in which af and 
gm are thus defcribed are equal in this cale alfo. The umeia 
which of' IS defcribed Jn the iirli of thofc two caies, is to the 
time in which it is defcribed in the I'ecoud, as the time in which 
the line ac is defcribed in the firft is to the time in which the 
fame line is defcribed in the fecond, ([Elem. iS-S-) or as the 
velocity of the uniform modoti by which it is (uicribed in the 
lecond is to the velocity of the unilbrm motion by which it i> 
defcribed in the firlt cafe ; that is, as oc is to o<t. From which 
it follows, that the rime in which af is defcribed in the firft cafe 
IS ID the rime in which gm is defcribed in the fecond (which is 
equal to the time in which af is defcribed in the fanoe cafe) in 
the fame rauo of of to oa. But, the motion o£ p bemg accele- 
rated conrinually while op incts^es^ the time in which ac is de- 
fcribed by p la lefs than the time in which ac is defcribed by an 
uniform motion equal to that of p at a according to the firit 
furawlition. In the fame manner, the times in which cd, de and 
^are defcribed by p are lefs than the times in which tbofe 
Spaces are defcribed by uniform motions refpedively equal to the 
motions of p ac the terms r, d, and e ; and, confcquently, af is 
defcribed by p in a time lefs than that in which af is defcribed 
in the firit of the two cafcs that were fuppofed by us< la the 
fame manner, the time in which gb is defcribed by p ia.greater 
than that in which gb is ddcribed by an uniform motion equal 
to that of p&tb; and the rime in which gm is defcribed by p 
b greater dian the dme ia which ^m is defcribed in the fecood 

of 
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of thofe two cafes. Therefore the rime in which af is defcii- 
bed by ^ 13 to the time in which pn is defcribed by it^ in « 
Ififa racto than the time in which af is defcribed in the former 
cafe is to the time in which gtn is defcribed in the latter j that 
is, in a lefs rario than oc w xa o»\ and, consequently, in a lefs 
ratio than on is to xm. But the times ia which af and gm are 
ddcribed by p were fuppofed to be in the fame rario ai o» is ta 
oa. And thefe bein^ contradidory, it follows, that the rime 
in which af is defcnbed by p la not greater chui the rime in 
which gtn is defcribed by it. In the lame manner it appears^ 
thac the latter of thofe times cannot exceed the former. Tber^ 
fore the lines af and gm are delcribed by ^ in equsd rimes when 
the velocity ot p increafes m the fame propordoa as op iacrea- 
ies. A demonftration of the fame kind (b eaflly adapted to the 
cafe when op is fufq>o&d to decreafe. 

161. CoK. I. The Suxion of uiy quanrity op is to the flu- 
xion of its logarithm AP (iig. art. i jl. & 154.) as op is to 
cOy which reprefeots unit and has its logarithm equal to no- 
thing. The motion of P, by which AP the logarimm of op it 
defcribed, was fuppofed. (in art. i m- & 154.) uniform, and e^ 
qual to the velocity of p at tf, oj oeing tfaie quanrity whofe lo- 
garithm is BOtMng. lUierefore, by this propolidon, the velo- 
city of p at any term of the time is to the conftant velocity of 
P as (ip is to (w. When the logarithm AP is fuppofed to flow 
with a variable morion, op does not increafe proportionally: 
but, from what we have fliewn, it may be demonftrated by the 
eleventh general theorem, thac ^he velocity of p is ftill to the 
velocity of P (op being always the line of which AP is the lo- 
garithm) as op is to oi». 

163.. Cor. II. When op increafes proporriooaliy, the incre- 
ments that are generated in any equal rimes are accurately in 
the lame rado as the velociries of p, or the fluxions of «p, at 
the beginning, end, or at any nmilar terms of thofe times. 
Ttuis af'iA to gm /fig. m. 160.) «s «<> is to c^, or as of is co 
«fn, cff as o£ is to (W. 

163. CoK.. IIL When op increafes or decreafes proportional- 
ly, the fluxions of this line of aU the higher orders increafe or 
flecreafe in riie fame proporricm as thtlioe itfelf increafes or de- 

aeafesj 
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cieafes; To that one rule ferves for comparing tt^ether thole 
of any kind at different terms of the time. For, the velocity 
of p being always as opt it flows in the fame manner as op ilow^ 
and its fluxion (or the fecond fluxion of op) varies in the fame 
manner as the firft fluxion oiop, or as the fluent op itfelf varies. 
Id the £une manner, when the lecond fluxion of op is confidei^ 
ed as a flowing quanrity, its fluxion (or the third fluxion of op) 
la as the velocity of jg, or as the line op. k 16 evident, that all 
the higher fluxions ot op vary in the lame manner; and chat in 
this cale we never arrive at any conftant or invariable fluxion. 
In treating of thi^e higher orders of fluxions, we never fuppofe 
any fluxion of op to be the velocity of a velocity ; but we find, 
that the fluxion of any order flows in the lame manner as op 
flows ; and, confldermg that fluxion as a flowing quantity, its 
fluxion is as the velocity of j> or as the line op. The firft 
fluxion of any fluent is not the velocity of chat fluent, but the 
velocity of the motion by which it is conceived to be genera- 
ted ', and, in like matmer, the feccmd flnxion of that £uenc is 
aoc the velocity of the velocity of this fluent, but the velocity 
of the motion oy which the quantity is generated that always 
leprefentft its flrft fluxion : but of this we laid enou^ abov^ m 
the firft chapter, from art. ^o. to the end, and in att. 5)7. 134, 
nS' 137- & »38. 

P R O P. XI. 

ifry. Let the logarithms of two quantities be always 
to each other in any invariable ratio, and the flu- 
xions of thofe quantities Jhall be in a ratio that is 
compounded of the ratio of the quantities themfelves 
and of the invariable ratio of their logarithms, 

Irft the points Q^and P fet out fiom A together, and defcribe 
AB with uniform motions ; and let the velocity of Q_be to the 
velocity of P in the invariable rario of E to F. Let the points 
q and r fee out at the fame time fmm a in the right line ^ with 
velocities refpeftively equal to the velociries of Q_aod P. Then, 

if 
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if oq and op increale propordonally, AQ fluU be the logarithm 
oioqy and AP the logarithm of op \ aim, AQ^ being to AP as 
the velocity of Q is to the velocity of P, or 03 E is to F, it 
follows, that the It^arithm of oq is always to the Ic^arithm of 



_____ C K B E 



9p m the invariable ratio c^ £ to F. When p comes to c^ let 
P, q and Q^come to C, ;fc and K refpeflively ^ and AK fhall be 
to AC as E is to F. The velocity of j at t is to the velocity 
off at tf as ojfc is xaoa, by prop^ 10. The velocity o£ q zta is 
to the velocity of ^ at a as E is to F, by the fuppofitioo. The 
Velocity of p at <> is to the velocity of p at t: aa oi> is to oct by 
prop. 10. Therefore, by compounding thofe ratios together^ 
the velocity ofq at A is to the velocity of p at c as the re^iigle 
contiuned by ok and £ is to the re^aogle contained by oc and 
F. But the fluxion of ok is to the fluxion of oc as the velocity 
of 9 at ifc is to the velocity of p at c; that is, in a rado com* 
pounded of that of the lines ok and oc and of the invariable ratio 
of their logarithms AK and AC 

166. GoR. I. When oa, ee and ok are in continued geometri- 
cal progreflion, the loganthm of oA is always double of the lo- 
garithm of ocy by arc 156. and therefore the fluxion oiok is tci 
the fluxion of oc as 10k is to or, or as 10c is to o«, as has been 
already demonftnited in the 96th and i/yiA articles. When ok 
is any term of a coudnued geometrical progreflion of which oa 
»nd oc are the two firft terms, and ok occupies always the fame 
place in this pr<^reffion ; then, becaufe the logarithm of ok is 
to the Ic^arithm of w as the number of terms that preceed ok 
in the prc^reflion is to unit, the fluxion of ok is to the fluxion 
of 01: in a ratio compounded of the rados of ok to oc and of the 
number of terms that preceed ok to unit, as Was demonftrated 
in the eighth prnpofition. In general, when oc is any other term 
of the prc^reuion, the logarithm of Oifc is to the lc^;atithni of oe 
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fts the number of terms that preceed ok is to the number of terms 
that preceed oc \ and the fluxion ot ok is to the fluxion of oc in 
ft ratio compounded of the ratio oi daofs numbers and of the ra- 
tio' of 0ifc to ocy as we denionftrated in the ninth, propodidon in a 
di&rent manner. 

167. CoR.II. Let 0^ decreafe proportionally while op iacre*- 
fes J ret the motions 01 the points Qand P be uniform, but in 
oppolite dirediona from A, and be reTpetltvely equal to the mo- 
tions of p and q at the term a : then the velocity of q fhall be 
to the velocity of p in a ratio compounded of the ratio of oq to. 
Of and of the ratio of AQ_to AP, as before : but the fluxion of 
aq muft be coofideied in this cafe as negative, becaufe oq decrea- 

fes. When op^ oa and »q- ars 

a q a f in continued pnoponion, AQ_ 

the logarithm of oq is equal to 
Q^ 'a P AP the logariihmol op, the ve- 
locity of ^ is .to the velocity of 
fiAoq is to op ; and- any lines that meafure the fluxions of the 
terms oq and op are in the fame ratio as thofe terms tbeaifelves. 
In general, when o^ , oa and (>p are terma of any geometrical pro- 
grellion, and the number of ttrms from oa to uq (including one 
of thofe terms themfelyeft) is to the number ot terms frran oa 
to op ('including one of thele) as m is to j then AQ^is to AP 
as ffl is to J and the velocity of q is to the velocity of ^ in a 
ratio compounded of the ratios of oq to op and of m to 9. Any 
quaDuties that meafure the fltuiioos of oq and op are in the fame 
ratio ; but the Bu&ion of of is conliderea as negative when the 
fluxion of op is pofitive.. Thus it appears how the fluxions of the 
term&of a geometrical progreflion are determined when any ii^ 
termedtate term of t^ progBelHoD is invariable. 

168. Co*. IlI..In thofe cafes,,the velocity of Q^ is to the ve- 
locity of P,. or the l<^arithm of 0^ to the logarithm of op, in a 
ratio which can_ be exprefled by.th^t of rational numbers. Buo 
the propolition is general,and the.ratioof thefluxicmsof odand 
op is affigned by it when the ratio of AQ^to AS is invanable* 
though this ratio cannot be esprefled bythat of number to num- 
ber. According to the notation which ia now in ufe in Algebra,, 
when AQ^is to AP as. »t isto ff,. and oa being unit, oc is expref- 
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fid by A, and ic b fappo&d (as in ut 165.) that tq becomes e- 

qaal to ok when op becomes eqaa! to w, ok is exprefled by A " 
when the pcnnta f and <; are on the (ame fide of the point Oy and 

by A " when they are on oppofite fides of a. Whether the 

exponent ^ be radonal or inadonal, the Une that meaibres die 

fluxion oSok is to that which meafnres the fluxion of w in a t»- 
tio compounded of the ratio of jb to « and of the rado of oA to 
cc. This notation by irrauonal exponents appears firfl in Sir 
Isaac Newton's letter to Mr. Oldenbukgh of October 1^ 
i6y6. If the rado of AOand AP, the fo^thms of 0; and 0^ 
be variably let it be thelame as that ox iw to My (or anit \ ) 



Xt A P <^ 



and, ^ bong oprefled fay A, 0X by x, 0; may 1>e exjmfled by 
A'^ , (the It^aiiuuns of pown^ and titeir exponents bring al- 
ways in the lame ratio,) and is called an ei^otientrat quantify 
of the firA degree by Mr. Lsxbhitz, who makes ofe of this 
notadon ia his aofwer to that letter. The redbnele contdned 
by AQ and ea is equal to the re£bngle contained by AP and 
ex ; and hence rules for detemiining the fluxions of fuch expo- 
nential quantides may be deduced by the'^thiid and tenth pro- 
poflnons : but we refer thefe to the fecond boolo 

169. Sofnofe the logarithm A? to increafe uniformly; letFzG>4i. 
^ be the i^e that would be described by the modon of j> 
condnoed uniformly, in the dme P defcribes FG j and let op, 
' pttty fsff, nfy rsy &c. be a feriea of terms in condnned proporticxi. 
Then, if the fluxion of the Ic^arithm AP be reprefented by 
FG, the firil, feccod, third, and all the higher fluxions of op 
fliaU be i^n(ented re^edively by pm, mn^ », and the fat^ 
V quenc 



,y Google 



T79 Of Lag*r'tihmy m4 t\u Fluxions poo& f. 

to (^ io the invariable ratio of PG to ft», it follows from the 
fi£Eb«»eI*l^cl:■*^*e^^ dut the £a»oa of ^ ,18 jiie9%«d by^ 
Uoe which is to fm (t^ mealures the ibi^uoo -of ^) as PG is co 
fi), or aa pffl is to op .* but tun ia ftich a Hue, becaiue mni&xjopm 
fiifmi6XO<f\ «d tberefojeiwipeariuesthefluxknaf^pi 
the fecoad Buxion of op; Xa the fime inanDer k appears, that 
^wrmaflfiuMdwflaxknef «M^ «riiiejchi«d^iixkii of op; «itd 
tjbat «acb higher floufio is mnfarod by a conefponidifli^ cefm «f 
^e prQgKlfiiyi* U is endeoty tlut wlva vp is decentuned, an^ 
^ -{vvtoh meafiites the fiifi fluxion of op) varies, i^t^n wv 
j(wtu:ji.me»feil» the iccood fluxion of of) vanes ia the diwlif^iie 
xatio of.ptfj «r varies ia tbetripUcate utio of pjs ; »nd.eacji 
rCeznoft^pcogielGoa varies in twi«niepi!opomoii asche^iowfy 
^pffl that lus us exponent equal to- the number c^tenns which- 
yieceed that teian in the feries. 

170* We have Ihewn above, how to diftiagmlh the iocre* 
ttwnt of the fluent into fuckjiaits;^ may be cgncdved to be ge- 
nerated ia confequence of its le^eAive fluxions, and that bear 
a conftant relation to cheir ^leafiiEes,, ip tbofe ^es when the 
fluent has no hi^er than fitft, iecood and i^«d Auuons. In 
order to iUuftrace what rektes to the higher erden of fluxi- 
-.^n% (.wiuf;b48'ic{MKfait()d-M v«7'#bilio^).iwe^^qDw diufe 
an 'iDAapQe-vwe. fliadptts of f»^ order jtalw. plape,. and we 
Tio.49dievw<c0fne«) as koNViAih Axmei. K^ 49^ «« avd op be in 
canttiuicd ^lOpomoaL «i^«^ b^g gitaMr than «^ (whi^b; 
w^ fiippofc iwan^bk, V ler ^ siipwo 10$, a >be nqif^m : the» 
-dtcYttlouty of p ibiUl Increa&iolhedupUQV^Mqo^fip, \if 
caufe ic is £f> the vfilociey of c Its -^ i^toW) (wt« \(q.},Qt]f\ 
.t}ie4)tplicate;nuia.of<)p^toQtf. yPm^q^tfy^bfAjal, Jec.^ de- 
scribe ck j aixd;. oA being to «ei'3s «« .is:]Co jy, fw0>df to Mtu ots. 
is to «i, It ^ows, thatiPi is t|O0f>D8«i& b'loef, apAat^^o oc 
^»M'»tooL ljm4\«%&-4kaid9X».dc>ytfwfkf.f£,\ogky as 
(A/ it t« 0^', aod Uielines «i^».it).^,j^,,;x fluU be.ta ageo- 
. xtettical ipiogr^ffiw «h«£ may be .coonqued at jtkafure. The 
fqiDof the fieons^of Ehisi|^M|^frKm f^pfoacbQ» condnuaU)' to 
tite increment «A as-the feneais prodocea, fo that tbcir di^renpe 
-Kay bficcwu lefe than .any itl%i8bte line^. Xtie liw ok .bciqg- 
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fiippofetf to Sow unifbitnly, I« tt8 fluxion be reprefented by 
Bl:, and iHe firft, fecond, third, fourth, and all the higher flu* 
»ona ofccy ftiall be reprefeoced refpeftively hyed^ idty 6^ i4jg', 
and the fobfcqncnt terms of the progreflion having coefficient* 
prefixed co them Aat arife by cse continual muuipUcatton of 
the numbers i, a, 3, 4, 5, 6, €?c. The line ek which is the in- 
crement of the fluent oc confiftfl of die parts erf, (ft, ff^Jijgx, ^C* 
and we approach- continually to its value by adcfing to edy which 
feprtfents tfee firft fluxion ofocy one half of the line that repre* 
fents its fecond fltudon, one flxth part of the line diat repre- 
fents its third fluxion^ one twenty fourth part of the line thac 
reprefents its fourth fluxion, and fb on. The fiill pan cd is 
what would have been generated, in the dme ^ and q defcribo 
^k and blj ii the mmion of p hzA been continued uoi&mily 
fium the term whentt comes toc-y the flim of thetwofiril 
pans cd and de (viz. ee.) is what would have been generated 
m the fame time, if the acc«G;nuion of the mddon of p had 
been continued uniformly fiom the fame term, as in the 74th 
and p7th ardcles ^ the fum of xbc iirft three puts cdy dt and ^ 
(^*!&. cf) \B what woatd have been gmeraced iix t^ &iiie time 
if the mcref& of diac accaletadoo had been aunnued otu&rm- 
l^, as in the 130th and I34ch ardcles, or the line diac repre- 
sents the fecond fluxion of op tud ino^Mfed uoUbrmly; and fb 
on. To demonftrate thefe thii^;s, fuppofe m, (v, »», <w, or, E^r. 
to be in condnued proportion ; then ed fliall be to om as £/ la 
xo t>a^ H« tQ <m \a the dtipHeate rano Dfifi/toa?, «^tooria 
the crifdicate ratb of bl to m, and any term of die feriea ed^ 
'^'1 ^ JSy £"7 ^^' i^ to the correfponding term of the feriea otiif 
aiy or, «;, &c. in a conftaat rado, becanle bl and oa are invari- 
able. Therefore, by t£e fifth general duorem, die flnxiofl c£ 
^ is to the fluxion c^ o« as ^ is to oai ; and, in general, the 
fluxions of die correlponding terms in thofe two prugreffion* 
are in the fame ratio as the terms thcmlelves^ But, by art. i(S6. 
the fluxion of om is to the fluxioi of cf as mm is to tx, the flu- 
xion of oa is Co the fluxion of of as 301 is to of, the fluxion of 
er is to the fluxion of of as 4or is to oc ; and Sy on. There- 
fore die fluxicHi of f^i/ is to the fluxion of o^ (wluch is repre- 
lented by cdj as 20/ is to (v j and, ude being to <^i^ in the ume 
Y 2 taxio 
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rado of acd to oc, it foUowB, that the fluxion of fi is repte- 
fented by lif. The fluxion of t^ is to the fluxion oiocz&^dt 
b to ocy and therefore is reprefeoted by ^ef\ and thus it ai^>ea{s, 
that the fluuoos of ocy cd, de, ef^ fg, iSc are reprefented refoe- 
aively by cdy nJcj^tf, 4^, j;fx, yc. The fccond fluxion of oc 
is the iame as the mft fluxion of ed^ and is there&re reprefent- 
ed by ide. The third fluxion of oc is the fiune as the tirft flu- 
xion of -xdtj and therefore is reprefented by 6ef. The fourth 
fluxion of (V is the firft fluxion of 6^j and is reprefented by 
34^ j and (o on. While oq decreales, op increafes; and> the 
fluxion of 0; being coofldered as negative^ all the fluxions of 9^ 
are pofitive. When oq bcreafes, op decreafesj and, when p 
comes to Cy all the fluxions of oc are reprefented by the fame 
qoandties as before j but they are alternately oegadve and p»> 
fitivc when the fluxion of 0; is invariable. 

PROP. Xlt 

17X. Let of be greater than oa, ad to ap asea is u> 

of ; and let oa, ad, de, ef, fg, &c. he in continued 

Fia*43. frofortion : Then, by adding together ad, {de, }efl 

^fy. Sec. we of proximate continually to the value 

OfkV the logarithm of of. 

Let opy. oa and <» be ia contmued propordoa, and the motioix 
of; &om a towards be uoifbnn, as m the lafi anicle. Then, 
beciufe <>j is to d^ as 0<) is to op, adl& e(}ual to aq^ and the ve- 
locity of df is equal to the conftant veloacy of q. The veloci- 
nr of P is to tlw velocity of/> as oa is to op, (by art- 161.) and 
the velocity of ^ is to me velocity of q (oz dj as i^ is to oq, 
(by art. ilSj'.) Therefore the velcKity of P is to the velocity 
of J as 00 IS to 0^, or as cp is to 00 ;; fo that the motion of P 
increales m the fame ratio as op inctea&s. The fluxion of AF 
is to the fluxion of ad in the fame ratio of op to <><« ; and the 
terms oa^ ad, de, ef^ fg, ^c. being in a continned geometrical 
prc^effion, the firil term of which oa is invariable, it follows 
from the eighth propofitioo, that the fluxion o£ad is to the fla- 

xiona 
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»«w of ^e, \efi ifgy ^c. K:^>efttvely, iA oa u to ady de, efi 
&c. Therefore the fluxioo of AP is to the fluxions of ^ {dCf 
■5^ ifSy £?f' relpe^ively, as op is to the terms oa, ady dt, eft 
^c. But, by addii^ together the tenns on, ad, de, efi ^c, we 
approximate contiaually to op ^ for a^ is to dp^ dt to ep^ tf to 
W, £^f. as eo is to ^; and the difiereoce between ap ana the 
[uni of the terms oa, ady de, efy ^c. may become lefs than any 
aflignable magnitude, by continuing the progrei&on. There- 
fore, by adding together the fluxions of ady ^e, ^cf, ^fg^ ^t. 
we i^proximate coatinuaUy to the value of the fluxion of AP ^ 
and, confeqaently, by_ fumming up the lines ady \dey ^, \^^ 
Sc. we apf«oach cootinuaily to the value of AP the logtuimni 
of pp. 

PROP. 3CIH. 

171. The fame things being fufpofed as in the laft^ra- 
fojition, we approximate continually to the loga^ 
ritbm of od by Jumming up the differences betwtxt- 
ad and \de^ ^ef and }Jg, ^g^ ana ^ky Sec. 

Let ody oa and «£ be in continued proportion, and oq ihall bf 
to o«a3a/i9-to«p; fothat 9^ ihall be to dp aaoqiatoiid. Let 
qz be divided in die fame proportion in the points m, «, r,^ ^e, 
as dp is divided in the points «, /,. g, by ^c and ^e fum. of the 
terms 07, ^, fn», sr,.r/f B^. Ihall appioximate continually to oz* 
£ut as the difference of oa and ad (01 a^) is equal co 09, fo the 
dif^ence ofde and e^ is equal to ^ .* tor de is to<^ aaoa is to 
s^y (01 ady) by the (uppofition ; and, confequently, <^ is to the 
di£l%rence betwixt de and «^ as a/ is to o;', or as i^ is to ^ and 
therefore as df is to qn. la the fame manner, the difference of 
fg ind'gb is equal to nf; and, m general, the di&ience of any 
two tenns which immediately lucceed each other in the pio* 
greffion de,. efy fgy. gby i^c. is equal to the fum of the two cor- 
xefponding terms of die progremon qm, mriy or, rfy Cjc> There- 
fore, by lumming up the di&rencea betwixt oa. and ady d* and 
'liji ^^'^ i^i ^^* ^^ approximate conduuall'^ to the value of 
Bz. But the fluxion of AD, the Ic^anthm otodj is to the flu- 

»oa 
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iion of «i (-Or of ad) as odf istti odf (fiy art. t6x.^ at M ozf» 
to A) J and the ftuxioft of ad (by propL 8^) i» to tfee fluxlwis of 
the ternw ad^ ^, ^ef, ifg, |^A, ibk, £^. rerp*aively, &» m 
fa to the (etm» a*, i»(i, (fc, ^> J^> £^ 6^- Therefore we cobti>* 
naally approxlnrnte to t^e value of thte nuxion! of AD by foni- 
mlog up che fluihons of the diftreocMbetwtixiia^dod ^de, \ef 
and Tj^, T,?j!i ^"^ ^'^^> €^* '^^ coofequMidy, we approxhAate 
eo the value of AD, the logortebai of c*^ by fiimmiAg op thefe 
difierenbes chemfelves. 

173V CoR. L«o<f betoft^ a«ty »to«*; aod the logarithm 
f£ ox fliall be equalto thefuffl 01 theloeaikhfiis ^op andtuF: 
to which therdfotre we a«)rDxiiilaxe by TummiBg up W, ^, 
iZ^t £^^- ^^ ^ manifeft, that ok \3 xa oa aa od iA ta oq\ and that 
the logarichm of ox is that which meafons the ratio of od to 
oq. But od and eq hove half their iuiA equal to oa and half 
theii difierence equal to adj which are the two firft temu c^ 
die geometrical prcerefBon oa^ t*d^ dt., tf, fyy gby ^c. and it is 
obvious^ chat what Qas been mewn of theie lo^thms, coin- 
£idefl with what the excellent DB. Hallet demonflmes in the 
PhilolbptHcai TraAfa^oM, hum. ii6. TUs wonld lead oa to 
the method of axnpudog logarithms, but we le&r that to the 
titii book. 

174. Hitherco w£ have ftppofed, with Lord Kafzer in his 
firft ftJMme of It^aritfams, thtc, while op incfeales or decreafes 
proporaonally, the uniform modoh of the point P, by which 
Che lojgarithni of tp (or the meafure c^ the rado of op to m) is 
genenued, Is equal to the velocity of ^ at a^ that is, at the term 
of tirae Whftn the logarithms begin to be generated. But the 
uniform morion of P may t>e fappofed eqoal to the motion of 
p at any other term, aif when it conres to « ; in which cafe the 
conftant velocity of P is to the velocity with which p lets oat 
fiom a when the logarithms begin to be generated, as o« is to 
va ; and thus wfc may have as many fyftems of logarithms as 
■we ideafe. ITie properties menrioned in the i flSth and i jTth 
articles, by which they become ufcful for facilitatiDe computa- 
dons, are common to all the fyfiems.' The line oc is what the 
learned Mr.COTES calls the .^Mliv/aj of the fyftem. Themea- 
^xnA of « given noo in ±e tfi^ent fyflems are in the fame 

pn^or- 
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.^ropordoti as-^ iMMot, t beipg fLlwai^s tlie ,tenp vhen cl)p 
velociiT of p becomes e^ual ^o.the conftanc x&locicy c^;P. Tl^ 
logaritOHi of aay quaotky u NAPiEB.aiu'ft fyftembeccxneae- 
qijal to;t^ Ipgfmdipi of :tbe £inie quantity in any o^er fyftaiT), 
whofc iDodiJiis U oe, by multiglyiDg it by the number wlw:|i 
.cxivefles the ntio of. oexp 09 \ aod ft^ modulus qf any fyflein 
■is CO the mo4^1,^8 c^ ,aay (t^r fyftem, ^ the logpithm of anv 
rayen ^aaaticy ia -the fii^ i# to .its ^og^ancbni ip tfae lecoMl. 
Thus, in K^wtsK'siirftictteaiie, ia tl)£ lame time that op from 
bdng eq^ .to {w :b<^[pe8 equAl.ipjtcn tiniea o^^ tlje ppipc ^ 
defcribes e line ^ wtio of ^Uch to f^ .is- that of .a.3C^j$C9 
£^f. to uoft. ^^it wgs jJQopd .^pvaiycot> tt^G djA.lQgwdmi 
jof-iffin fluHiId be ^pp^fed-^if^ to iiQii>j .«vl the motio.n of f 
. WM fiyppjC^ to -be lb far d)iWQ^94> t^ the Ipace j^^iibed 
by jt ip jbbiui^fiinw^i^iB^ he.4(^^ poly to m ^, «bat is, its v«^- 
. ty Ui thi» c^ Wjis-f^iipQ^ ^& ^^ it9 VQKHat^Tiipi^e ifecin^P 
.^,^e Cunervatio- w i ,m 1^ thvi ?>503«8ojy &r& Z^,Mb«|ta-- 
Jc^ 1^ tluoi (v> ip thi jT^fiif ratio) tbey$4ocn;y p£ F {baU. be e- 

31^ inrt^iAcafe.t|»4h«'y<^icy^/^t.«^ md.iu^U-.be.thei|io-' 
lUuB tjf diis-fy^ign^,Wbi*i^fc tfewslw ift«|^M;fiW b^T 04^4? J44 
^c o being unib 



'4iil)i8-of^l^ify#«in. It i^'.thweffffetbe.OupeinyW^RMio- 
tVt is MiH'ay^^^iKCd by the 9M»4i4p»*f.therfy^te!n,,»rtii^ 

is by ^ €Jo.Tf i-«p4te4 the mio. im4t^f^ T'J^ i»wi»jwt 

af ,«?; tow, Jf (yitw.iocreflfipgmopQitiRPf^y .frpmibw^^*^ 
u « bocowe.*qp«f to ff^ ,ni the ftnie tip*^b« tP h^ m-flfl^^ 

f/d. Why« «b«b»fe QP iowsafesjiiiwiiniy, let;tb»<wdina|»Fxfc44. 
Pp iiK;^a4e oc ,4ec7e;4fc-j»F(tponw^iaUy, (tbfit is^, let .the .v«loqji>^ 
«y pf^JU'thc .4itt^Hyi p«^.ti!»jd]vafs JMMbe (UkUmh^ Pf ;)? 

Aod' 
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tye Of Log4rithmSt 4nd the Fiuxient Book I. 

and the pant p fhall defcribe the l^mrithmic cmve. The bafe 
OP ia-always die logarithm of the ordinate Vp j and, if the xx- 
niform mouon of P be equal to the motion of p at o in the dire- 
flion Oo, then is the ordinate Oo the modulus of this fyftem of 
logarithms ; and the fluxion of any ordinate is to die flurion of 
the bafe as that ordinate is to Oo. The ordiDates at eqaal di- 
ftances from each other are always in 'geometrical prc^eflion 5 
from which it follows, chat, when the bafe and curve are pro- 
duced, they approach to each other conUQually on one fide, ib 
that their mitance may become lels than any aflignable line j 
bat, becMife they am never meet, the bafe is tber^re an afym- 
pcote of the curve. When any tf^o pc»nts of the curve, as a 
' and ^, are given, you may determine as many more points as yoa 
pleafe, by nuiing ordinates upon the bafe at equal diftancesthat 
' are in any geometrical progreffitm of which the ordinates ha and 
"Dd are any tyro terms. When the curve is fuppofed to be de- 
- icribed, the «xponential quantities are eafily detemiined by it. 
' Ijec the ordiaate ha be exfHefled by A t let OP be to OA^^as any 
qaandty exprefled by x is to unit : and the ordinate Pp may be 
exprefled by A' , an exponential quantity of die firft degree 
when X is variable. 
F16.45. 177. Let itnn be an hTOerbola, its center, or and 01 its a- 
fpmptotes^ let ^ j>f» and gn parallel to the afymptote or meet 
the curve in /, m and *. Let hL be equal to al, the angle LAP 
equal to htpy and AP be always the logarithm of op according 
to the i^d and 154th ardcles ; then the h^rboltc area almp 
fhall beuways equal to the parallelogram LP. For, if p; be 
to PG aa the velocity of ji b to the velocity of F, that is (by 
' «rt. 161.) as op is to od, or as <>/ is to pm, (by the property of 
' the hyperbola \ ) then Ihall pg be to FG as PM is to piM, the 
■ parallelogram tag IhaU be always equal to the parallelogram 
-^ MG, arid (by prop. 4.) the fluxion of the hyperbole area almp 
' equal to the fluxion of the parallelc^ram U*. Therefore, by 
~the fourth gencTEd theorem} the hyperbolic area almp is equal 
to the paraUelogram LP^ and the area altnpt or the feAoi omL 
(which is equal to it becaufe the triangles optB, oal are equal) 
meafares the ratio of op to 'ixt. Thefe areas form a fyftera of 
logaiithms die modulus of wluch is the parallelog^ram o/, and 

fcrve 
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Chap. VI. of logarithmic ^antities, 177 

ferve for meafuring ratios, as the arches or feftors «f circles 
ferve for meafuring angles. The former are divided into equal 
parts, by refolding a ratio into the equal ratios from wWch it 
IS compounded J as, by dividing the latter into equal Pans, an 
angle is refolvcd into the equal angles of which it confifta. 

178. The area of the parabola admitsof a perfect quadrature, 
and elliptic areas are reduced to fuch as are circular j therefore 
the areas-of all the conic feftions may be reduced to reftilineal 
figures, the meafures of angles, or the meafures of ratios : and 
to one at more of thefe ail fluents ought to be reduced in this 
do3ritie as much as poiTible. As a conic fe^on palles ftom one 
^ecies Eo another, by varying the inclination of the plane that 
cuts the cone \ or by varying the circumftances of the defcri- 
prion, when the curve is traced upon 2 plane by motion ; or by 
changing a fign, coefficient or exponent of a term, when the 
nature of the curve is exprefled by »i equation : fo the expre& 
lions of the meafures of angles and of ratios are by fimilar vari- 
ations transformed into each other, and in fome cafes into fuch 
43 reprefent re6liltoeal figures; and, by a change in the lign, 
coefficient or exponent'of a term in the cxjireinon of a fluxion, 
die nature c^the fluent is fo fai altered that it becomes reducible 
to a conic feftioa of a different kind. When op increafes or 
deciesfes proportionally, the acceleration or retardation of the 
motion of /) IS as its dinance from the given point \ but there 
are iilfo other cafes in which its acceleration or retardation ob- 
ferves the fame law : and, by taking thefe tc^ether, we may 
comprehend the genefia of the lines that meaiiire ratios and 
angles in one view- But we fliall have occafioo afterwards to 
confider further the analogy thej£ is betwixt thole meafures, 
and to treat of the logarithms that are called imaginavy, 

170. In INapieb.'s firil fyftem, the conftant velocity of PjFicdfi. 
by which the logarithm AP is generated, is equal to the velor 
city with which p fets out from a when their genefis is fuppo- 
fed to begin, ^art. 153. & 154.) Therefore, if wefuppofe AP 
and is(p to be diminimed continually, (AP being always the lo- 
garithm of lip,) their ratio Ihall approach continually to a ratio 
of equality as its limit, (by art. 67.) and, oa being fuppofed to 
jreprefeatDuit, if isj> be very finall compared with oa^ tt may be 
2» fuppo- 
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foppofed in a^jroxunatioiis to be the logarithm of »p m this fy- 
ftem, which is called its hyptrhohc logaritbm j and any very final! 
fiadicn may be fuppofed to be the Ic^arithm of the fum of u- 
nit and that fraflion added together. Frpm this h foliows> 
that, if a feries of mean proportionals be interpofed betwixt oa 
and any given line ob^ and the number of all the terms without 
including oa be «, and on being the fecond term of the feries tfx 
be to dJ as unit is to the number q ; then, by bcreafing conti- 
nually the number of mean proporrionals betwixt oa and 0^, the 
jauo of X to 5 fliaU approach continually to the ratio of AB 
(the logarithm of oh} to aby aa its limit. For the number x is 
to unit as AB is to AN, (the logarithm of o« ; J and unit is to j 
as an (which ^proaches continually to AN) is to ^, There- 
fore the ratio of x to d approaches continually to that of AB ta 
ah. For example, if oh be double of oa^ the ratio of * to- f * 
wproacbes continually to the ratio of the logaittboi of a to a- 
Qtf, w)uch is o«»ly that of 7 to la 
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AN arch of a curve has its concawity turned one wayy 
when the right lines that join any two of its pointa 
are all on the fame tide of the arch \ or, in general, (that we 
may inclnde, with Archimedes f, fuch Hoes as have re£lili- 
seal parts,) a line has its concavity turned one way, when the- 
night iHies that join any two of its points are either all upon one^ 
fide of it, or while fomc &11 upon the line itfel^. none ^l oa 
the oppofite fide. 

♦ Thus, if the fraAton r -f- | (reprrfented here by tn) railed ta the power 
X be fuppofed equal to x, the mid of x to j ftiall be nearly that of the Jogarithm- 
of 1 to unit, when «. is^a large number. XC the DeSrtat tfCfumtti, frebi. $.. 
by [he cxcdEcnt Analyft Mr. dc Moivte. 

f Dc %hxra it- cylindroj dcfia. i. 
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Chap. Vn. Of the Tangents itfctirve Lines. J79 

iSr. As a. right line is the tangent of a circle, when it 
touches the circle fo clofely that no right line can be drawn 
through the point of contaft betwixt it and the arch, or within 
the angle of contaft that is formed by rheni ; fo, in general, 
when a right line ET touches any arch of a curve, as EH inFio.4^ 
E, in fuch a manner that no right line can be drawn through E 
betwixt die right line ET and the arch EH, or within the 
angle of contad HET that is fonned by them, then is ET the 
Tangent of the curve at E. It is manifeft, that the right lines 
£T and EH are on difierent fides of the arch EH ^ and that 
when the arch has its concavity turned one way, the tangent ac 
any point of it is on the convex fide. 

182. The right line TE being continued to /, if E* is the 
tangent of the arch EC the continuation of HE, then the arch 

HEC has a continued curvature at E. When the arches EHFiG>4% 

and EC are on diiFerent fides of the tangent TEf, the point E 

is called a point of contrary flexion. But if any right line ER.,FiG>4j^ 

different from Ef the continuation of ET, touch the arch EC, 

then the pcnnt £ is a dmhlt point of the curve, and is the inter- 

feiflion of two arches which have di&rent tangents at that poin^ 

or are on oppofice fides of the fame tangent. 

183. When two lines that have their concavity turned the 
fame way have the fame terms, and the one includes the other, 
or has its concavity towards it, the perimeter of rfiac which in- 
cludes is greater than the perimeter of that which is included. 
This is the &cond axiom o£ the treadle of Akcbiuedes con- 
c^ning the ifdiere and cylinder. 

LEMMA VII. 
184. The hafe being fuPfofed to flow uniform^, the 
ordinate increafes with a motion that is tontinually 
accelerated, and decreajes with a motion that is 
continually retarded, when the arch is convex to- 
wards the bafe. But when the arch is concave to* 
wards the bafe, the ordinate increafes with a re- 
tarded motion-, and decreafes with an accelerated 
motion. 

Z 2 tec 
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Fic<47* ^' '^^ ^'^ ^ convex towards the bafe, and let the ordi- 
nate Fp increafe while the bafe AF mcreales. Let BD sad i:^ 
be equal Knes defcribed by F with an uniform motion in any e- 
qual times that immediately fucceed after each other. Let the 
ordinates BC, D£ and GH meet the curve iu the points C, E 
and H \ let the the tangent at E meet the ordinates GH and 
BC in T and t \ and let M£I parallel to the bafe meet theie ot'- 
dinates in I and M. Then, becaufe BD and DG are equal, IT 
is equal to Mf ; aud, the arch C£H being convex towards the 
bafe, IH is greater than IT^ or Mf ^ which is itfelf greater thaa 
MC, for the lame realbn. There&re IH is furely greater thaa 
MC But MC and IH are the increments of the ordinate that 
are generated in equal times while the bafe acquires- the aug- 
ments BD and DG ^ and, Unce thole increments continually in^ 
creaie,, it follows, that the motion with which the ordinate flows 
is concrnually accelerated. When the ordinate decreafes^ the 
decrements IH,.JMC contmually decreafe, and the ordinate flows 
with a motion that iscantinually retarded. 

Fic.jo* 1S5. Let the arch be concave towards thebafe^ and) the 
cooftniition bemg the fame, MC fliall exceed Mr, or IT, which 
is idelf greater than IH : fo that MC being greater than IH, 
the ordinate flows with a morion that is retarded or accelerated 
continually accoxding as it iacreafes or decreafes while the bafe 
increases. 

Fig. 47. 1S6. The motion of the pomt p, which is fappofed to de- 
Icribe the curve, is perpetually accelerated, when, the bafe be- 
ing fuppofed to flow uniformly, the curve is convex towards 
the bale, and the ordinates increafe while the curve increafes. 
' For the arch £H being greater than its chord EH, which in 
this cali exceeds the tangent ET^ (-becaufe the point T is be- 
twixt I and H, and the angle ETH is greater than EHT,) the 
arch EH isfiirely greater than the tangent ET. But the arch 
EC is lefs than tn& tangent E/, ot ET ; for if CV parallel- to 
the bafe meet the tangent Ef in V^ VC fliall be leis than Vf ; 
and, the arch EC being left than iJiefum of EV and VC, (by 
art. 183.) it muft be left than Ef. Therefore the arch EH is 
greater than CE, and the motion of p in. delcribing the curve is 
perpetually accelerated. In the £tnie manner it appears, that, 

when 
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when the curve is ctmrex towards the bafe, and the orditutes 
decreafe while the curve increafes, the motion of^ (or chat with 
wtuch the curve Fp flows) is retarded perpetually. 

187. But when the curve is concave towards the bafe, andjFiG.jO. 
the bafe being fuppofedto flow uniformly, the curve increafes 
while the ordinaies increafe, the arch EC is greater than the 
chord EC, and therefore greaser than the tangent Ef, or ET, 
which is idelf greater than the fun>of EV and VH, ( VH parallel 
to the bafe being fuppofed to meet che tangent in V,) aod coo- 
fequently is greater than the arch EH^ (by art. 183.) There- 
fore;, in ttus caie, the lines defcribcd hy p in equal fucceediag 
rimes perpetually decreafe, and its motion (or the motion wiw 
which the curve F/i flows) is perpetually retarded. But if the 
ordinates decreafe, in this cafe, while the curve increafes, tbo 
motion of /> is perpetually acceleiated. 

PROP, xir, 

18 ff. Let ET he the tangent of the curve FE at E j 
and, EI ieini parallel to the bafe AD, let IT be 
parallel to tae ordinate DE : Then the fluxions of 
the bafe ^ ordinate and j:utve, (ball he meajitred by. 
the right lines.El, IT and ET, reJ^eQivel^,- 

Firfti let the arch CEH be convex towards the bafe; an(J,Fie.4(5. 
the bafe being fuppofed to flow uniformly, the ordinate fliall in- 
creafe with an accelerated motion, by the laft lemma. The fi- 
gure and conftru^lioa being the fame as in the i84th-article, it 
lollows from the firfi and lecond axioms, that, in the fame time- 
that tha bafe acquires the augineLt DG, a line lefs than IH, 
but grcatertlian MC, would be gei^erared by the motion with- 
which the ordinate DE flows continued uniformly. Ther*- 
ibre, if this line, be not equal to IT, firft let it be equal to 
fome line IL, lefs than IH, but grc^iter than IT. Join EL, an<i' 
k fliaU meet the cur\'e EH in fome point R. becwixt E and H ^ 
let the ordinate RQ_meet the tangent in N, the bafe in Q^ 
and the li^i line £1 in K.. Then, fioce ILis to K£L..as.£Jli 
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is w ER, or as DG is to DQ^, and, when the generating mo- 
ttOD is uniform, the qaantides generated are Id the fame pro- 
portion as the tinies i it follows, that, if the motion with which 
the ordinate DE flows was continued uniformly, the line KR. 
would be generated by ic in the fame dme that the bafe ac- 
quires the augment DQ^ But, becaitfe the fame line KR is ge- 
nerated by the accelerated motion withwhich the ordinate flows, 
in the fame time that the bafe by flowing uniformly acquires 
the augment DQ^, it follows from the iirft axiom, that a leis 
line than KR would be generated in that rime by the motion 
wirh which tht ordinate DK flows continued anifomily. And 
thefe being contradictory, it follows, that the line that would 
be generated by the morion with which the ordinate DE flows 
continued uniformly while the bale acquires the augment DG^ 
is not greater than IT. If it be faid to be lefs than IT, or Mf, 
let it be equal to M/^ and, M/ being greaterthan MC, but lefs 
than Mf, it follows, th^ El muil meet the arch CE in fome point 
r betwixt E and C Let the ordinate rq meet the tangent in », 
the bafe in f, and the right line EM in k. Then, fince Mi is 
to kr as EM is to Ekj or aa DB is to Da ; it follows, that, if 
the motion with which the ordinate DE flows was conrinued u- 
nifonniy, it would generate a line equal to itr in the rime that 
the bafe acquires an augment equal to D^. But, flnce the In- 
crement kr is generated in an equal rime by the accelerated mo- 
tion with which the ordinate flows before p comes to E, that 
id, before the modon with which the ordinate DE flows is ac- 
quired ', it follows &om the fecond axiom, that a Une greater 
than kr would be generated in the fame rioie by the motion with 
which DE flows conrinued uniformly. And thefe being alfo 
contradiftory, it follows, that IT meafures accurately the mo- 
doq with which the ort^nate DE flows, or its fluxion, when 
the modoQ with which the bale flows, or its fluxion, is meafu^ 
Kd by DG or EI. 

1 89. In the fame cafe, the morion of the point p, that is fup- 
poled to de&ribe the curve, is perpetually accelerated by art. 
i86. If the morion o£p was contmued uniformly from Ey % 
line lefs than the arch EH, but greater than the arch CE, would 
be detfcxibed by it in the time P delcribes DC, by the flrft and 

fecond 



,y Google 



Chap. Vir. Of the Tangents of carve Llvet. rJj 

fecond axi(Hii9. If this line be doc equal to the tangeot ET). 
firft let it exceed ET by TL \ and, becaufe this line is lefs 
chati the aich £H which is lefa than the fum of ET and TH^ 
(by art. 1 83.) it foilows, that TL is kfa thaiv TH, and that 
the right light line £L muft meet the arch EH \a ibme 
|x>int R betwixt E and H. Let the ordinate RQ^meet the bale 
in Q^and the tangent in N. Then, fince ET is to EN, and 
TL to NR, as IXJ is to DQ^; it follows, that the fum of ET 
and 'I'L ia to the fum of EN and NR. as DG is to DQ,v and 
that a line equal to the fum of EN and NR would be osfcri* 
bed by fy if its motion was continued uniformly from the ternv 
when it comes to El, ia the time P defcribes DQ. But, while- 
the motion of P is uni&mi, the motion off, in defcribing the 
arch ER, is pe»petoally accelerated, (by arc. 1 86.) and it fol- 
lows from the firft axiom, that, in the time P delcribes DQ^„ 
a line le& than the aich £R (and confequently lels than the 
fum of EN and NR) woiild be delcrtbed by p if its modoit 
was continued uniformly from K And thefe being contradi- 
ilory, it follows, that the line wluch would be delcrtbed by ^ 
if its motion was contioHed uniformly from £, in the time P de- 
icribes DG, b not greater than ET. If this line be iaid to be- 
lefs than ET, or Er, let Ef exceed it by r; ; and, fince that line- 
is greater than the arch EC ^which is greater than the chord 
EC, and therefore is greater than the excefs of E( above ^C,) it 
follows, that tl muft be lets than rC, and that the right line £/^' 
muft meet the arch EC in fome point r between £ and G. Lec 
the ordinate rq meet the bafe in ^, and the tangent in n : and^ 
fince £f is to E«, and tl is to w, as DB is to Yiq \ ic follows^, 
that, if the motion of p was continued uniformly &oni E, » 
line equal to the difference of E0 and nr would be defcribed 
by ic in the time P defcribes a line equal to ^D. But, the mo- 
tion of p being perpetually accelerated, the fame line mufl be 
greater than the arch r£, (by ax. 3.) and therefore greatecthaBi 
the difiterence of Es and nr^ which ie lefs than Er, by art. 1 83*. 
And thefe being alfo contradi6iory, it appears^ that the medoik 
«f p at the term when it comes to E, or the fluxion of the 
curve FE, is meafured accurately by ET when the duxi«i o£ 
the bafe is me^fored by DC^ ox EL 

L^Wheai 
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Fig. JO. 190. When the carve 13 concave txjwarda the iafe, the pro- 
poflcion is demonftrated in the fame manner from the third and 
fourth axioms : or it may be deduced froiB the preceeding cafe, 
by drawing any right line ao parallel to the bale in fuch a man- 
ner that the arch CEH may have its convexity towards it. For, 
if DE produced meet ao in rf, and the curve meet ao in ^ the 
motions with which rfE and / E decreafe are equal to thole with 
which DE and FE increafe. When the bafe flows with a vari- 
able motion, the propofition is demonftrated from what we have 
fliewn by the eleventh general theorem, and the 60th article. 

Fig. 47. iju. Cor. In the iirft cafe, when the curve is conveic to- 
wards the bate, the part TH of the increment IH of the ordi- 
nate DE that is genwated while the bafe acquires the augment 
DG, is owing to the acceleration of the motion with which the 
ordinate flows during that time. When the curve is concave 

FiG.jatowards the hale, the increment IH c^ the ordinate is le& than 
IT i and the difference arifes from the retardation of the mo- 
tion with which the ordinate flows. The fluxion of the ordi- 
nate is the fame in all curves that have the fame tangent at E. 

FiG.ji. 191. The pdnt S, the right line AO, and the circle FDB 
defcribed aboot the center S, beit^ given in pofition, let the 
«oint P' defcribe the aight line AO, SP meet the circle FDB in 
K ; and let the ^pcMot M defcribe any right line SD fo chat SM 
■may be-always-equal to SP. Let SA be perpendicular on AO ^ 
and, if the motion of the point P from A towards O be uni- 
£orm, -the modos of the point M in the right line SD fhall be 
perpetaally aeceleraced \ but the motion ofthe point N fhall be 
pNpetually retarded. For let i&E, EH be equal lines defcribed 
by P in any equal times. Let Si^, SE and SH meet the circle 
I^B in £-, -D and G. From S as center, through b and H, de- 
fcribe the arches hk^ HK. meeting SE in k and K, and let hi, 
HL be -perpendicular on SE in I and L. Then Ihall kZ and 
£K be the lines defcribed by M, and ^ D, DG the arches de- 
fcribed by N in the lame equal times. £ecmfe hS. is equal to 
£H, therefore (Elem. 26. 1.) £/ is equal to EL; and, EK 
being greater than £L, or E^ which is greater than £;fc, it is e- 
videnc that EK. is greater than Eifc ; and therefore the morion of 
M is pepetually accelerated* Becaufe HL is equal to hi, but 
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SH gnater than S^, the adgle HSL ia Ids than 1^ aad thfi 
motion of N is peipetually rttarded. It is obvious, that^ when 
the motion of M from S towards N is unifonn, the mottens of 
P and N are retarded ; and that, when the motion of N ftom 
/ towards b is unifbrni, the motions of P and M aie perpetual- 
ly acceleiated. 

P R O P. XV. 

193. The point S &nd the right line AO beinv givenVie.si* 
in pojttion, let the circle fN6 defcribed from the 
center S meet AO in E ; and the fluxions of the 
right lines AE, SE and of the arch /E Jball be to 
each other in the fame ratio as the right lines SE, 
AE rf»</ SA. 

While the point P defcribes AO, let SP meet the dide/Efr 
in N, and uptni SE let SM be always equal to SP, as in the 
preceeding article. Then the fluxions of the right lines A£, 
SE and of the arch/E Aall be meafiired by die velocities of 
the points P, }^ and N ai.the term when they come together 
CO E. Let die motion of P be uniform, and the motion of M 
fliall be accelerated, by the laft article. It is riianifeft, that the 
velocity of P is greater than the velocity of M. If the veloci- 
ty of P be to the velocity of M, at the terra when they come 
to £, in a lefs ratio than that of SE to AE, let their ratio be 
die fame as diatpf SH to AH, or (EK beii^ pdmeodicular on 
SH in K) that of EH to ,KJ^ \ ; and the point M ihall delcribe » 
line equal to KH, if its motion be contioued uniformly from E^ 
in die time P defcnbes EH ; and, KH being greater than GH the 
excels of SH above SE, it follows, that a greater line fliall be 
defcribed in the fame time by M, when its motion is condnued 
unifoimly &om £, than when it is condnually accelerated from 
die fame term, againfl the fird axiom. If the velocity of P be 
to the velocity of M at the term when they come to E in a 
greater ratio than that of SE to AE, let theii rario be the fame 
«8 that of SC to AC, or (EA being perpendicular on SC^ in A) 
A a that 
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that of EC to CkfViiA the point MfliaU ddchbe a lino equal 
CO CA by ks motion coDUDoed uniformly from E in the ume 
time P dd'cribes a line equal to CE : and^ Ck b^g le& than 
Q- the exce& of S£ above SC, it follow^ that the fine deferi- 
bed by an accelerated motion is greater than the line wlucb is 
delcnbed in an equal time by the motion acquired by- thU aoce- 
leration continued unifbrmly, ag^nft the fecond axiom. Ther^ 
fore the velocig' of P is to the velocity of Mjjat the term whea 
they come to £, as S£ is to AE. This might have been d&- 
monifa»ted from the p6tb article in a difierent manner, becaule. 
the doxion of the fquare of SE is equal to.the fluxioQ of the 
fijuare of AE. 

1 04. The motion of P from A tovt^ards O bemg utHform, die 
tnotion of H is perpetually retaidec^ by the toid ardcle. If 
the velodty of P be to the velocity of N as SH greater than 
SE is to SA> or as £H is to £K, the point N {hail defciibe 
£K, by its motion continued uniformly from £, in the time P 
defcribes'EHj and^ EK being tela thaO'tHe arch EG which is 
de&iibed in the iame time by N with a fetarded motion, it foK 
lowSf that a le& line would be described in the Cuiie time by 
a motiQa.coatinaed uni&imly, than by the fame mouon perpe- 
tually tetacded fiom the laaie tenn, againll the thiid aaionu- 
Iftbe vekxJcyt^P be to the velocity CNTNin a Ufs ratio than* 
idaac o£S£ to SA, or (CR. being penetidiculte in R. on ET tbe' 
tauKnt qE tbe circle at E) that of CE to-ER, let it be the &me 
as that of CE to £x j J(xn Cir, abd let Sz pu-allel co it meet AE. 
m:Qj thearch.Ef in Uy and the tangent £T in s. Then, Itnce 
£m is to Ejk as EC is to EQ^j it foUows, that the point N would 
defcribe aline equal to Ez, \f^'v» motion Continued unifonnly 
Irom £, in tbe time P detbribes a Ifne equal to E(^ Bix the 
pouit.N deicribes the arch aE by its recarded motion m that 
time before it comes to E ; and, the arch »E being lefs than its 
taiq^ent Ejs, it fc^ows, tbat the line deicribed by N while its 
fliodoD is retarded, islefs than the line wbkh wouHbedeicriff 
bed in an equal time by the motion that remains after that x^- 
tardadon condnned unifbrmly, agakift the fourth axiom. Tbere- 
fore the velocttias of the points P> M and N, at the term wheo- 
ifaey conoe together to £» are in the ^me latio as the ligbe. 
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4isa SE, AE anHSA ; and- Ae flflkione of the right lines AE, 
SE vnd of dw arch fE ate in the feme rado. THs may be 
ihewniB Kke wiaBBcr, by. ftqipofin^ Ae motion of M or that 
of N to be tttWibmi ; laiid tSie ptopoficioB is made genend try 
■Ihe ekvanth tfaebRtit. -' ' 

ip5. Co«. L Lft a circle A^ defcribed froni the center S 
niMC SPm m, md S£ in. D ; uid the v^ocity of n fhall be al- 
ways to the vdocity of N as S« or SA is to SN or SE, by 
^idiwr. g: The vdDcity of N is to the velocity of P when 
<^hey come to £ in the fame rado. Therefore the velocity of 
w at D is to the Telocity of P at E in the duplicate Tauo of SA 
:to SE J and the fluxion cf the arch AD is to the fioxion of its 
'tangent AE in the lame ratio. In the ^me manner it appears, 
>dut de fluxion of the arch AD is to die fluxion of its fecant SE 
4B die Square bf 5A is to the redbmgle SEA. 

196' Cor. II. If the pcnnts P and f fet out widi etjoal velo- 
-catiesfrom A and a in the right lines AO, ao at the fame time.; 
and, i^e motion of p being conunued uniform, the velocity of 
9 bie idways^s its dlftance from S ; then ap fliall be the loga- 
•lidiin of thefam of SP and AF. For the floxion of ap fhall be 
CO the fluxion of AP as SA is to SP, and tothe fluxion of SP as 
SA b to AP, Therefore the fluxion of ap fliall be to the fiim 
t£ the fluxions of SP and AP as SA is to the fum of SP and 
AP; and, when ap increafes uniformly, the funi of SP and AP 
increafes proportionally, (by art. i6o.) Therefore ap is the lo- 
foiithm of the fum of SP and AP, or is the meafure of the ra- 
tio <^ that fum to SA, the modulus being SA. The velocity 
of F is to the velocity of /p as the velocity of ^ is to the velo- 
city of 0; and, when P comes to E, the velocity of ^ is equal 
to the vdodty of N.' 

107. Con. III. Let the right line ao givoi in polidon meetFr6.5j. 
AO in F, and SP always interfcft iW in p ; then the velocity of 
P fliall be to the velocity of p as the rcftangie SPF is to the 
vedangle SpF \ and, if %a be perpendicular on aoy the flaxion 
of AP Ihall be to the flaxion of <^ in die fame ratio. This 
may be deduced from the 15th {ttopoHuon, tx immediacely 
from the axioms, thus ; If 40 meecSA in ibme point betivixc 
S juid Af the modon of p fliaU be accelerated when the modon 
A a 2 of 
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of P from A towards O is aoifonm. For, while P defcribes any 
equal lines CE, EH, let p defciibe a aad <b\ let /«L parallel 
to AF meet SH and SC in L and I \ and it ia manifeft, that I> 
&aU be equal to W, but that th ih41 be gveatei than tc% and 
therefore the motion of p is accelerated. Let \Jt. paraUel to S£ 
meet eh\Tik.\ and, if the motion ofp was to be contdnued uni- 
formly from ;, the line 6k. woi^d be d^elcribed by it in the fame 
time F defciibes EH. For, if it fhould be faid, that it would 
defcribe tr greater than tk in that time, let S9 parallel to Lr meet 
EH in Q., «L in x, and eh in q. Then, fince «• is to e^ as «L 
is to «x, 01 as EH is to £Q , it follows, that the point p, by 
its mociou continued umforimy from r, would delcnbe eq in the 
time P defciibes EQ. But the point p defcribes the fame line 
tffl in the lame time when its morion is continually accelerssed 
nom that term ; fo that the fame Ipace would be defcnbed in 
the lame time by f when its modon ia continued uniformly from 
e, and when tt is continually accelerated, againfl the firft axic»iv 
In like manner, it is Ihewn from the fecond axiom, that the 
line which would be defcribed by the motion of p continued xe- 
cifbrmly from e, in the time F deicribes EH, is not lefs than ek, 
trherefbre that line is equal to ek \ and the velocity of p is to 
the velocity of P, when they come to e and E, as tk is to £H \ 
and the fluxion of ae is to the fluxion of AE in the fame raua 
£ut the ratio of ek t6 EH is compounded of the ratio of ek to 
«L, or that of cF to EF, and of the ratio of «L to EH, or that 
of S« to SE. Therefore the fluxion of ae is to the fluxion of 
AE as the rectangle SeF is to the le^tangle SEF. When the 
motion of p is retarded while that of P is uoiform, the deraon- 
flration is deduced in the fame manner from the third and. £3unh 
axioms : or the lame demonAration may ferve, by ft^poTmg the 
' motion of.p in thofe cafes uniform; for the motion cf P ihall 
chen be accelerated. When the points E and e come to F, ri 
is to EH as SA is to Si« J and the fluxion of oF.is to the 
fluxion of AF in that ratio. When ao is parallel to AO, It is 
manifell, that the fluxion of ae is to the fluxion of AE as Sr 
is to SE, which in this cafe is an invariable ratio, and is the 
fame as that of So to $A. 

198. Coa. IV. The fluxion of SE is to the fluxion, of AE 
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13 AE i» to SE \ vnd the fluxion aiae is to the fluxion of S« as 
S« is to ae^ Therefore die fluxicm of S£ is to the fluxion of 
S« as the reftangle AEF is to the reftangle («F, Lee Sa con- 
ftitute the angle dStf equal to ASP, and meet (»F in a ; then 
the fluxion ctSE fliall be to the fluxion of S«, when the points 
E and e come to F^ as the reftangle centained by AF and %a 
is to the leAangle contained by a? and SA, or as twf is to oF. 

ipp. Archimedes demonurates, in the 6rfi propofition ofli'iG.«4. 
his treatife concerning Ipiral lines, that a right line SF may be 
drawn from S meeting AE in P, and the circle /E in N, fo 
that PN may be to the chord EN in- any ratio lefs than that of 
AE to SA. For, if SI parailel to AE meet the chord NE and 
tangent Z.E produced in V and I, PN fhall be to EN as SN or 
SE is to NV \ and, fmce N V may be equal to any right line 
greater than £!« it follows, that PN may be to EN in any ra- 
tio lefs than that of SE to EI, or that of AE to SA. It is alio 
manifeft, that as N apfnroaches to E, NV decreafes, and that 
the ratio of SE to NV or of PN to- EN continually decreafes. 
In like manner he ihews, in the 7th propofition, that a right 
line Sp may be drawn from S meeting the right line AE produ- 
ced beyond E in p, and the circle in 0, lb that pn may be to 
the chord Ea in any ratio greater than that of AE to SA, or 
that of SE to. EI ; becaufe, if Ea produced meet SI in ^, pn 
ihall be to E« as S« or SE is to sv, and nv may be equalto any 
line lefs than EL In this cafe, when n approaches to E, wv in- 
creafes, and the ratio of fn to E» or of SE to nv continually 
decreafes. 

300. lo the 8th propofition. of the fame traatifej he fliewff,Fia.55^ 
that PN may be to the tangent EZ in any ratio leis than that of 
AE toSA, as thatof SE to EL, EL being greater than EI. For 
Itt a circle defcribed through L, S aod'I meet SE produced in R. : 
then, becaufe EL is greater than EI, a right line S2Y maybe 
drawn from S meeting this circle in Y, fo that ZY may be e- 
qual to ER. Sappofing thai SZ. is fuch a right line-, the rcftangle 
SZY being equal to LZI^ and the reftangie contnined by SZ 
and EI being equalto the reftangle conlained by SP and ZIy •> 
4ccaufe SZ is to SP as 21 is to EI, it follows, that the reft- 
uigle liZI i&to the redangte contained by SP and ZI- as the 

ie<5langle 
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redangle SZY U to the reftangle comamed by S& and K. 
"Therefore LZ is to SP as ZY or EB- U to EI, or as EL « 
to ES or NS ;. and EZ is to PN as EL is to SE. It is eafy 
to fee, that when N approaches to E, the tauo of PN to the 
taogeat EZ increafes coDcinually. In like manner he fliewa, in 
the 5)th propoHticH), that pn may be to the tangent 'Ez in any ra- 
tio that is greater than that of SE to EI, or of AE to SA j and 
it is eafy to fliew, that, when n approaches to E, the ratio o£fn 
to E2 decreafea continually. 
Fig. 56. aoi. Let P defciibe an arch FPH of a continaed corvatoiE^ 
let SP meet the circle/Ei in N ; and fappofe that SM is al- 
ways taken equal to SP, as in art. 191. Then, if SP increafe 
continually, and, the ardh beii^ fuppofed to have its convexity 
towards S, if the motion of N be uniform, the morion of M 
Jhall be perpetually accelerated. For, if the arch EN beeqa^ 
CO E», and the right lines SN, Sn meet the curve in P and ji, 
And its tangent at £ in T and t, Ef fhall be greater than ET, 
and the excels of S;^ above SE being greater than the excels of 
Sf above SE, which is greater than the excefs of SE above :ST, 
it muft be greater than die excefs of SE above SP. In this cafe, 
the motion of P m the curve is alfo accelerated ^ for it is mani- 
felt, that the arch Ej) is greater than the arch £P. When the 
arch FPH is concave towards S, and the motion of N is uni- 
iatTRy the motion of M may be uniform, accelerated or retarded. 

PROP- XVL 

ioi. Let the circle fZh meet the curve FPH in E, 
and SD Perpendicular on SE meet the tangent ET 
l^ie-J?' itt D ; then the fluxion of the ray SE Jhallie to the 
fluxion of the arch f^ as SE is to SD. 

Cafe I. The morion of N in the arch/E^' being uniform, lee 
the motion of M in the line SE be alfo uniform ; in which cafe 
^ defcribes the ipiral of Ak,chui&de8. The iiuxion of SM is 
to the fluxion of/N as the conftant velocity of M is to thtf 
conllant velocity of K, or as EM is to the arch EN. If the ra** 
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tio of- chofe flauoin be greater than that of SE to SD, let k 
be the fame as that of SE to S<fc ; join ILh, and, .fince ED is the 
tangent at E, a pan of EA mufl fall within the finral. Let P be 
ft point- in the fpnal within the asgle itED, and let PL perpeodt- 
calaroD.SEnicecEAin V. Then, fince the daxion of SE tsto 
the flnxioa of /£ as SE i« to S^ <» as EL is to VL, EM fhall 
be to the arch EN as EL is to VL. But EM is lefs than EL, 
and the arch EN is greater than VL ; therefore the ratio of 
EM to EN is lefathan the ratio of EL to VLi. And thefe be- 
ii^ contradidory, it follows, that the ratio of the fluxion of 
SE to the fliUHon of _/"E is not greater than that of SE to SD. 
If the ratio of thofe fluxions be leTs than that of SE to SD, lee 
it be ttie fame as that of SE to SK \ produce DE and KE to $ 
and I \ and from p a point Of the fpiral within the angle t^T, 
let fl perpendicular on SE in / meet the right line EI ifi a \ let 
Sp meet, the circle /Ei* in «, and %m be equal to Sp. Then, 
mice the fluxion of SE is to the fluxioa of ^E as SE is to SK, 
or as E/ is toa/, Emistatlieafch En as-£^ is to/fl. ButEw is 
greater than E/ ^ Ea is lefs than its tangent Ex, and there&re is 
lefs than la ^ fo that Em is to En in a greater ratio than E/ is to lu. 
And thefe being contradiSory, it tollows, that the fluxion of - 
SE is to the Auxion of the arch /E as SE is to SD. From this 
itfollows, ccntveiiely, that if SE be to SD as the velocity of - 
M in the ray SE is to the velocity of- N in the circle j'^ih, 
or (fuppoling S/" to be the poiition of the ray SN when P 
iets out-from S the beginning of the ^iral)-.a8 me ray^ SE is to 
the arch /'E, then ihall ED b«.the tangent of the fpiral at £|^ 
and this coincides with the iift propofidon of the tteatlfe of 
AiiCHiMEDES concerning that line. 

103. Cafe 1. Suppofe now the motion of M in the ray SE t0^ 
be continually retarded while the morion of N itt the arch NE» - 
is uniform, k ibllows fiom the fourth axiom, that, if the mo- 
tion of M be continued uniformly fiom the term when it-comes ■ 
to E*, a kfe line than EM will be defcrrbed by it in the feme- 
time N defcribes an arch equal to EN j- and,-th& fluxions- of^ 
SE and/E being meafured by the velocities of M andN-atthe - 
term wbea they come-to E, it follows, that EM"i» to EN in a 
ereatcxcuio than chat of the fluxioo of&E to i^e^ fluxion of- 
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/E. If the rario of thofe fluxions be greatet than that of SE 
to SD, let it be the famcas thit of SE to SA, or that of EL to 
LV ; and, P being a point of the curve withiR die aogle AED, 
as in the h& article, EM {hall be to EN In a greater r^ip than 
EL is to LV i which is impoffihle, bepaufe EM ie left than EL, 
and EN is greater than LV. If the fluxion of SE be to the 
fluxion of /£ in a lefs rado than chat of S£ to SD, let their 
ratio be that of SE to SK, or (the conftruftion being the iame 
as in the laft article) that of E/ to Ja. It follows &om the 
third axiom, that Em is to £« in this cafe in a lels ratio thsa 
that of the velocity of M to the velociry of N at the term whea 
thefe points come to E, (» the raoo of the fluxion of SE to the 
fluxion of /E. Therefore Em is to E« in a lets ratio than E/ 
is to lu. But this is impofBble, becaufe Em is greater than E/, 
and £»-« left than iiL Therefore the fliixioa of SE is to the 
fluxion of /E as SE is to SD. 
FxG. j8. AQ4* C^' 3' Let the motion <^ M in the ray SE be accele- 
rated contmually while the motion of N in the arch NEn is u- 
oiform, but fo that the arch P£p may be itiU on the fame flde 
of die tangent ED with S ^ and the fluxion of SE fh^l be to 
the fluxion of /E in a greater ratio than tluu of EM to the arch 
EN, by the fecond axiom, but in a lels ratio than that of Efft 
to Efl, by the iuA axiom. Let Sd be peipeudicular on the tan- 
gent in i> ; and, if the ratio of thofe fluxions be chat of SE to 
SK, whidi is lefs than the ratio of Ea to S<7, it follows from 
die 20odth anicle, that a right line ST may be drawn from S 
meeting the tangent ED in T, the circle /E^ in N, and the 
tangent of the arch £N in 2;^ fo chat TK may be to E2^ as SE 
is to SK. Let this right line ST meet the curve FE in P ; and, 
iince TK is to the stoh EN (which is lefs than the tangent EZ) 
in a greater ratio than SE is to SK, and therefore in a greater 
ratio than EM is to EN, it follows, that TN is greater than 
EM or FN, and that the point T is between P and S, againll 
the fup^ofition. If the fluxion of SE be to the fluxion of /E 
as SE J8 to SA, then, by the i^ptb article, a line Sf may be 
drawn from S meeting the tangent D£ produced beyond £ in /> 
and the clrcie /E^ in 0, fo ttut the rado of tn co the chord E* 
may be the fame as that of SE to S^ ox of the fluxion of SE 
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flo.'tbo floxtoo 'of /Sj which w'leA^'thui die onto ofpj« t6 
tlw^afch £i«. Thattbtc, fiipriofiDS ;Sr ca be iocb ft Hnc, th* 
ftdo Qf rivn) the arch EntihaU.fae lefithaititirrada'of m co 
thocUmo arch.; *aAf»SaiiJiielefk:ABtt.pt,io.ihactiiitlpcAaC't 
IMl &ll betwac p'oni^ affia&4ib fimofman. TtieicibM 
fb» flivuoD (^ SE la «>.t4ie:flunf)tt.cf /£ JB ft'xatio due l»ad:-* 
dicrgrtate^iKvlefsthAaducbf Sfir-to-SD* . 
i' ao<..Gf/e4. Lecche pcnnt S and the curve FPpbcondifi^Fio.jtf. 
i^c udu of dietai^eot £D; and, die inddon of N beiiuf u- 
nifprm, dw-modon of.M nM&fab pertietiialhpixccdsxateii^'by 
tfieaojft'snicle^.' Indiiic«rey{hefla»ottof S£ istodie iElft^ 
>don (^ jf£ b * |i(ater ndo' dun dUt ofJEM. to.dB aich ^^i 
hy die ieccnd auom j but in « Ids lado dun th«tof £>» to the . 
fCdh-J^*, by tfaeifiift ai3<»ft If the rado of dide fluaicMube 
thv.o£^^S£ tp.«9yiiodjS&jrieaOH4baatSD,:letQ be an^ 
bemin D and Ki join £Q^; and, by the aoodth aradsj'tt 
light line SR. may be drawn Irom S to the rtj^t line EQmee^ 
ing it in R., the arcle fEb in N, and its tangent m Z, lb that 
ILn ihall be to E2 as SE is to SK, and, coofequeotly, in a 
greater >^9 diaa that of EM to the arch EN. Sap[>Qifethec^ 
fore SB. to'be ruc;h a H^tit line, and RN {hall be gr^at^ tAah 
EM dt PN J 'and, tecaufe the ratio of RN to E2-.cootinuaily- ■ 
inoreafes while H cnbves towards E, it follows, that while tf 
deicribes the arch NE, die rado di VJS to the arch EN ia 
greater than that of SE to SK, and that RN ia neater than 
m. ButRNis IdadunTN-; dierefbfc die rig& Ufac RE 
waM duDi^die ande ^ oootad PET Ibnned fay the corrA 
PE anditstaogent^jT'hichisabfaild^hyatt.iSi. Ifdw 
fluxioa of SE was to die flmioii of^ as SE is to my line 
Sk le&thao SD; then, tdcbg any pant ; betwixt D and k, 
icHnii^ qEf and producing It beyond £, a li^ Ime Sr mig^ 
tie drawmtoit (By ai!bii99.) meeringitin r, itaddie^ciitle E^ 
ia s, ib that rs miglu be to die chord Eflt ai SE Is to SjI, or 
ta the flnvon of SE is to the fluKioa cf/E, and, cbofeqaendy, 
ia a lefa ratio than that of Em, or jw, to the arch Ejl Let Sr be 
liich a line, md ra fhall be lefa than jm. Suppofe the point i$ 
tp more from « towards E, and the rado c£ m to En ilml de- 
oeifecontiauaUy tyaiLioy. sodfhaUbclelsduaxhatt^SEto' 
. ' B b S*j 



,y Google 



194 .C^beTM^^iMt-ofviirvi^^^s. l-ltdiAfl 

&fc; tbenfiwc^ diiriiig'dutltnwj'f^if isliBti than f»;'batiit-lk 
greater tbia /)*: fb aunthen^ line Ermsft bate dmx^tht 
a^deof ODOtaa.ld&icnud by ibeciBveEp and itstaiigBiit£f ; 
whidiuabfuid, bT«n.a&i>i ^13ki^^ t* 

lotheflnxionof/£jfecifclif:«aSfiisti>S0i -ByjoitdogGhcA 
odes together, tat dentcoiftTaiion.uainUcftble wlin themcxioA 
of M b acceleiated onone fideof Eaod reunied od the o* 



khert and by die lunth aild elcveotfa theorettu^ and the doik 
■oic^ it is lendieA generaL When the tangent £T 10 p6P- 
pendkuUf to SEj imas^yttacief v£iJ it git en, th»T«lodty 



ofMacEaidtheilBSonof SE-Vandhes. WhentheraVSB 
coudies die cnrrei in £, «nd the vckxacy of M io thei Uf SE ia 
dyen, the velocity of K at £ and the fluxion of /£ vanifiieft 
Thti piDpofition may be demonfirated in aoother rnanner} bw 
tbik Kcm to bare- the netnt iafiafey to the mecbod <^ AMutr^ 



PROP. xvn. 

.%b6vTl^eJkme things peihg/Uj^pofed. asm the ta^ pro- 
Fio,<a /^'^*i the fluxion of^the e'tfrve fZ isto the.flu^ 
xiom,nftbe ray SE */ the ta»gentFlD is to the ra^ 
SE. 

For let SP meet the tangent alwtya in T, and (he velodde* 
of the points F and T fliall' become eqaal ab the lenn mbem 
they come together to £. 

nift» let the cunre FPjp be conr^ towaidi S, and SF' incfeaiSt 
conttniully, aa b the laft anicle ; then, the moticm of N being 
tfi^pofed uoifiinn, themodon of P in the curve fluil >e accen 
lerated petpetnally, by an. 101. The modoa of the point T 
is fl^io accefentedy and its velocity at the tenn when ic comes 
to E it le&tban the vdocity of P at any tenn after P pa&s E, 
•i when It comes to f; becaufe a lefi line than Ef would be de^ 
Icribed by the motioa of T contboed unifbnnly from £, in 
the lame time thatP would defcribe a greater Une than thetfcb 
£p (which exceeds E'<) by its modon cootinoed. unifomly fion> 
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fj bythe'fitft fUidieioiul udohiB. Ilierefim^ if theVelodty 
of T uthecenp whenU uomesto E was greater than the ve- 
Ipcfey of F ac ckxt torn, icm^tebe e^nal to die velocity of 
? attheiem i^ea:i£coineaxojfbinepoiaci& betVixt E and^. 
Lcc Sb meet' Erin j; .aoi it ibllaws i&oni tlu^ ieebnd axiom,' 
that the pobc P would de£dbe i. Ike;- gieater than th6 arch Ei&' 
by ics modon coDdinied> unifomly &omJb, in the time it de-, 
foibes Eb with its accelerated moooni la dut the point T 
wot^ ddbribe a ^teater line than -EJ; Vy.its motion toodnued 
nmfbrmly &oiir£ u die fiun»tbk>^tmti it ddciibes ^ wrch it* 
fl(»daaced modon, af^unA the &ft udDRi. bi like manner te 
^earB, thatxhe vdodty of 'Tatthe tioti when k comes to' 
Eca&ttocbelefithanthevelocicyofPtttfaelametenn. TheR" 
fore thele velodciesaK equal, and, by pn^-ij. the floxionof 
die curve FP is to the fliudcMi oif the ray SE as ED is to SE. 

107. When the pdnt P d^lciibesa circle that jpafles throng^ 
the pcnnc S, the modon of N being fuppofed uuitbrm, the mo- 
don of P is alTo uniform. In this cafe, PE u. always greater 
dun TE, and fE Ida than tE. Therefore the veloddes of P 
and T are equal at the teim when they come to E, by the 53d 
ardcle. When die point P defctibes any other curve that.ia 
concave towards S, its modc»i is in iacac caies accekraced and . 
in others retarded, fiat ic follows fixim whax was fhewn in the ■;. 
54th, 5jth and 56th aincles, that the velocides of P and T 
are equal at the term when they come to £ in thoie cales aUa 
Therefore, in general, the fluxion of the carve FP is to the flu* 
xion of the ray SE as £D b CO SE. 

108. Angles are meafured-bythe arches which fobeend diem 
in equal circles; and in general they are to each other in die 
latio compounded -of the direS rado of the arches which fiib- 
teod them in any carclea, and the bverfe rado of the rays ot 
thefe cticks. The angular modon of the rtfySN that gen^)Fx«.6o. 
zftiea any angle .ASN is astUt ^elo(^cy of N ur the circle £N^ 
when the -ray SN is giren, and is alvnys as the Teloctty of M; 
diiedly and the ray SN inverfely. The fluxioa of die a^^ 

ASN is in the fame rado. 

. lop. Let the ^i^lbesCPfSP xevQWefl^x>tit the given poius 
CaadS-^ aDd-lettfaeiriiiterfe&itMFdeicdbeanycurTeFEH- 

. ■-' J B b 2 in 
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in die fame plane mth thofe foints; prodnte SC all it meec 
the curve in E, and when P conies to E,.the uvular niotioa c£ 
CB ihall be to ilie.angtdar motion of SP as SE u -to CE. Ftv 
let the circle EN detcribed fromxhecentenS throogh £ meet 
S? in Hi «td kic.the dicle BBt deicribed £k)id die center C 
tbrofighE meet CF..in,R. ^-aiid kt ISD, CS be. pdipax&olm on' 
A£ the tangent (^dfecnrre is EimBiad B. Then tbevc- 
locity of N fhall be to the- Telocity I of P^at the terrb wfaeO' 
tJjey codie together tQ JE^ lu SD is. tv.SE. The velocity of 
K IbaUbeto the v(l9ci]Cy.oCPiattheiame:tcnn» aaCB isto 
CEj aod.Sp is qp^Ea&Cfi is to :C£.,Th«icibiir the velocity 
Q^N is ec^^aJL to tbe^ velocity, of Bm at thafc tennj and the an- 
gular moaoo (^ SP 16 to the aogoUw mouoa of CP, when P 
comes to E, aa QE is to SE, by the laft ankle. ' i 

aio. Lef P, the interfe&hn eftberigbt lines CVand 
SP revoiving about the given fiints C and S, de- 
firibefbe curve ?ZH i let KO t4ucb tbis eurve m 
FiG.(i. E ; sMftitnteitbeangU SET efuai to CEA fi that^ 
&63. EX and £A tnay ly different wkys- from SE and 
CE ; and let ET meet CS /* T. Tben^ if.Ck, Sa 
be right lines given in portion, the fluxion of the 
angle ACP fl}all be to the jtuxidH ofaiV, when P. 
^ comes to Z» as ST is to CT. 

.Fxom the centers C and S defcribe dnough the point K the- 
circles EB. and EN, meeung CP and SP in R. and N. refpe- . 
£tively: and let CB and S0 be pe^iendicular on the tangent. 
AO.inBapdD. Let CS^pafaUql |o ET meet SE,OToduced. 
^jiecellary, in K j and lu EQ_;be perpendiculac on CK io <^ 
Tlie' angle C^^ U eqaal.to SET Qr CEB by the conftniAion: 
and therefore the triangle QKE is fimilar toXEB, lb that'CE. 
is to CB as EK is to EQ. Jhe-triangles SED, GEQ ac^ dfo. 
iimikr, aodSEistaSDa^CEistoEQi But tvhes PiuUiiC 
:. x.i come 
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come to E, the velocity of P is to the velocity of R. as CE if tp 
CB, (by prop. 1 5. & j 7.) fhat is, as EK. is to EC^ The velocity 
of P i« to the v^ocity of N at the fsme term as SE is to SD, 
or as GE is to EQ^ Therefore the velocity of R is to the vef 
lodty of N, when they come together to E, as CE b to ER. 
This rado compouaded with the ioverfe ratio of the ray CfiL 
to the ray SN, or with the rado of SE to CE, gives the rado 
of SE to EK, or (beeaafe ET is parallel to CK,) of ST to 
CT } which iberefbre (by art. 408.) is the rado. of the angulai* 
velocity of CP about C to die angiilar velocity of SP about S 
vhea P comes to £, or the ratio of the flaxion of die angle 
ASE to the' fluxion of the angle <>SE. When the angle CEA 
b eqoal to CSE, the pcnnt K Mis on S, the angular modons of 
CE aad SE are e^ud, and the fluxion of the angle ACE b &• 

SDol to the fluxion of tfSE. ' When, the tangent A£ pafie* 
mmgh S) the- point T falls on C'; and'ia-diis cafe, the angu- 
lar velodty of the ray CE befag given, that of the ray SE va- 
lufbes. The pdnt & may coincide with S, but we referve this 
cafe till we come to xxeat of the curvature of lines. The flt^ 
xioii of the angle CPS is equal to the fum or difierence of the 
fluxiQiis ofthe iBigles ACP, tiSP,' and is totfie flaxlonof the 
angle ACP m dift auxion of ASP, when T comes to E, as CS 
Mio STbrtoCT. When the points C and S are not in the Fig. 53. 
plane of the curve FEH, the rado of the angular velocides of 
4he rffys CE and SE may be deduced from this propofldon. For 
if V be any point in the tangent AE, and the right ItneV/e- 

;aal to 'VS -be dmwn'ra the plane CVE ccnllituthig the angle 
VE 'equal to SVE. ' the angular velocity 6f /E about / fcall 
be equal to the aogultu- velocity of SE about £. 
• 31 1.- The preoeedkc im^fidoDs ftew the analogy there is 
becwin die n^etbodarFiuxions and the meth^ os Taneents, 
tf^lenr^ ibr decermioing the tangents &otn the fliTxionaoxltne» 
Old' angles,' akwell aa for finding thefd fluxions from the tai- 
geois. ■- Befides thefe general theorems, there are many parti- 
cular propofldoos that are often of i^e ui determining die tan- 
gents of curve lines j fome of which ~wrfiiaU briefly describe. 
Let S be a given point in the ^aoe of the curve A1.B, LP aFia.5'^ 
ttogeoc at Laoy point of die curvd, SP perpendicdaf on tbr 
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tangent in P ; and let P be alwayt found in the curve DPE. 
t^t PT OKimtuce with SP an angle SPT equal to the angle 
SLF, on the fame fide of SP as LP is of SL. : and PT fhall 
be the tangent of the curve DPE at P. For, mft, let the arch 
U of che curve ALB be concave towards 5, and the rays dntwil 
from S to che arch U decreafe fiom SL to S^ and let Sp be 
perpendicular on h the tangent at / in ^ 0°*° ^^ '^^ ^^ f^ 
meet PL in R. : then, becaufe the angles SPR., ^R. ase right, 
&e ande SPp is equal to SR; j ^d the angle TPp is equal to 
die di&rence betwixt tfae angles SLP ^nd SRp. The angle 
SLP is equal to the difference of the ai^ea SRJ* ai^ K^; 
the at^le SRp is equal to che di&rence ot che angles SRP aod 
PR^ or PS; .- therefore the angle TPp Is equal to cbediffimocei 
of che angles PSp ^or PR-p) and R.SL. 3pc> by fuppofsig / ta 
move towards L, uie angles P^ ^d R5L and chetr difiwence 
may become lels chao any -g^ven. angl^- Therefore, while p 
moves towards P, tfae angle TPf> may becc»ne le& than any 
given angle. From which it follows, that no righc line can be 
drawn through the angle of contact formed by the right line PT 
and the aich Pp. T&refbre PT is the tangmt at P. Whea 
ALB is a parabola, and S its.fixu?, DPE is a right line; hn^ 
yrhen ALB is any other curve, DPE is a curve line, la the. 
parabola, SR|> is an aiogle always of che Cune mi^itude where-* 
ever the point / be taken, the point L bdng given \ and PSp is 
always eqoal to RSL or one half of LS^ m other cafes, ac- 
cording as the angle PSp .is greater or tela than R^I^ (or thfr 
fluxion of the angle ASP is greater or le& than one half of the 
fluxion of the angle ASL,^ the angle SPT \s greater or Idb 
than SP;, and che arch Yf is concave or convex towards S. 
Fio.65' 21 ^- When the arch U is convex towards S, thecoofiro- 
&iaa in other relpeds being the fame, produce pP m p ; and 
die angle SPp ihall be equal to SRp. Therefore the an^ T]^ 
is equal to the difierence of the angles SRpatul SLP, V/JDcUm 
this cale is equal to che fum of FRp, or PSp, and R.SL ; . and,, 
Gnce this turn may become lefs than any given angle when X 
moves towards L, ic follows, that PT is che tangenc of che 
curve DPJ£ at P. In this cf^e, che arch Pp is concave towards &' 
Let ST be perpendicular on PT in T, and let xbetpoiiit T bei 

always 
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iilw^ finind in the cuirve FT ; then the tangent of thh curve 
kt T ihall conftitute sm angle with ST equsT to SPT or SLP. 
There is a feries of curves which maybe conceived to be derived 
ftom each other m this manner : The. tangents form dway* 
equal angles with the rays drawn &oni S at the correfpoodii^ 
points of the curves, and the fluxions of the curves are to the 
fluxions of the nys at tbe& points in the Curie ratio in them alL 
* 213. Let any curvilineal figure CEH be the bale of any co-Fj(}.($i|?, 
nical fur&ce diat has its vertex b V, and £T be the tangent of 
the arch £H in E. X.<et cth be a fe^lion of this conical figure 
ftiade by any plane ; and let rf be the common feftioo of that 
plane and the plane VET : then Ihall cf be tlie tangent fit the 
«rch eb. For, if (f meet the aich eh in any polat befides /, it 
h mani£eft that £T muft meet the arch £H in fome other point 
betides E j and if any tight line, as exy can be drawn throuoh 
fli^andeof ccKitadi^tf formed t^ the arch r/b and theri^tlia^ 
Hy let the cMnmon fe6tioa of the planes \tte, CEH be EX j and 
EK: fliall pafr throt^ the angle of conta^ HET, againfl the 
fuppofitiofi. It is om'ious, that the arch tb and its tangent «t 
are the ihadows of the arch EH and cai^Qt ET fimned by 
rays ifliung from V upon the plane eihi 

314. Let the right lines CH, SK. reveling idx>tt die pofte^Fie.tf/* 
C and S by their interfe^ton P defcribe the curve APS thatr pal^ 
1m through S ; and let SA be the iituation of the right line SK 
whmCH pa:^ thrcK^ S^ then fhall SA be the tangent at $. 



■ G H AP. Yin. 

Of the Fluxions of curve Surfaces. 

iij, A RcHiMEDBxeAablilheffbistbeoTeinscooceming^ciirre 
1\ furfaces upon this principle, That, when two curve' 
fur^icea have their concavities turoied the fame wvy and have 
the fame terms, that wtuch includes the odier is the greater fut*- 
£u:e : and this axiom is fafficieni Ibr demoiUbating the cafe* 
that werecm&dtred by lum. Btic> bccaofe k canaot beapfdied 
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f(» compuang furfaces that a^e geaemed by carries wiiich are 
c;onvex towards the axis about which the iigure i^ fuppofed to 
levolve, we fhall make ule of the fisllowmg principle in place 
of i% that is more geoenil, and feems to tie , no. (els enflou^ 
Let CEH be any aicn of a curve j and let $G the axis be.(Uvi- 
ded by a continual btle^ioa into any number of equal pans 
FiG.68.BK, KD, DL, LG. Let theordinates BC^ KB, DE, LN, GH^ 
n. 1, 3. meet the curve in the pomts C, M, E, N, H } and let the tau- 
nts at C, M, £, H form the circumfcribed iigure CQRSVH. 
Then, by continuing to bifeft the pans of the axis BG, and 
fuppoiing the ordinates, chords and tangents to be drawn as be- 
fore, the perimeters of the cjrcumfiTiI|wd and infcribed figitfef 
CQRSVH, CMNEH fliall approach continually to the arch 
CeII; and, fuppoiing the w^ole figure to revtuve about the 
axis BG, the furfaces delcribed by chofe perimeters fliall a{h- 
proach to the furface (defcnbed by the, arcn.CEII, lo that thfs 
di'^tences betwixt them may become^ lels than any givenSir- 
fitce. The axiom ctted from Archim^pes in ajt. 183. m^y be 
. dednced from this ptinciple. 

LEM^IA VUL 

11(5. Let the right line HC ^reduced meet the axis 
AQin A, and the furface defir'tbed by HC revolt 
Fi6.6p. ^''^ about AG Jhailbe equai to the area of a circle 
the radius of which is a mean Proportional betwixt 
iHC and the right line DSthat bife£ls HC in E, 
Mtd is ferfendiculaf^ to the axis in D. 

Let HG and CB perpendicalar to the axis meet it in G and 
B. By whatwasihewnafter Akcbimedes, intheIntroda&io% 
p^. II. the furface delcribed by AH is et^ual to a circle, the Tft- 
^os of which is a mean prppomonal betwixt AH and Ifij \ and 
the fnr&ce defcribed by AG is equal to the area of a circle tbac 
has its radius sroean proportional betwixt AC and BC There- 
ibre thefe for&ces are to each other as the rectangle AHG ia to 
the ledai^le ACB, or as the fquare of AH is to the Iqnare of 

AC; 
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AC ; find the (iir&ce described by CH ia to the furface defcri- 
-bcd by AH, -as the diflerence of the fquares of AH and AC is 
to the fquare of AH, that is, (Elem. 8. a.) as the redangle con- 
tained by 4AE and EH is to the fquare of AH, or as the red- 
angje contained by aCH and DE is to the redangle AHG. 
But the area of a circle whofe radius is a mean propordonal 
betwixt aCH and DE is to the furface defcribed by AH in 
the fitine ratio. Therefore the fai£u:e deicribed by CH is e- 
qual to the area of a circle whofe radius is a mean nx^rdonal 
becwixt iCH and DE. This coincides with the 16th propolW 
tion of Archimesbi's treadfe coDcerning die fphere and cy- 
Ulndet. 

"3,17. 'Cox. I. When the axis of the cone AB increases m^ 
(formly, the convex furface of the cone deicribed by the right 
line AC' increaies with a motion thu is continually accelerated ^ 
^T wben-BG the increment of the axis is given, tne fur&ce de- 
fcribed by CH {which ia the limultaneous increment of the co< 
'nical fur^cfr) is aa DE, which incieafes in the iarae proportion 
as AD incxeafes. 

118. Cox. U. liet the right lines HC, HKmeet BC that is 
pen>endicular to the axis BG, in C and K, and let them meet 
D£ in E and L. I^ HH btfed the angle CHK, and HI per- 
pendicular to HN^all meet DE produced beyond E when the 
angle GHN ia lefsthan a right one ; let them meet in L Then, 
the figure being fuppo&d to revolve about the axis BG, the fur- 
£tce defcribed by HC fluOl be to the furface deicribed by HK 
OS the rectangle DEI is to the re^ngle DLL For let LR. per- 
pendicular to HN meet HE in R ; and, the angle RLH beii^ 
equal to LRH, HL fliall be equal to HB.^ and EH IhaU be 
to LH (or RH) as £1 is to LI; fo that the redangle DEH 
fliall be to the redangle DLH as DEI is to DLI. But, by this 
lemma, the furface defcribed by HC ia to the furface ^fcribed 
by HK. as the rectangle DEH is to the re£tan^ DLH, apd, 
ccnfequendy, as the redangle DEI is to DLI. 

219. Cox. IIL It follows from the lafl corollary, that, whenFxG.70< 

DE ia e^al to LI, the furfaces defcribed by HC and HK. are 

«qual. Therefore'; if GH be produced beyond H till HM be 

equal to GH, AF parallel to GH ineet HK. in F, FM meet 

C c GO 
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GO terpeodicoUr to HN in O, ud £C produced pafi through 
Ojthefar&cesdefcribedbyHCaodHKfliiLUbeequaL For, 
ia this cafe, DE, HI aod OM interfed each other in the [XMnc 
I i^t IB middle betwixt O and M \ and, becaofe GH b equal 
.to HM^ D£ is equal to LI. 

7J6.71. S30. CoK. IV. Lee CV be perpendtculaton HK la V ; pro- 
duce it till ic meet D£ iu S : aod, when ES if either equal to 
£D, or le{s thaa it, the fur&ce deicribed by HC is greater than. 
the {br&ce defi:nbcd by HK. For, in the tiiat^es £CS, EHI^ 
the fide EC is cquid to EH, the angle CES ia equal to HEI, 
but the angle £C9 ia grea^r than EHI, (becaufe the angle 
ECS is equal to the right angle CVH added to CHV, where- 
as EHI is only iqaal to ilie right an^e NHI added to CHN ^ > 
and thersfere £8 is greater man £1. Thete£»e, when ES is 
ucber equal to ED, or lefs tliaD it, D£ is greater than EI, the 
Tc£tangle DEI is greater than DLI, and uie iiir^e defcribed 
by HC is ■greater cfaan the Itir&ce defcribed by HK. 

aai . CoR. V. The fame thic^ being iiippofed as in the laft 
corollary, let k be any point betwixt C and K, and the fur- 
Eice deicribed by HC lluiU be greater dian the fui£ice defcu* 
bed by H^ which is iti^f greater than that which is descri- 
bed by HK. For« let Ca peipcndicular on Hfc in be produ- 
ced tiU ic meet S£ in f, and, Wf being kfs than ES^ (whicK 
is fuppoled to be either equal to £D or lefs,]^ ic follows, thac 
-the furface defcribed by HC ji gFcater than that which is de- 
icribed by Hit Lee HA meet EL in f, and ko perpcndiculaE 
■on HK meet eD in i^ and if being le& than ^D, die for&ce- 
delcribed by HA muft be greater tbin thac which is defcribed. 
by HK, by the laft corollary. 

Fio.7a. 223. Cox. VL Let £ be a point on the Itae HC betwixc 
H and C, or any where widun the triangle CHK ; let hk pa- 
fallel to HK meet CK in A, sad bt meet CK in any point « 
betwixt C and A ; than the furlaoe deicribed by hc^ fiiall be 
creater than that whidl is deicribed by bk. For let kg paral- 
$k1 to HG meet the axis in h, let de parallel to hg tuiei^ hb in- 
df and meet bc^ hk in e and /: and it is manifeft^ that if cu be 
perpendicalar to hk, or parallel to CV,^. ic ihall meet td in iata^ 
pomt /bctwixc c and ^ 

3^3. COK^ 
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113. Con. VIL It a[^Mn in the fame manner, that, when i&FiG.ra. 
it any pobc within die triangle CHK, c a point on C3Cf k a point 

cm fK, if 4h and kh produced beyoiid h meet CH in r end n, 
' fo that the angles Crh^ Ctib be each lets than the angle CMKy 
thw the fsr&ce deicribed by be fliall be greater than the for- 
&cedefcitbed by^ifc. 

114. Cor. Vin. Let HEC be now an uch of a condnued car-Fio.<S8. 
vature convex towards the avis BG; letchecMdinatesfirom BC q. 1. 
to GH increafe amtinually, and let the ordinate DE bifeA BG ; 

let HT the tangent at H meet BG In T, and fisppofe diat Ta 
perpendicular on CX^the tangent at C meets DE in /^ fo that tf 
H either equal to theontinace DE, or le& than it. Thai the fur- 
£ice deicribed by the arch HEC revolvii^ about the ucis BQ 
dull be lela than the furface defcribed t^ the ungent HT re- 
volving about die fame axis. Few let Hx par^lel to die tan- 
gent CQ^ meet BC in yfc, and T« in V, the angle TVH being 
a right one, and the arch HEC being within the tiiai^le TH>fe, 
it appears, that, if the chord HE be produced till it meet GT 
in r, the furface deicribed by HT mall be greater than that 
which IB defcribed by Hr, by cor. 5. and the furface defi:nbed 
fay Er greater than diat which is defcribed by EC, by cor. 7. 
l7i»efore die furface deicribed by the tangent HT is greatec 
than the fam of die furfaces which «« deicribed by the chords 
HE aid EC In Uke m«iner, the parts of the axis BD, DG 
being tsfefied by the ordinates KM, LN, if the chords HN, 
KE, EM be produced till they meet CT in «, x and s^ the 
feifaces deicribed by No, Ex, Mjk ftudl exceed die fui^uxs de- 
fcribed by N*, Ej!, MC refpe^vely, by cor. 7. and therefijre 
the fui&ce defcribed by HT being greater than chat which is 
described by H», which exceeds that definbed by HNx \ and, 
this forface being greater than that winch is defcribed by HNEts, 
which exceeds the fur&ce deicribed by HNEMC, it follows, 
tlutt die ibrface defcribed by HT is ^reetn' dian that whicb 
is defcribed by HNEMC In general it appears, that the fur- 
&ce defcribed by the tangent HT is greater dian the furface 
wMch is defcribed by the perimeter of any re^itineal figure in- 
fcribed in the arch HEC ; and it mw be Ihewn in the fame 
manner, that k is gceaca than the Surface defcribed by the pe- 
C c a rimeter 
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limeter of any rectilineal figure ciicumfcribed about the arch 
formed by its tangents. Therefore the futface delcribed by* 
the tangent HT is greater than that which is defcribed by the 
arch HEC, by art. a ij. 

aaj. Cor. iX. Join GC, and, if the aflgk GCQ_ which it 
forms with the tangent at C be either a right angle, or greater 
than a right one, and CT be not lefs than TB, xht furface de- 
Ibribed by the tangent HT Ihall be greater than that which is 
defcribed by the arch HEC : for, in this cale, ^ is either e- 

3ual to ED) or Uls than h. It appears therefore, that, when 
le curve is convex towards the axis, and the ordinates mcreafe 
while ^e axis iacreafes, an arch of the curve, as CH, may be 
taken of a 6nite magnitude fo that the furface described by it 
ihall be lels than the furface which is delcribed by HT the 
tangent at H terminated in T by the ordinate firom C If the 
tangent CQ^nieet GH in Q^ it is evident, that the furface de« 
fcribed by CMENH the perimeter of any reftilineal figure inicri- 
bed in the arch CEH is always greater than the furtace defcri- 
bed by the tangent CQ^ Ther^ore the furface defcribed by 
the arch CEH exceeds that which is defcribed by the tangeuc 
CQ^» by art. 215. 

A26. Cor. X. Let the curve F£H be convex towards the 
axis AG, and the ordinates pm incre^e while the axis Kf in^ 
creafes; then, if the axis Ap increafe uni^irmly, the fur&ce 
defcribed by the curve Fm ihall increafe with an accelerated 
morion. For> while the axis acquires die equal augments BD, 
DG, let the curve acquire the augments CME and ENH \_ and 
k is mani&ft, that the fur&ce delcribed by the perimeter of any 
rectilineal figure inlcribed in the arch HNE is greater rhan the 
fiitface defcribed by the perimeter of a reftilineal figure infcri- 
bed by a fimUai conftriiction in the arch EMC Therefore the 
£irlace defcribed by the arch EH is- greater than that which is 
defcribed by the arch C£. Let CQ^ meet DE in 9, and the 
tangent at H meet DE in t \ then, the furface d^cribed by 
the arch CE being greater than that which is defcribed by the 
tangent C9, and the furiace delcribed by the arch EH being 
lels than that which is delcribed by the tangent Hf when 
CEH is dtminiihed as in cor. ^» it follows, that the morion 

with 
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with which the (urface defcribed by Fw flows, while m de- 
Icribes the arch CEH, ia accelerated in a cononued manner. 

lyj. Cob.. XI. The reft remaining as in the laft corollary,FiG. 7j. 
when the arch.C£H ia concave towards the axis BG, BD may 
be tiJcen fo finall that the furface defcribed by the tangent ET 
Hull be lefs than the furface defcribed by the chord CE, (by '. 
cor. 4.) and therefore lets than the furface defcribed by the 
«rch CE, which exceeds that which is defcribed by the chord 
CE, by art. ai^. The furface defcribed by the arch EH is left 
than that which is defcribed by the tangent £f, by the fame ar- 
ude. In this cafe, when the axis increafes uniformly, the mo- 
tion with which the furface defcribed by the curve flows may 
be uniform, accelerated or retarded. 

LEMMA IX. 

ai8. Let DE and Gt perpendicular to the axis tfGFiG.74. 
meet a% in E and t j and, in the fame time that the 
motion with- which the axis dD flows continued uni- 
form^ generates DG, let the motion with which 
the conical furface defcribed by a% flows continued 
uniformly generate a J^ace equal to R ; thenjhallthe 
/pace R be equal to the area of a circle the radius of 
which is a mean ^o^ortional betwixt DTt and xEt. 

For, if the Ipace R be greater than fuch a circle, let Ad be 
greater than AD in the fame ratio \ and, if do parallel to HE 
meet Et in ti, R Ihall be equal to a circle whofe radius is a 
mean pFoponional betwixt do and lEr; becaufe the area of 
this circle is co the area of a circle whofe radius is a meaa 
proporrional betwixt D£ and nEt is do ia to DE, or as A^^ 
IS to AD. The Ipace which is generated by the morion 
with which the furlace aEe flows conrinued uniformly, in the 
rime that the axis aD by flowing uniformly acquir.es the aug- 
ment Dd, ia to the fpace R as DG is to Vd, (by theor. 2.) or 
as Ef is to £f, and therefore is equal to the area of a circle 
whofe radius is a mean proportional betwixt do and 2E0 j but 
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the area of this circle is greater dian the {\u£act defcribed by 
the right line Eo, by lemma 8. and the conical fariace aEe in- 
creafes with an accelerated mouoD when the axis increases ooi' 
formly, by art. 117. Therefore a ^eater ipace is generated in 
the fame rime by a niotion conrinned uniformly, than when the 
&me motion is continually accelerated, againft thetfirft axiom. 
In the fame manner it appears from the fecond axiom, that the 
fpace K is not lefs than die area of a circle the radios of wtuch 
is a mean propomonal betwixt D£ and lEt. 

PROP. XIX. 

axp. Let DE anj GH perpendicular to the axis meet 
the curve in E and H, and let GH meet the tangent 
afZin t \ then, the fluxion of the axis being re- 
Fio.74* frefented by DG, the fluxion of the fwface defcri- 
bed by the curve FE fljall be accurately meafured 
by the area of a circle the radius of which is a mean 
proportional betwixt DE ^md xEf . 

Let the (vdinate PM always meet the curve in M and the 
tangent <>£ in N; and the morions wich which the furfaces 
FfmMi abin flow fliall be equal at the term when M and K 
come together to E, or the fluxion c^the furface FfeE &iail be 
equal to the fluxion of the furface aEe. For, the cooftruSion 
being the fame as in the 216th and iiSdi articles, firft let the 
arch CEH be convex towards the axis BG, and the furface 
FftnM fliall flow with an accelerated -nnoon while P and M 
defcribe KG and CH, by art. 126. Suppofe, firft, BD to be 
fo fmall, according to the lajtfa arricle, that the perpendicular 
&om T upon the tangent at C may meet DE in D, or in fbme 
point betwixt D and Ej and the lurface defciibed by ET fliall 
be greater than the furface defcribed by the ardi EG Bat the 
latter fur&ce is greater than the fpace which would be gene- 
rated by the racMnon with which the fur&x FfiC flows conti- 
nued nntfbrmly, in the time P defcribes BD with an uniform 
motion, (by i^e fizft axiom ;) and die former is lels than the 

^ace 
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^nce wtuch would be generated ia an eqiial dme by tbe motion 
with wUch the fur&ce oE; flows contmued unilbrmLy, by the 
fecood axiom. Therefore the motion with which the furface 
aS.9 flows, is ^Gtsa than that with which the furface F/cG 
flows : aod ic is manifeU; from thr iame axioms, that ic is le^ 
than the motion with which the Hirface F/i^H flows \ fo that 
it mufl be eqval to tlie motion with which the furface F^M 
flows when M comes to Ibrae intermediate point of the arch. 
CH. If it be £ud to be equal co the motion with which the 
fur&ce F/xX flows, X being Ibme point betwixt £ and H, let 
yX perpeadicular to tbe axis in d meet the tangent Ef in & The 
motion with which the furface F/^X flows continued unifomily 
geoerstes a foace greater- than the fur&ce £>xX in the time P 
defcribes IX^ by ax. i. The fucface E«xX is greater thui the 
iiirface defcribed by th* rig^t line £0 revolving about \id^ (^ 
art. 3-15.) Therefore the motion with which the furface <)£<- 
flows continoed uniformly, would generate a Ibace greater tbau 
the furface defcribed by £0, in the time P de&nbes Y>d uniform- 
ly : But a lefs fpace than this fur&ce would be defcribed in that 
ame by the modon with which oSa flows continued uniformly,. 
by the firft axiom : And thefe are cootradtdory. Therefore the 
motion with which the furface c^ flows^ is not. greater than 
the motion with which-the fur£ice F^ flows. Nor can it be 
Eels. For, i£ it be faid to be equal to the motioo with which 
tbe furface F^Y flows, Y being any point of the curve betwixt 
£ and C, let Yd meet the axis in d, and tbe saogent ET in o. 
Then, the furface defcribed by £0 about tbe axis BD being 
greater than the fv^ace E^jfY, ^y arb 22 C-X aod this furface 
being greater than che ipace which would be generated by the 
motion with which F/^'Y flows continued untfoimly in the time ' 
P defcribes dD uniformly, (by- ax, i.). ic follows, thatthefpace 
which would be geneniGea m that time by the motioikwich- 
which oEr flows is lefs than the fuiiace defcribed byEo : But'- 
k is greater ^an t^t fuiiace by the fecond axiom : And thefe 
are concradidory. Therefore the motions with which the fur- 
£tces fffE^dSx flow are- eqaaL Bythe laftlenuna^ the flvxion- 
ef the axia AD being reprdsBKd by VG, che fluxion cf the 
itafacc aEi'tt neafuied- by chfrM^ o£^ a. ci«cle--fib»i«dia» 06. 

whicb 
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which is a mean proportional betwixt DE and a&. Let DG be 
tncreafed in any proportion, and & fhall be increafed in the fame 
proportion ; lb that, if DG reprefent the fluxion of AD, the flu- 
xion of the furface F/>E Ihall be accurately meafured by the area 
of a circle the radius of which is a mean proportional betwixt 
DE and 2E*. 

FiG.7i. ^3°" ^^^ ^^ "^^^ CEH be now concave towards the axis"; 
and BD may be taken In this cafe fo fmall that the furface defcri- 
■bed by the arch CE fliall be greater than the furface defciibed 
by the tangent ET, (by art..aa7.) but the furface defcribed by E* 
is always greater than-that which is defcribed by the arch EH. 
When the axis increafes uniformly, the motion with which the 
conif^al furfacedefcribed by dN flows is continually accelerated, 
by art. 119. and, whether the motion with which the furface 
VjmM. flows be uniform, accelerated or retarded, it follows &om 
what was demonftrated'in the «d, 54th and flSth articles, that 
the motions with wfaich-the iuitacee F/«E, dEe flow are equal. 
Therefore, the fluxion of the axis AD being «prefented by DG, 
-the fluxion of the furface Ff^E is meafured by the area of a 
circle whofe radius is a mean proportional betwiu DE and lE/, 
The demonftration is rendred general by the propofitions which 
'have been fo often cited &om the firll chapter. 

F16.76. *3^' '^^' I* Let ^O perpendicular to the tangent E* meet 
'the axis in O^ and, becaufe EO is to DE as Ef is to DG, it 
£>Uows, that tke'fluxion of the furface F/vE is meafured by the 
area of a cirde whofe radius is a mean proportional betwixt lEO 
.and DG, when the fluxion of the axis is reprefented by DG. 
Therefore, when FEH is an arch of a circle whofe diameter 
AB coincides with the axis of morion, the perpendicular EO be- 
ing invariable, the fphMical furface AE< flows uniformly when 
the axis AD flows uruformly : and, in the fame time tnat the 
umform motion wtth'whioh the axis flows generates AD, the 
uniform motion with which-thc fpherical fur&ce flows generates 
a furface equal to the areaof a circle whofe radius is a mean 
proportional betwixt AD and AB ; that is, the fpherical furfic-e 
AE« is equal to the area of ft circle 'defcribed with the choid 
- -AE ; and the whole furface of the fphere is equal to a circle 
tfrhofe radius is AB 'the ^amecer of the fphere, and therefore 
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is qaadropleof a great dideof the fphere, gs was deinonftnted 
after Akcbihede* in the iQUodudioti. 

a3i. 'CoK. IL But if tbe circle be fo^fedto revolve aboatFxo.75>^ 
a chord AB that is not a diameuF, let vK petpendicular from 
the ceoter V upon AB meet it ia K j let L/ be die diameter pa- 
rallel to AB, ka and B^ perpencticidar gd U meet the circotn- 
&rence tn a and hi produce DE till it meet the circumference 
again in «, and let it meet AR. the tangent at A in R. Suppofe 
the right line R. to be the radios of a circle whofe area is A. 
Then, if R. be a mean proportional betwixt aVK and the es- 
cefi of AR above the arch A£ when E is taken upon the lefler 
arch fiibtended by AB, the a»t A ftiall be equal to the fur&ce 
defcribed bjr the arch AE by Tevolving about die axis AB \ and, 
if R. be a mean pfopoitioDal betwixt aVK. and the fum of the 
right line AR. added «o the arch AE«r ae, the^rea A IhaU be 
equd to tbefui&ce defcribed by tbe arch im about AB. But, 
if^E be ttdcea betwixt A and L^ then, according as R is a 
mean proportional betwixt aVK and she excels of the aroh A£ 
above AR, or betwixt aVK and the fum of AE and AR, '^ 
area A is equal to the furface d^ribed by AE, or that which 
is described by at. For, let Gt produced meet AR in r, and 
let & meet O in >d\ and, lince Kr is to DG as ARis to AD, 
or TA to VK, and DG is to Ef as rfE ia to VE, it follows, 
<hat Rr is4o Ef as JE isto VK.^ and chat VK. is to DE as & 
isto the difference of Rr and &, batdiat VKisto D« asEf is ' 
to the ^m of Rr and Ef; llierefore the flnxioa of tbe fiirfiice 
defcribed by AE^is meafured by a circle ivhofe radius is a mean 
proportional betwixt iVK and thedifierence of Rr and Er, and 
tbe fluxion of tbe fuiiace defcribed by tbe arch ae is meafured 
by a circle whofe radius is a mean proporoonal betwixt aVK 
and the fiim of Rr and £r. But Rr meafures the fluxion of 
AR, and Ef meafures the fluxion of the arch AE or ae. There- 
fore, according as R is a mean proportional betwixt 2VK and 
the di^eoce of AR and AE, or betwixt iVK and the fttm of 
AR and AE, the area A is e^ual to the furface defcribed bf 
the arch AE, or that which is defcribed by at. When E is up- 
■on the lefTer arch fubtended by the chord AB, the fum of the 
iiir&ces delcribed by AE and -ae is equal to the area of a circle 
D d whole 
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■ArhoicTfidtas is a mesa pr(»potuoa3l betwixt aVK and sAR, at 
betwixt the diameter and aAD; butwheo £ is betwixt A aoci 
L, the Itiiu crifthe Turfaces defciibed by A£ sQd ae is equal to a 
circle whole radius is a mean piopomonal^ betwixt i^^ aod 
the arch A£. Let h& produced meet AR. in M> and the &!>• 
fece defcribed by the wnole circumferMice of the circle, by re- 
volving about toe chordABt is equal to a circle the radius of 
which is a. mean proportional betwixt 4VK, and the iUm of the 
right liae AM and arch ALd. The di&rence of the furface« 
deicribed by the arches Ad^B and AEB is equal to a circle 
whole radius is a mean proportional betwixt aVK, and the whole 
FiG.77.diciraiference» When the. axis AB does not meet the circle, 
let U be the dtanieter parallel to AB, and let LA, /B, VK, dH 
be perpendicular to che axis in A, S, K and P. Let E be in the 
upper, and « b the lower femicircle ; and, according as the 
iijuare -of R is equal to the fum or dimrc^ce of the rectangles 
crait^Qed by lYK and the arch LK^ And by :iVL and AD, the 
area A is equal to the furface defcribed by LE, or that which 
is defcribed by Ls. The furface defcribed by the arth EL« is e- 
qual to a circle the radius of which is a mean proportional b^ 
twixt tlns.arch and aVK \ and the fur&ce defcribed by the whole 
circumference is equal to a circle the radius of which is a mean 
proportional betwixt the circumference and iVK* . When the 
axis AB touches the circle^ this radius is a mean propocuon^ 
betwixt the circumference and diameter. 
F10.78. ^33* Cor. IIL In general, let F/" be an .arch of any curve 
n. I 2. ^^> Ic' <sji parallel to AB meet DE inc^f and theaiea of s 
circle whofe radius is a mean prt^ruonal betwixt aDi/utd the 
arch F/ fhall be equal to the fum of the fur£u:e defcribed by 
. the arch F^ revolving about the axis AB added to the furface 
defcribed ny the fame arch revolving about <f^, when the arch 
Yf is betwixt AB aad.<3J>, but equal to the dii&rence of thole 
(uT&oes when AB and c^ are on the fame fide of the arch F/*; 
becaufe, m the former ci^e, the ret^aogie contained by lid and 
£f is equal to the fum of the rei^angles D£f, i^Ef, and in the 
latter cafe it is equal to the difierence of thofe reSangles ; and 
. therefore the fum of the fluxion of the furface defcribed by FE 
about AB> added to the fluxion of the fur&ce defcribed by F£ 

about 
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iiboat db in the former cafe, and the diflereace of thofe fluxiooB 
in the Utter cafe, is equal to the fluxion of an area tJhat ia al- 
ways equal to a circle whofe radius is a mean proportional be- 
twixt ihd and_ the arch FE : From which it follows, (by theor. 
%) that this circle is equal to the fum of the fiir&ces defcribed 
by FE about AB and ^ in the firfi cale, and to their difference 
in the fecood cafe. 

a34. Cor. IV. It follows from the laft corollary, that, ifFic*79>> 
the axis ah meet the arch F^ in i^ fo that the part Fd be on the 
lame fide of ah with the axis AB, and ^ be on the oppoHte 
iide of ah ; then a circle whofe radius is a mean proportional 
betwixt iDrf and the arch F/ fhall be equal to the furface d&> 
Icribed by Ff about AB, added to the excels of the fuiface de- 
fcribed by Ya about ah above that which is defcribed by af ar 
bout the fame axis ah. Therefore, if the axis ah cut the arch 
F/ in fuch a manner in the point Oj that the futfaces defcribed 
by Fa, af (the parts of Ff that are on oppofite fides of a^) a^ 
bout the axis ah be equal, then the furface described by F/ tr 
bout AB fhall be equ^ to a circle whofe radius is a mean pro- 
portional betwixt nDi/ and the arch F/ And, converiely, if 
the furface defcribed by F/ about AB be equal to fuch a circfjc, 
the furfaces defcribed ny the parts of Vf that are on dlffereoc 
fides oi ah muft be equal to each other. 

135. Cob., v. Let AB meet the arch Ff in A, fo that theFic.Sa 
furfaces defcribed by FA, A/ (the parts of F/",that are on dit 
ierent fides of AB) revolving about AB may be equal to each 
other i let ah perpendicular to AB meet the arch Ff.ia <>, fb 
that the furfaces defcribed by Fi», af (the parts of vf that are 
OD dif&rent fides oiab) about ah may he alfb equal to each o- 
dier : and let e^ meet AB In C llien, if the fame arch ¥f 
revolve about any axis CN that pafles through this interfeftioo 
C, the furfaces defcribed by FN, N/" (the parts of: F/ thit are 
on dif&rent fides of this axis CN) fnall be^ alfo equal to each 
other. For, let CN meet the arch F/ in N : let S. be. any 
point given upon CN, and Kt be perpendiculfr on AB in X. 
Let E be any point of the arch F/, and let ED, EP, ^M b« 
perpendicular on ICN, aby AB in jD, P and M refp^ivfily; 
ancl let £F (produced if necef&ry) meet K.N in R. The li^bt 
D d a bne 
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line EEl is the ^fferenceof EP and PR. when the point E is ta:^ 
ken opon the arch FA or i^y in the cafe rcDrefented by fig. So* 
and ER. is the fum of EP and PR. when E is taken upon the 
arch ha. But ED is always to ER. as KI is to CK.^ . aodj.fioce 
PR. is to CP (br EM) as CI is to KI, it follows, thaL the reftr 
aiv^ contained by Ck. and DE is equal to the difierence or Turn 
orthe reAangle contaioed by KI and PE and that which is con- 
t^uned by CI and ME \ andi the fluxion of the arch AE being 
reprelented by Ef, the foGd contiuned by CK and the redangle 
D£f is equal to the difference or fum of the folid contabed by 
KI and the re£bngle PEf and^ that which is contained by CI 
and the redangle ME/, accon^g as E is upon the arches Fa^ 
afy or upon ha. Hence the folid contained by CK and t^furr 
nce delcribed by the arch AE (or oL^ revotviag s^iont the axis 
KN, is equal to the dt&rence of the ^alid that is contained by 
KI and the' fur&ce delcribed* by AE {pi oE)' about ab and the 
folid contained by Cland the lur&ce de(cribed by, AE (or oE) 
about Afi, when E is takea ucnn the arch. FA or afy but to 
die fum of thofe folids when E is taken upon the arch ha : 
Therefore the (oHd' ccnitained' by CK and the fiirface defcribed 
hj the arch FN about the axis KN is equal to the cHSerence 
or two fbllds, the fiHl of which is that contained by KI and 
the difference of the furfaces defcribed by Fa and aS about the 
axis a^, the fecond is the folid contained by CI and the diffe- 
lence of the furfeces delcribed by FA and AN about the axis 
AB. And, in like manner, the lolid contained by.CK and the 
ferface defcribed by the arch N/ about KN is equal to the ex- 
ceti of the folid contained by KI and the furface delcribed by 
2^ about ah above the Ibltd contained by CI and the furface de- 
fcribed by N/ about AB. But it follows from the fuppofition, 
that the difference of the furfaces delcribed by the arches Fa 
and aS about ak is equal to the furface defcribed by the. arch 
K/ about the fame axis ab ; and that the dii!erence of ^ fur- 
feces defcribed by FA and AN about AB is equal to the furface 
defcribed hy N/ about AB. Therefore the furfaces delcribed 
by the arches Fn, N/ about the axis KN are equal to each o* 
tber when the furfaces delcribed by FA and A/ about AB ore 
cqiwl> and the furfaces delcribed by Fa and aj abonc <i^ are e?^ 

qnal- 



,y Google 



Chap. Vni^ Of the Fluxions of curve Surfaces, nj 

qaal. at the lime time. This demonftration is eaiily a[^Ued to 
^e other cafes that are not reprefented in fig. 8a 

136. Cor. Vt. It follows uom what- has been demonftrated, 
thu, aoT arch ¥f being given, there is a certain pobt C in the 
plane of this arch, through which any right line KN bciog 
drawn meeting the arch in N, the liir&ces defcribed by FN, N/* 
^e parts of uie arch that are on (^police fidea of H.N) revol' 
ving abooLthe axis KN are always equal to eacJi ocher. This 
point is called the centet of Gravity of the arc^, (becaufe, if k be 
ibppolcd to conlifl of maner that ia aded upon by an uniform gra- 
vity ih parallel lines, the momtntam oSxHtie part FN about any a- 
xis KN that pafles through C ia equal'to the momentum of the pare 
N/" about the fame axis, as we may haveoccafion to ftiew met' 
wards ; ) and it foUowfr from the two Taft corollaries, diat the 
fiirfece defcribed by the arch Vf revolving about k»y perpencTi- 
cular to any line C: drawn through C, is equal'cb the area- of 
s drclb whole radius is a mean proporuonaf betwixt iCc and 
the arch Vf when kn does not cut the arch Vf\ but the dif{e* 
rence of the furfaces defcribed by the parts of the arch F/that 
are on oppolite iides of kn is equal to that circle when hi cuts 
the arch F/.' The area of fuch a circle is equal to the redangle 
contained' by the arch 7f and the circumterence of the- drcle 
defcribed by the point C when the figure isftppofed tojev-olve 
dx)ut kn ; aod therefore this corollary agrees with the celebra- 
ted theorem commonly afcribed to Goldinus. 

137. Cox. Tilt Hence the diflance of the point C from any 
right line ht is determined,^ when the length of the arch F/'and 
'the furface defcribed by this arch revolving about A» are given. 
For a third proportional to the length' ol the arch ¥f and the 
radius of a circle thatis equal to that furface fliall be double of 

the diftanccofCfrom'it», Thus, becaufe the furface defcribedFic- 76- 
by the arch AEB, revolving about the diameter L/'-paiallH to 
the chord AB, is equal to die area of a circle whofe radius is a 
mean proportional betwixt the diameter U and chord AB, ic 
follows, that the dittance of the center of gravity of the arch 
AEB irom the center of. the. ciide is to the radius, as ihechoid- 
AB-ia to die arch AEB. 
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CHAP. IX. 

Of the greatefi and kaft Ordinates^ of the points 6f 
contrary Flexion and Reflexion of various kinds, 
and of other affeGions of Curves that are defined 
iy a common driya finxionat Equation. 

138. 'TpHere are hardly any Ipeculations m Geometry more 
Jl ufeful or more eatercaming * than thofe wluch relate 
to the Maxima and Mimma. Several propoiitiona of this nature 
are to be found in the writings of the ancient Geomecricians \ 
but they do not feem xa have had a geoeral method for re- 
viving problems of this kind. Amon^ the varioos improve- 
nients that began to appear in the higher parts of Geometry a- 
Ixmt a hundr^ years ago, Mr. de Febmat propofed a method 
for finding the maxima and minima. How the methods chat 
were then invented for the menfuration of figures and drawing 
tangents to curves are comprehended and improved by the me- 
thod of Fluxions, may be underftood from what has been al** 
ready demonftrated. A general way of refolving queftiona con- 
cerning the maxima and minima is aUb derived from it, that is 
fo ealy and expeditious in the moft common cafes, and is fo 
fuccefsful whoi the quelHon is of a higher d^ree, where the 
difficulty is greater, and other methods £iil us, that this isjuft- 
ly.efieemed one of the moil admirable applications of Fluxions. 
239. When the nature of a variable quantity is fuch, that it 
either increales continually without end, or decreafes till it va- 
oilheS) its greatefi or leaH magnitude is not ailignable j and there 
Is no place for enquiries of this natqre. But, . when there is a 
certain limit which the incxeafe or decreale of the variable quan* 
tity cannot pais, and the term is allignable when it arrives at 
this limit; or, more generally, when for fome rime the variable 
quantity nrft increaies till a certain aOignable cenn^ and thep 

^ Z ApoU, Perg. Conic, lib. j, prarf. 

decreafes, 
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d^eie^ea^-o); £Hl decieaiea tlU fuck ^.temi and then iD9:eale3 : , 
ics inagiijcud& at'thac term ia conlidered as a maxmumi ox. mini- ' 
taumt wittout legard to ka variations in other parts of tbe time. 
J 240. In the Jitoblems of thiskind of the firft degree^ the va- 
riable quantity 13 repiefented l^y an ordinaie of a curve the na-; 
tnre of^ which is fuppofed to be defined by what is given coa- 
cerning the variable quanaty. A curve line either returns into 
itfelf, or may be contmued without end , and therefore there 
are always two branches of the cuive that proceed &on:i any 
pomt that is aflignable ia it. The ordinate from a point of the 
ctirve is a ntaximamj or mnimum^ when it is greater or lefs than" 
the ordinates which may be drawn fi:om the partis of either branch 
of the curve adjoining to that point. Whea the curve is couti-Fie.Sl* 
nued immediately from that point on both fides of the ordinate, &8a. " 
we fliall call the ordinate a maximum or minimum of ihtfirji kind, 
but of' the fecoud kind when the curve is refleSed from that or-^iG- 83* 
dinate and both the branches of the curve aro on the. fahie iide 
of it. Soinetimes three or more branches of a curve proceed, 
from the Gune point ; but the ordinate in that cafe is only to be 
compared with the ordinatea from thefe two branches tnat are, 
to be confidered, according to the nature of the curve, as the 
uiuiimediate continuation of each other. , 

241 . The writers oh this fubjeft do hot always agree as to 
che extent of the problems they comprehend under this clafs. 
Some * have proposed to comprehend under tl^ maxima and 
tmnima the greateit or leaA ordinates that can be drawn from 
the part of the curve that is convex cowards the bafe, or from 
that which is concave towards the bafe, though the'ordin^es 
from the adjoining parts of the fucceeding branch of the curve 
may he greater or tela than that ordinate. Others, who ex- 
elude that cafe, feem alfo to exclude the greatell or leail ordi- 
nate when it pa&s through a point where the curvature is not - 
continued, that is, a point oi Rejiexiony or Cufpis. Others com- 
prehend the ordinate from a cufpis when the two branches of 
the curve chat proceed from it are on di&rent fides of the or- 
dinate, hut exclude fuch an cvdinate when the two branches of 

* DcTcarcu's Icticri, com. }, let. 60. 
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the curre that proceed from the culpis are on the fame fide of the 
ordiaate, becaufe thofe branches (or at leaft the adjoining pant 
of eacfa3 iire ovei the 'fame bafe. But it Teems to be more con- 
fiftent, to inclode all ordinates that are greater, or Id^ Chan 
thofe from the adjoining parts of either branch of the curve ^ 

F10.83.the rather, that m the latter cafe one of the branches of the 
curve, after bemg reHe6ted from the ordinate, of^n returns to 
it ^ain, and after cutting it, proceeds on the other iide, fo that 
one 01 more ordinates may corre^nd to any alBgaable bafe. 
However, fince it has been jnore-ufud to exclude «iis cafe, we 
have diftinguiihed the greatefl and leall ordinates Intotwo lands 
in the preceeding article, to prevent miftftkes. 

F1G.S1. 241. When an arch of a curve has its concavity tamed one 
way, and there is a point in this arch where the tangent be- 
comes parallel to the bafC) the greatefl or leafi ordinate pafles 
through diat jwint. It is greater or lefs than thofe from the ad- 
joimng parts of the sich on either fide^ accor(Ung as the arch 
13 concave or convex towards ihe bafe. &ipi>ofing the bale to 
increafe, the ordinate in the former cafe .£rft increafes and then 
decrcafes, and in the latter cafe the ordinate faft decreafes and 
then increafes. in both cafes, the motion with which .the bafe 
flows (or its flarion) being ^ven, the motion with which the 
ordinate flows for its fluxion) firft decreafes and rfien rncrea- 
lesj by the ^h lemma-: And this mooion, or the fluxion of the 
ordinate, vanifhes when the tangent becomes parallel to the 
bale. For, EI jffig. 47. & 50.) being fuppofed to meafcre the 
fluxion c^ the bafe-, IT which meafares the fluxion of the ordi- 
nate (by prop.«4.) vanifhes when thetangent ET becomes pa- 
rallel to the bafe and coincides with EI. Therefore the great- 
eft and leaft ordinates are difcovered in fuch cafes, (which are 
thofe that moft commonly occur in the refolution of problems,) 
by enquiring when .the fluxion of the corre becomes equal to 
the fluxion of fbebaie, or when the fluxion of the ordinate va- 
nifhes the fluxion of the bafe being ^en. In this cafe howe- 
ver the curve mufl be continued on both fides of -the ordinate : 
for, if the curve be Teflefted from the ordinate DE, then the 
{>oint £ is a culpis, and the ordinate DE is neither a maMtnuvt 
Qox minmma when the arches CEj EH have their convexity to- 
wards 
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vaids each other { and it ia a «<»<»)/»«» or m/flmtrfs of the fe-JPio. 84. 
cond kind when thofe branches are on the fanie fide of the tan- Fi g. 8 ?. 
^ent at E, the convexity of one branch bemg towards the con- 
carity of the other. 

043. The arch being fappofed to have its concavity tomed 
one way, and the tangent at E being fuppofed parallel to.theFia.8i. 
bafe, it the arch meet the bale we may conclude that DE is a n. i. * 
matdmum \ but if the arch be of that kind Which may be con-Fio.8i. 
tinoed above the bafe without end, DE isa minimum. The n. j. * 
greatell and leaft ordinates are diftinguiflied from each other 
more ^enezallyj by comparing them with the ordioates from 
the adjoining parts of the curve \ or by fuppofing the bale AP 
to increale, and obferving whether the fluxion of the ordi- 
nate FM is poiicive before the point F comes to D and becomes 
negative after P palles D, or is fiift negative and then becomes 
politive, the ordinate being Itfelf conndercd as poHtive : It is 
A.maximam in the former, and a minimum in the latter cafe. 

344. In the application of this rule for finding the greateft 
and leaft ordinates, it muft be ohferved, that the ratio of the 
fluxion of the ordinate to the fluxion of the bale may be Ibme- 
times reprefented by the ratio of two quandties which at cer- 
tain terms may both v^milh together : but it does not follow, 
that in fuch cafes the tangent becomes parallel to the baie, or 
that the ordinate is a maximum or mimmum ; for the ratio of 
thole fluxions may be reprefented in fuch cafes by that of other 
-finite and alfignable quantities. When two or more branches 
>of the curve are over the fame part of the bafe, the ordinate muft 
arile to two or more dimenfions in the equation of the curve. 
The fluxion of the bafe being gjven, the fluxion of the ordinate 
is at leaft twofold \ and when d^e ordinate ^ailes through a point 
where two or more branches of the curve interfeft each other, 
we are to expe<^, that though the bafe and ordinate be both gi- 
ven, the fluxion of the ordinate will arile to two or more di- 
menfions in the general equation by which it is to be determi- 
ned. But if the general equation of the curve can be refolved 
into thefe particiuar equauons which belong to the diffirent 
branches of the curve from which the general equation is cem- 
jpounded, then the fluxion of each ordinate may be determined 
£ e '&om 
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from the fluxion of the eqaadon of each branch. But wemay 
have occafion to illoftrate this iuithet a&erwards. 

FxG.82. 24j. When the fluxion of the curve annddes with the flu- 
xion of the ordmate, the tangent becomes perpencUcular to the 
bafe, and coincides with the ordinau. In tliis ca&, if EC, EH 
the two branches of the curve form a cufma at E, being on dit- 
feient (ides of the or^nate DE^ then is DE a maximam or mi- 
mmutit according as thofe branches have their convexity or con- 
cavity towards the bafe. The maxima and minima of this fore 
are difcovered, by enquiring when the fluxioii of the curve her- 
comes equal to tne fluxion of the ordinate, or (which is the 
fame thing) when the fluxion of the bafe vaniihes the fluxion 
of the ordmate being given. In this cafe al(b it is neceflary, 
that the curve be continued immediately frcHn E on both fides 
of the ordinate DE i for if the two branches EC, EH be on 
the fame fide of DE, the ordinate is dther no maximum nor mi- 
mmuptj or is one of the fecond kind. 

046. Thefe are the two rules that are commonly ^ven for 
determining the maxima and minima of the firft kmd. But there 
is ftill anomer limitation befides thofe already mentioned, with- 
out which thefe rules may lead us into error. For we are noc 
always to conclude that the ordinate DE is a maximum or minh 
mam, either when the fluxion of the ordinate vanifhes the flu- 
xion of the bafe being given, or when the fluxion of the bafe 
vaniihes the fluxion of the ordinate being given, though the 
curve be continued immediately on both ndes of the ordmate : 
In the former-cafe the tangent at E is parallel, in the latter per- 

Pie Ai,pendicular to the bafe j but E may be apoint of contrary fle- 
xion, fo that the ordinates on one fide 01 DE may be greater 
than DE, and thofe on the other fide le& than it \ and there may 
be no maximum nor minimum perhaps from the whole curve. 
In any curve that has a point of contrary flexion, the ordinate 
difeoveied by thofe rules is not a maximum or minimum if the 
bafe be parallel or perpendicular to the tangent at that point. 
The rules which are given for finding the points of contrary fle- 
xure are liable to excepdons of the fame nature for a fimilar reafon. 
In order to fet thefe rules and the necefiary exceptions in a clear 
light, it will be of ufe to premife the following propofition. 
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PROP. XX. 

a47. Let the ordinate DE of the curve AEH meet the 
curve Teh in e, and the re£f angle EG contained hy 
DE and a given right line DG be always equalto 
the area ADcF ; then, the reEiangle DfLG being 
completed, ET the tangent of the curve AEHyr EFio 85. 
fijoll be parallel to the diagonal DL. And, con- 
verfeiy, ^)f^ being equal and parallel to HG, ifKT 
parallel to DE meet the tangent ET in E, and, V>e 
being taken always equal to KT, if the curve HEC 
meet the bafe in A, the area ADf F Jhall be equal to 
the reSlangle EG. 

_ The fluxion of the bafe AD being reprefented by the given 
right line DG or EK, the fluKion of the ordinate DE is re^«- 
ftmted by KT, by prop. 14. and the fluxion of the area ADiF 
by the le&angle «G, by pr(^ 3. The redangle EG is always 
'. equal to the area AD^F by the fuppofluon ; and the flux'ion of 
EG is equal to the fluxion of the area ADfF, by art. 1 8. that is, 
the re^angle contained by KT and DG is eqaal to eG, and KT 
is equal to l>e or GL. There&ie the tangent ET is parallel 
toDL. 

148. And, converfely, the right line DG or EK being given, 
if upon the ordinate DE a right line De be taken always equal 
to KT> the rectangle «G fliali be always equal to the rectangle 
contained by KT and DG \ that is, the fluxion of the area 
ADfF fliall be always equal to the fluxion of the re3angle EG; 
and, by theor. 4. the fluents generated in the lame time being 
equal, it follows, that fince the curve CEH is fuppofed to pab 
through A, and the pomt £ fets out from A when e fets out 
fiom F and the right line "Dt from AF, the area ADeF mufl be 
equal to the rectangle EG. The analogy there is betwixt the 
inverfe method of tangents and the quadrature of curvilineal fi- 
gures appears from this propofldon. 

349. It may be of ufe for illuftrating this do^ine, to demotir 
£ e 2 Orate 
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ftrate in the following, manner, (wluch is independent o£ the me- 
thod of fluxions,) that if the redangle EG be always equal to 
the area ADeF, then ET parallel to DL fhall be. the tangent of 
the arch EH at E. For, let any ordinate PM meet the arches- 
EH, eb, the right lines EK, eL parallel to the bafe, and ET 
parallel to DL, in the points M, N, V, S and R relpeftively. 
Then, fince the reSangle contained by VR and DG is to the 
waangle contained by KT and DG as VR is to KT, or DP 
to DG, or as the reftangle «P b to »G ; and the re<ftangle con- 
tained by KT and DG is equal to <G j it follows, that the reft- 
angle contained lay VR. and DG is equal to the redangle eP. 
But by the fuppolition the reftangle contained by PM and DG 
is equal to the areaj:APNF j and the redangle contained by DE 
and jyG is equal to the area ADfF : therefore the redangic con- 
nuned by VM and DG is equal to the area DPNf \ and VM is 
to VR as the area DPNe is to the re<ftangle e?. But whep the 
, ordinates frbm the arch eb Jncreafe while the bafe rncreafea, the 
area DPNe always exceeds the reftangle eP. Therefore in. this 
cafe VM is always greater than VR, and the arch EH is ail 2- 
bove the right line ET, the point E only excepted. Nor can 
any right line be drawn through E within the angle-of coritaft 
HET- For, fince KH is to KT (or GL) as the area DGi^Hs 
to the reftangle eG, and therefore in a lefs ratio than Gh is to- 
GL, it follows, that KH is lef8thaHGi^ Therefore, Q^beitag 
any point betwixt T and H, if DO be taken equal to KQ^ tc 
fliall be lefs than G;&, and'a right line-throHgH O paralbl to the- 
bftfe ihall meet the arch eb in lome point' betwixt e 'and' b. Let 
this point be' N, and let the ordinate PN- meet the arch EH and 
the right lines EQj.EK, cL in the pointsM, Zi K and S. Then, 
fince the reftang^e contained by KQ_and DG is to the redan^e. 
contained by V2 and DG as KQ^ia to V2, or DG to DP, or. 
ft8 the reftangle OG is to/ OP, itfolldws, that the reftan^e 
contained by V2i and DG is equal to OP, and that VZ' is ro 
VM as the reftangle OP is-to the area DPNf. Therefore VZ . 
is greater than VM, and the right line EQ^does not- pafe through 
the angle of contad HET,. but cuts the arch EH in fome point 
betwixt M and H. From.whichii follows, byart. i8i. th«c 
. £T is the atigent of ttu arch. EH at E. . 

a-ja In, 
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250. In the fime manner, if any ordinate pn meet the arches 
ce^ CE and the right lines ^.t^Eky el (which are the right lines 
TE, KE, L* continued beyond £ and f) in «, w, r, v and yj vm 
Ihall be to w as the area Ofne. ie to the leSangl© ef ; and there- 
fore, when die ordinatea from « incre^ while the hale- Incrca- 
fes, the arch EC is all above E/, the point E"exc«pted. fn die 
iame matiner, kC is greater than Be, (the re^anele contained 
by kC and DG being equal to the area DB^< which exceeds the 
imangle contained by he and. V)G \ ) and kX being equal to 
KT or Dfj if q be any point betwixt Cand f, and Do be taken 
equal: to ^,'apardl» to the bafe through c Ihall meet the aich 
ce fn fcmie point betwixt c and e. Let that point be xr, and let 
the ordinate pH meet 'Eq {a z\ then, fince kq (or Do) is to 112; 
as DB is to D/), or' as the rectangle oB is to op^ a. follows, that 
the reiSangle contained by vz and DG is equal to the rectangle 
opy and that 1(3 ia to ^M ^A-op Is.tothe area 3^«. Therefore 
vz is lefs than 1JW ;: antJi fihc&ACls telsthan'JEC^, the right tine 
£f doesndt pafs through the angle of contact; CEf, but inter- 
feiJis the arch EH in fome point betwixt m and C- Therefore 
Efi which is the right, line ET continued, is the ungent of the 
■ arch EG which is the tontinuatibn of theari;h HE Becaufe 
' the tangent ;T' is betwixt the cuVveCEH ahd the bafe in this 
cafe, it appear^' that when'tha Ordinates &om the arch ceh in- 
creafe, (thebafeAP being fupjwied to mcreaft,) the arch CEH- 
is convex towards.the balft. 

ajr. When, the ordinates from the, arch* ceh' decreafe' whneFio.87- 
the bafe increafea. th'e reiftangl^ e? exceeds-thfearea DPNe, and . 
riie reftangle ep is le{s th'an the area Dj»f. . Therefore VR' is 
greater than VM^ andw lefs than lasi fo that the whole arch- 
HEC is below the right line TEf, th'e point E excepted : And 
ifc is fliewn in the. fame manner aS' in the. preceedihg cafe, that 
no right line can be drawn through the atigles of contad IKT, 
GEif. Therefore, in this cafe, the right line Tt is the tangent 
at E, and, the arch CEH is' concave towards the bafe. In both 
cafes the curve CEH'pafles through A, becaufe when AP va- 
nifties, the redangle contained by-PM and DG (which is fup- 
pofed to be always equal'to the are* APNFV vaniihes j and if. 
A£ be.talcen towards G eqi^ to DG, and the ledangld A^ 

be- 
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be completed, the diagonal A/" fhall be the tangent at A. 
Fio.8(5> 151. CosL. I. Let %ez the tangent of the arch ceb at e meet 
Gb and 6; in Z and ;s, and let the ordinates from Bi: to Gb in- 
creafe contioually ; then, if the arch ceh be convex towards the 
' bafe, TH which fubtcods the angle of conu6t HET Ihall be 
lefi than one half of L*, but greater than one half of VL. For 
the reftangle contained by TH and DG is equd to the area eLb 
which islela than the triangle e\j3, oronehalf of there^angle 
contained by DG and Li), but is greater than the triangle eULy 
or one half of the reiftan^ contained by DG and L2. Ther^ 
fore TH is left than one half of L6, Jiut greater than one 
half of UL. In the fame manner it appears, that tC is lefii than 
one half of /js, but greater than one haLf of Tc. 
Fic.87. aj3. Cor. II. When the arch ceb is concave towards the 
bale, TH is lefs than one half of LZy but greater than one hall' 
of L&. Foi*, inthia'cafe, th^ areji elj) is lefs than the triangle 
eLTtj but greater than the triangle eXJh. In like manner rC is ia 
this cafe lefd than.one half of ky but greater than one half oilz. 
154. CoE^ III. When ceb is a right line and coincides with 
%€%, CEH is an arch of a parabola that has its axis perpeodi- 
calai to the bafe AG. . In thi^ cafe TH and /G are each equal 
to one half of L2 >vhich meafures the flaxtoa of I>« (by prop. 
14) or the iecond fluxion pf DE, the fluxion of the bafe being 
reprefented by DG. While the ba& AD acquires the augment 
DG, the ordinate DE acquires the augment KH equal to the 
fum of KT and TH ; and in this cafe rfie firft fluxion of the or- 
dinate is reprefented by KT, and its fecond fluxion by 2TH, 
.or the fum of TH and tO, But when cei& is convex towards 
' the bafe, and, the bafe being fuppofed to flow uniformly, its 
, fluxion is reprefented by DG, the right line Tli is greater thaa 
" one half of LZ which meafures the fecond fluxion of the or- 
dinate DE, but lefs than one half of LE> which meafures the in- 
' creafe of the fluxion of the ornate that is generated in die 
fame time in which the bafe acquires the augment DG. When 
the arch cefc is concave towards the bafe, TH (which fubtends 
the angle of contat^ HET) is lefs than one half of the right 
line that meafures the fecond fluxion of DE, but greater than 
one half of the right Ibe that meafuKs Uie increale of the flu- 
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xion of DE. In the firil cafe, when ceh is a right line, the mo- 
tion with which DE flows is uniformly accelerated. When 
ceb is convex towards the baie, the acceleration of that mouon 
increafes : and'when ceh is concave towards the bafe, its acce- 
leWtibri decreafes fcontinually. 

■155. Cor. IV; When the curve fab Is a parabola that has it3Fi0.88. 
axis perpendicular to the bafe AGj KH the increment of DE 
msy be diftinguilhed bto three pans, K.T, TQ^and Qlt, fo 
that the reftangle conuined by thofe parts and DG may be re- 
ijwdively equal to the rcAangle *Cj, tne mangje eLA, and the 
area tTih. The part KT is equal to D5, and meafures the firil 
flaxion of DE j uie part TO is equal to one half of L2, which 
meafures the fecond fluxion oT dE, (by cor. a.) and the part QH 
is equal to one third part of Ttb^ (that roeaiures one half of uie 
fluxionof LZ,) ^duiere&re meafures one lixth part of the third ' 
fluxion OT DE. ' For it follows from what was rfiewn in the In- 
troduction (pag. 37.) after Akchihedes, that the area etib is 
one third part of tne reftangle contained by "Lb and DG : And 
it may be eafUy deduced from the 8th propofition j for let PM 
meet the arch eb in N, and its tangent e%'mu'y and »N fhall 
be to 2* as the fquare of DP is to the fquare of DG. There- 
fore, the point tX and the right lines DG, Zb bemg given, but 
fuppofing DP to flow, and DGj DP, X and T to be in continu- 
ed proportion, it will follow from the eighth propofition^ that 
one third part of the fluxion of Y iliaU be to the fluxion of 
DP as Y is to DP, or aa the fquare of DP is to the ibuare of 
DG, and therefore as uN is to Z£ ; fb that the rectangle coi^ 
tuned by uS and the right' line which meafures the fluxion of 
DP is equal to one third part of the ledangle coutained by 
!Lb and the right Une which meafures the fluxion of Y. There- 
fore the area eUN is equal to one third part of the re£tangle 
ccmtained by 2ib and Y, or (becaufe Zjb is to fiN as DP is to 
Y) of the reAangle contained by »N and DP ; and the area 
«Zi& is equal to one tlurd pan of the redangle contained by 
2J) and DG. In the fame manner it is fhewn, that the area 
ERM is equal to one fourth part of the redangle contained 
by R^ and DP j and the conamianon of thefe theorems is obr . 
vious &om the £une eighth pn^ndon. Fiom which it fol- 
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I0W8, that when the fluxions of all orders of the ordinate PE . 
increefe, we approximate continuaUy to the value of KH, the 
incremeDC of the oidlnace .that b generated io the fame ttoie 
the bafe acquires the augment DG, by adding continuaUy to- ■ 
gether the right line that meafures rfie firft fluxion of DE, while _ 
DG meafures the flexion of the ba^ ;- of that which meafures 
the fecond fluxion of the ordinate, «- of thai which meafures 
its third fluxion, J-* -of that which meafurea its fourth fluxion, 
and £> on, the denominators of thc^e fradions being the pto- 
duds of the numbers i, .a, 5, 4, 5, ^c. in, their natural cav 
der. But when any fluxion decreafes, the fucceeding fluxion :- 
is to be coniidered as negative, and the icadion wludi involves 
it -is to, be fubduded. Thefe corollaries illuftrate what was 
{hewn of fecond and third fluxions near the end of the .firfl 
and fourth chapters. 

F1G.S9. a j6. ;Let aay point E be^ven in the curve CBH ; let KEi ■ 
be a right line.parallel to ihe bale AD, FM an ordinate meeting 
EK in V and the curve-^ib in!H, and £he redangle coatatoeu 
by VM and the given right line DG be always equal to the a- 
rea DPNe. Suppofe the points P and M to move from D and 
E J and, when AP increafes and FN is above the bale AP, 
let VM beiaken upon PV produced beyond V: then, when 
AP decieafes, if 'FN be lliU above the bafe, or wlien AP in- 
creafes if -FN be below the bafe, VM is to be taken upon 
VP from V .towards P 5 .but if AP decreafe and FN be be- 
low the bafe, VM isxo be taken upon PV produced beyond V, 

Fxo.oo. aj7- When the point e in the curve Vch falls on the bafe 
and coincides with D, DL coincides with DG, the tangent 
JET coincides with jfeEK and becomes parallel to the bafe. 
In this cafe, if the curve ^cby after meeung the bafe AD, be 
continued oti the other fide of AD and on the other fide of the 
penKndicular DE, then is DE a maximum \ for, by the laft ar- 
ticle, P being taken on either fide of D, VM is to be £akea 
from V towards P. When PM meets the curve Vcb below 
thebafe in N and the curve CEH above it in M^ the-redtangle 
contained .by VM and DG being equal to the area DPN, it 
follows, that the redangle contained by FM and DG is equal 
;Co the excels of the area ADF above the area DPN, and that 

PM 
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PM vanifties when tbofe areas become e^ual. If the curve FDN 
retuni towards the bafe, and after cutting ic i^gdn in d be con- 
tinued on the oppc^te iide of the baie and of the perpendtcu' 
lar de, then de the ordmate of the curve AEM at a is a laaxi- 
mum or minimum according as it meets the curve above or be- 
low the bafe. In the fame manner, if the curve NF continued 
" beyond F meet the bafe in <s, and proceed from a below the 
bate on the other fide of the perpendicular at a^ the curve MEA, 
ihall be continued &om A below the bafe, and its ordinate at a 
fliall be a maximum. 

258. By the 2j6th article^the form of the arch ceh being gi-Fio.gp. 
ven, we difcover the form of the arch CEH. Suppofe nowthe 
form of the arch CEH to be known, and that or ceh to be re- 
quired. Let E be any point in the arch CEH, and fuppofe that 
De is taken above the bafe when KT is upon GK produced be- 
yond K. Then, if the tangent ET meet GK in T betwixt G 
and K, or Bk produced beyond k in f, the ordinate De is to be 
taken upon ED produced beyond D below the bale j but when 
£T meets Bkint betwixt B and jfc, P« is to be taken above the 
bafe. 

159. From this the converge of the aj/tb article is mantieft : Fig. po. 
That when the ordinate DE ia a maxiwam or tmnimum of the 
firft kind, and the tangent at E is parallel to the bale, the archea 
«, eh of the curve «£ mull be continued &oin e ^which cdn- 
cides with D in this cafe) on different fides of the Dafe AD and 
of the perpendicular at D. For, while the point M defcrtbes 
the arches CE, EH, the ordinate FN of the curve ceb muft be 
taken on different tides of the bafe. 

060- But when the curve FND, after meeung the bafe in D,FiG.pi. 
is continued on the oolite fide of DE, but on die lame fide of 
the bale as before, uien the ordinate DE is not a maximum or 
minimumy though PN which, meafures the fluxion of the ordi- 
nate vanilhes when P comes to D. For, while N defcribes the 
archs cD and Di>, the right line VM is to be taken on difierent 
fides of kK.j which is parallel to the bale. Therefore DE is 
sot a maximam or minimamj but E is a point of contrary flexure, 
whether the arch cDh touch the bafe in D, or form a cnlpis 
there. It is maoifefi, conveifely, fix>m an. 238. that, wben E 
Ft is 
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is a ptnot of contrary flexore and the tangent at E is parallel to 
the bafe, the arch ebf after meeting the bafe in D, u continued 
on the lame lide of the bafe ^ becaufe the ordinates from BC to 
GH increafe or decreafe coaanuaUy : and, MI being eq^al and 
parallel to DG, if IT parallel to DE meet the tangent at M in 
t, the light line It is od the lame fide of MI while M deicribes- 
tfae aidies CE and EH. 

PROP. XXI. 

i(5i . Thefiuxion of the bafe being given, and the curve- 
being continued on both fides of the ordinate, when 
the firji fluxion of the ordinate and its fluxions of 
any number of fubfequent fuccejfive orders vanijh, 
the ordinate is a maximum or minimum, or Paffes 
through- A point of contrary flexion., according as 
that number is even or odd. 

Fi 0-5)0. The curve being continued on borfi fides of the ordinatCjc, 
Sa pi. and the fluxion of the bafe bein^ given, let the firft fluxion of 
the ordinate DE vanifh \ then, if the number of its fubfequent 
£icceflive fluxions that vanifh be o, a, 4, or any even number,, 
the ordinate DE Ihall be a maximum or minimum ; but if that, 
number be i, 3, 5, or any odd number, Efliall be a point of 
contrary flexure Firft, let the curve cb cut the bale m D to. 
any afSgnable angle, and be continued from D on oppofite. 
fides of the bale and ordinate. In this cafe DE is a maxt' 
mum or minimum by art. 157. and the flrft fluxion of DE va- 
nifties, bot the fecond fluxion does not vani£b. In the next 
place, let the arch CH be fubltitated in place of ch, and a new 
curve be derived from CH in the fame manner that CH wasde- 
lived Irom cb : Then DE ihall meet this third curve in a point, 
of contrary flexure, by art. 16a and the 'flrft and. fecond flu- 
xions of the ordinate of this curve vanifti. If tins third curve. 
be fubftituted for cby and a fourth be derived from it in the &me 
manner, the ordinate of this fourth curve at D Ihall be a ma— 
n or miainum, and its Eif^ fecond aod third fluxions, va- 
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nifh. This feries of corves being continued, it is manifeft that 
DE <hall be a maximum or minmumy and pais througli a point 
of contrary flexure, alternately; the numberof fluxjonsotiuc- 
celfive orders (not including the firft fluxion) that vanifh bemg 
•Iteroately an even and an odd number. 

a6i. When Dr is an afymptote of the curve FfN, there areFia.oa. 
dways two branches of the curve, as fN, fcN, which approach 
to tlie afymptote when they are produced. If the area bound- 
ed by the bale AD, die ordinate AF, the alympiote De and the 
curve FcN, is always lefs than a certain finite fpace to which 
that area continaally approaches while the curve and its afym- 
ptote are produced, fo that their difference may become lefs 
than any aflignable fpace ; and if the two branches fN, 2>N pro- 
ceed ftlori^ the afymptote on di^rent fides of it and in difi^ 
rent (fiieaions, then die ordmate DE is a maximum or minimum 
iiich as was defcribed in art. 145. When thofe branches ap-Fio. ^i. 

E roach to the afymptote on different fides of it, but proceed a- 
ingft it with tne fame dire6lioD, £ is a point of contrary fle- 
xure, and DE is not a maximum or minimum. In both cafes, 
the tangent at E is peipendicular to the bale, and die fluiion of 
the bale vanifhes, when compared with the fluxion of the otdi- 
Date i but it is only in the former cafe, when the fluxion of the 
ordinate is politive on one fide of DE and negative on the o- 
ther fide of it, that DE is s maximum or minimum. We have 
often obferved, that the fluxicxi of a quantity i» confideted 
as pofitive when the quantity increafes, but as negarive when it 
decreafes : And thefe fluxions are reprefented by right lines 
tlut ftand on oppofite fides of the bafe, the contrary pofidons 
of which anfwer to the oppofite affeSions of the fluxions. It is 
common to the maxima and minima defcribed in the a42d and 
a45th articles, that, the fluxion of the bafe AP being polidve, 
the fluxion of the oidinate PM is polidve on one fide of DE 
and ne^anve on the other : But in the former it vanifhes when 
PM coincides with DE; and in the latter it is faid to become 
infinitely great io that cafe, as the ordinate of a curve is faid to 
become infliutely great wlien it coincides with an afymptote. 
And it is laid in general, that a quandty th&t is polidve becomes 
negauve, dtber by deciealing and paffing by nothing, or by in- 
F f 2 creafing 
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Fio.94.creafuigandpaflingby iofinicT-: As, if we fuppofe a right line 
FQ^ revolving about a g^ven point F always to interied the right 
line Oo in P, and FA to be perpendicular to Oo in A, the right 
line AP, being firft confidered as poiitive, becomes negative by 
decreafing and pafliag by nothiojg, when FQ beii^ fuppoied to 
move &om FO towards va, the uueriedion P paius ihroagh A 
to the other fide of A j but AP u fiud to become negative by io- 
crealing and pafEng by infinity, when FO moves la a contrary 
dire6iion) and} after becommg parallel to Oo, meets it again on 
die other fide of A. It ia ufual to explain analo^es betwixt & 
gures in the common dodrioe of curve lines in ttus manner, and 
It is often of ufe in transferrii^ leatUly the properties of one curve 
to another that is under the lame gtnus. Thus authors explain 
how the ellipfe is transformed into a parabola, and thence inK> 
an hyperbola. But, left cooceptions or expreflioDS of this kind 
ibould be excepted againfi^ we luve endeavoured to avoid tbcni. 

PROP. xxn. 

463 . The ordinate meets the curve in a foint ofcon^ 
trary fiexure when its fluxion is a maximum or mi- 
given and the 
? ordinate. 



nimum, the fluxion of the bafe being eivei 
curve being continued on both fldes ofthe 



Fia.p5. Refumtng the conftnjAion ofthe 349th and ijift articles, k 
follows from what was demonftrated there, that, when the ordi- 
nates ofthe arch ci increafe from Be to D;, the arch CE is con- 
vex towards the bafe, and that when the ordmates fix»n 'De to Gb 
decreafe, the arch EH is concave towards the bafe; that is, 
when I)» is a maximum, and the arches », tb are on different 
fides of Dr, the point £- is a point of contrary fiexure. But D< 
reprefents the fluxion of the ordinate DE, the fluxion of the 
bafe being reprefented by the given right line DG. Therefore, 
vchen the fluxion of the ordinate is a maxintumi and the curve- 
is continued from the ordinate on both fides, it meets the curve 

Fic. 96.1^ * point of contrary flexure. In like manner, when the 01- 
dioates from the arch ce decreafe and cho& itom tb increafe, 

(that 



,y Google 



Chap. IX. Of the points of contrary PUxlon, 119 

(that i^ when D; is a mmmum^ the arch CE is ccmcaveand 
the arch EH is convex towards uie bafe, by what was Ihewn tn 
the a49th and 251ft articles. Therefore^ when the fluxion of 
0ie orainace is a mimmamj the fluxion of the bale being given 
and the^curve being continued from the ordinate on both tides, 
the ordinate meets the corre in a pomt of contrary flexure. 

S.64. The pjippofition appears alio from the converfe of theFio 515* 
7th lemma, ait< 1.84. For» if we fuppofe the fluxion of the 
ordinate DE (Q be a mattimum, the fluxion of the ordinate FM 
muft iocreaie while M.defcribes CE, and decreafe while M de- 
(cribea £H^ Therefore, by the converfe of the 7th lemma, 
if PM uici^s while M defcribes CEH, the arch CE muft 
be convex and £H concave towards the bafe ; fo that E muft 
t>e a point of contrary flexure. If PM decreafe while M de-FiG<5)6* 
fi:ribe8 CEIf , the arch CE muft be concave and the arch EH 
convex towards the b^^ and E- a point of contrary flexure. 
In the fame matmec, .when the fluxion of DE is a mimipumj ic 
appears that £ is a point of the lame kind. We do not com- 
preheod under the Maxima or mnima quantities that vanifh, or 
wch as are fuppded to^^ceed all affignable m^^utude. 

365. CoK. I. As. there are varioos kinds of matdma and m-^ 
nima, fo there are various kbds of points of contrary flexure. 
As in the moft common cafes, the orainate is a maximum or fsr- 
nimum when its fluxicxi vamfhes, the fluxion of the bafe being 
even ^ fo, when the fecond fluxion of the ordinate vanifhes,, 
UK ordinate moft commonly [Miles through a point of contrary 
flexure. But this is uot univerfally true thou^ the tiirve be 
conunued on tmh fides of that orwnate. For, when the tan- 
gent of the cuive eib at t becomes parallel to the bafe, the f^ 
cond fluxitm of DE, or the firft fluxion of De, vani&es, the 
flutionof the bafe bebg given ; but in this cafe e maybe aFio.jr7.. 
. point of concrary flexure, (ait. a6o.) and, Dv (which menures 
the fluxion ofr.DE) not being a tnottimiim ch Minimum^ the point 
£ is not a point of contrary flexure, but the whcAe ssch CEH 
lus its coocflvity turned the fiune way. 

- 36(5. Cojt. it In.gcneial, whether the fiift fluxion of theFio.jr^ 
Ordinate vaniifb or not,, the pouit ' £ is^ a odnt of contrary fle- ^ £(, 
xuie when die nnmbez of die fiiUeqaeac foxeffire orders of flu^ j^^ - 
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xiofu ofDE that vamih is an odd number, if the curve be coi^ 
tioued from the or<iUoace on both fides \ but E is oot a point of 
fU>Dtrary flexaie, and the whole arch CEH has its coocavity 
turned the fame way when that number is even j for in the for' 
mer cale D« is a maximam ot tninmtm, and in the latter cafe t 
is a point of contrary tkxure, by art. a6i. 

36.7. When Sit ca the diuuoa of the {xdioate DE lis iticfa a 
aaxmam or niamnm as was defciibed b the 145th and i6id 
•Tticlea, £ is a point of contrary flexure, and, the tangent at e 
bung perpenfUcular 10 cthe bafe, the right line that meafures the 
fluxion ot the bale vanifhea in this cate when that which mea- 
fures the fluxion of De, or the fecond flaxion of DE, is given. 
But it does not follow, conversely, that when this happens, E 
is always a point of contrary flexure, although the curve be 
continued on both fides of the ordinate DE. For, if € itfelf be 
Fig. 5)S. a point of contrai^ fleznue in the curve FN, then, though the 
tangent ac-^'be perpendicular Co the bale, TU is not a maximaM 
or tmnimum, and E in the curve CEH U not a point of contrary 
flexure ; but the whole arch CH has its convexity or concavi- 
ty towfuxls the bafe, according as the ordinates of die arch cb 
f:ontinually increafe or 'decreale from Be to Gb. 

368. Hitherto we have fuppofed the two arches CE and EH 
to be on difierent fides of DE. When the& uches are on the 
fame fide of DE and hara a tangent at E different fixHn DE, then 
Fio. 95)*E is a point of reflexion, or cufpis. The celebrated author of 
£c loi. the jiaapffi des infiHtment petits dilHnguifhes thofe pcnnts into two 
Iciods^ die point E is a cufpis of the firft kind when the arches 
EC, EH have.their convexity towards each other, but of the fe- 
cond kind when the convexity of the one is towards the con^ 
cavity of the other. 

^6^. Let the arch ch meet the bale in D, the p(Hnts D and r 

bdng fuppofed to coindde ', and let the ardies ce, ebbe<ia dif> 

ferent udea of the bale, bat <mi the fame fide of DE. Then, 

whether the arches ce^ «h be perpendicular to the bale and form 

one continued arch cb, or touch the bale and form a cufpis of 

Fi 0.99. die firft kind at r, the point E is a culpis oftheflrfl kind. For, 

o. 1. K when PN is above the bafe, VM u to be taken apon VP fixm' 

ft. V towards P, and when PN i» below the bafe, VM i» to be 

taken 
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taken npon- PV prodoced beyond V, by art. a <6. Andj con- 
Verlely, when £ b a cufpis o£ the firft luod, if the tangent at 
£ be parallel u) the bafej when the bafe AP iocreafes the ot- 
dmate from one of the arches CE, HE iocreaies and the ordi- 
nate from the other decreafea^ The floxion of one of the 01^ 
dfnates is poHtive and the fluxion of the other is n^adve \ ^a 
that the right lines which reprefent thefe fluxiixis rouu be taken 
on oppolite fides of the bafe \ and ee,, eb muft either foim a coa- 
anued arch cb^ or a cufpis of the fiifl kind at «. In both cafes 
the firft fluxion of DE vanifliea \ and in the former, the fluxion 
of Df, or the fecond fluxion of DE, bong gjvcn, the fluxion 
of the bafe vaniihes : In the latter cafe, tne iecond fluxion of 
DE vani&es as well as the flrft fluxioo, au(L the third flo^xton 
of DE being compared with the fluxion of the bafe> the one 
Tsailhes when the other is given. In general, when E is a co? 
ibis of the firft kind and me tangent at E is cniaUel to tiw. bafe, 
the fluxions of DE of any number of fucceuive order»>iDay va- 
nish the fluxion of the bafe beii^ g^ven ^. bat the fluxion of the 
next order to thofe that vanifli cannot be to the fluxion of die 
bafe in any ailigaable ratio, «nd is Odd (according to the ufual 
language on this fnt^efl) to become infinitely great, in the 
fime fenfe as the ordinate of a curve is commotuy fiud to be- 
come infinite when it U fupgded to cwicide witKan afymytocB.. 

PROP. xxnr. 

170. The arches ce,.eh being on the fame flde oflSe, Via. ioo>. 
the point ^ is a eitjfis of the firft kind when ceb is 
a continued arch, but of the feeond kind when e ir 
a cujpis of the firft kind and the tangent at e is ff- 
bliqueto De, or when e is itfeifa cuj^is of the ff- 
condkiud. 

Cafe \. When ffi' ts a contiiiued arch and touches «fae ordi- 
nate De, VM is to be taken upon VP from V towards P botk 
when N defcribes the part ce and the [Kut tbf by art. ac6. Tba 
li^ Kne £/. {lanUel'to DL is the tangent of both tfag-bniD chc s. 
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CE and EH, by prop. lo. Therefore the point E is a cuipfg. 
The areu DecB, D«/B, DfifrB are refpeftively equal to the xcSt- 
angles contained by the right lines KC, Kf, KH and the given 
■ ri^t line DG. Therefore KC is left than Kf, and K( left than 
KH \ fo that the tangent Ef muft pafa betwixt the arches EC, 
£H ; ind, thefe arches bebg therefore convex towards each o* 
tfaer, £ is a cufpts of the lirft kind. 
Fio.ioi. ^71* Gafe -x, Lettfbeacufpisof thefirftkind, andiftheua- 
gent at e be not parallel to the bafe, the pwit E fliali be a culpis 
(^ the fecond kind. For let the perpendicular at P meet the 
arches ct, eby CE, EH in the points m, K, f» and M, the tangent 
E/ in R, and EK, el parallel to the bafe in V and S. Then, by 
arc ajtf. the right lines VM, Vm are to be taken from V to- 
wards P when N defcribes » or » defcribes eb. The redangles 
contuned by VM, Vm and VR, and bythe given right line DG, 
are refpedively equal to the areas DeNP, D«aP and DeSP ; and 
the areas D«Nrt DnP are dther both lels ot both greater than 
D«SP. Therefore VM, Vw are both left or both greater than 
VR, the arches EM, E^ are on the fame fide ofthe tangent 
&, and, confequently, E is a cufpis of the fecond kind. 

3.71. Cafe 3. When r is a cufpis of the fecond kind, it appears 
in the fime manner that the arches EM, Em are on the fame 
fide of the tangent &, and therefore £ is a cuf^ of the lame 
kind. 

173. CoR. I. In th; firft cafe, the point E b a cu^s of the 
firft kind, and the right line which meafures the fluxion of the 
bale vaoifliea when uiat which meafures the fecond fluxion of 
the ordinate is g^ven. The point £ is alio a ci^is ofthe firft 
kbd when the right line which meafures the fecond fluxion 
of the ordinate BE vaniihes, the fluxion of the bafe bei^ gi- 
evn, if the two arches ec, eb are on the fame lide of D£ and 
are convex towards each other. But £ is not always a cnfois 
of this kind when the ri^ht line which meafures the fecond fln- 
xion of the ordinate vanilhes, that which meafures die floxion 
of the bale being ^ven, or when the latter vanilhes the former 
being ^ven, though the arches CE, EH be on the fame fide of 
DE. For in this cafe t and £ may be each a cufpis of the fe- 
cond kind* 

374. CoR. 
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174. Cor. n. In the fiic<Mid c^, £ ia a coiirts of the fecond 
kind, and the righc line which mealures the third fluxion of che 
ordinate DE vaniihes when thac which meafures the flaxioa of 
'the h»&i is g;ive[i, or tbe-latter vani&es the former being given. 

075. Cofc.lII. Whefl the right line which mediires the fe-PiG.ioa 
'cond flaxton t^the ordinaee D£ is in an aflignable ratio to that& loi. 
which meifaresthe flaxion of the bafe, iind che arches CE, CH 
are on the {anie fide of the ordinate, then the point E ia always 
"B cofpis of the fecond Icind, whether the third fluxion of D£ 
be affignable or not : for in that cafe the tangent of the arch » 
M « is oblique to Dtf, the point f is a cuffHs either of the firft oc 
ficond kind \ and therefi»e E is a cufpis of the fecond kind, by 
-arL 271. and 172. When the ratio of the right line which 
Aieafures the fecond fluxion of the ordinate DE to that which 
■tneafures the fluxion of the bafe is not affignable, (the arches CE, 
-£H being itill on the fame flde of D£) if the ratioof the right 
line whicn meafures the thud fluxion of DE to that which tnea- 
fures the fluxion of the bide be affignable,' £ is ftill a cofpis of 
-che fecond kind ; but when this latter ratio alfo is not aHignable, 
£ jnav be a culpis of either kind. 

376. The ordinate DE ia a maxiMum or mmniata of the fe- 
cond kind in all cafes when E is a cu^is of either kind, that on- 
ly excepted wherein E i» a cufjHs of the fifft kind and the tan- 
gent at £ is at the fanie timepaiallel to the bafe. And we may 
conclude D£ to be a maximum or minimum of this kind, if the 
curve is not continued on both fides of the ordinate, not only 
when the firll fluxion of the ordinate is to the fluxion of the 
bafe in anafEgoable ratio, but alio when the fluxion of the bafe 
being given the'fluxion of the ordinate of any fnbfequent order 
is to the fluxion of the bafe in an aflignable ratio. For in all 
thofe cafes the point E ia a cuffus of the fecond kind \ or, if it 
is a cufpis of the flrfl kind, the tangent at £ is not parallel to 
the bate. 

177. What we have faid of thc'gieslteft and leaft cmlinates 
is eafily applied to the greateft or lealt raya that can be drawn 
from a given point to a curve. Let S be a point that is given mFio. lOi. 
the plane of the curve DFK, SA a right lioe given in pofluoo, 
SP any right line from S that meets &e curve in P, PM a per- 
C g pendicular 
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pendicttkrfrorti.Bp*i-S*'ip:M -TJjomhe^woa. of SM be- 
lt^ ^ven, the ray SP is a jnattiinunf qi taimmun when ita fitft 
Auxion vanifliea and iu fecood^aftioa doea not vanifh, or when 
the BuKtdna qf the fubT^uent liicceiriye CTcle^.vnufli Lf th{? p«n^ 
I ber of all tbofe BuKiOfis that vaijifli bp ap pd4 nvimbsr ^ for if 
MQ^ be taken upon MP altv^ A<^ t»- SP, jtUe ordioate M<i, 
of the curve IQ^ ll»aU in thofe eaibsi be a in4>*vntpt or itr^/ffrww 
by pn^. a i . When the number of the fuccefii've ^uxipoe of SP 
or M<4. that vantlh ia an even n;umber, ^ pobc Qvi a pc^oi: 
•of ccMicrary flexure in the curve iQ^t: fail MQ.Qr Sp.is neit^ 
iifHiiximum.rv}! mmiiaam : bqcit nj^s itGt follaw, rthat P is t 
foipt of contrary fleaui«e in the cun** DPE* : . ; , : 
: 178. Toilluftrate by anobvious.example.dieneceffilyof hftr 
viqg r^ard to thole limitations in rcfolvi|ig by the commo* 
rules the problems that relate to the matdm^ 40cl minima^ l^ 
PPE be a common parabola, DK. ItSjaxi^jS a.poOt given witlv 
in the carve, SA be perpendicular to the axis DK m K, and 
FN perpendicular to it in N. Then, SM or PM being fuppo- 
fed to flow oiuformly, let the fluxions of SP be compuced^ 
The firft fluxion of SP vanifhes when SP becomes perpendicu' 
lai to -the curve, and by the common rule SP ought in that 
cafe. to be a maximtait or mitiimam. But ic is cercab, that ^ 
PK be equal to the fum c^ 3DK and one half of (he paismecer 
of the axis^ and the point S be dm upon th£ axis, the right 
line SP, though perpendicular to the curve, is neither a tnaior 
mum nor vmmum ; for a circle defcribed 6om the center S 
through P tails witjiout the uch PD and within the arch PE, 
as fliall be demoollrated afterwards. In this cale h wfll be 
feuad, that the fecond fluxion of SP vaoiihes aa well as its 
£rft fluxion, . but that its third fluxion does not vanifh \ fo that^ 
according to prop. 21. SP is not a maxftttam or mtnimum in 
this cafe, thou^ its firft fluxtofl v^^iiih. If the thitd fluxion 
of SP alio vaniih, then SP is a maximum or minimtm by the 
fame propoliaon. And this is the cafe when the point S is upon 
theaxis at /and /D is equal to one half of the parameter ^ for^ 
in this cafe, when P comes to D, the firft, fecond and third flu- 
xions of /P vanilh, but its fourth fluxion does not vaoifii, as 
will appear by the computation } and: i£ is known that fD is the 

kaft 
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\oa& right fine that itah be drawn fratti the point ytothe para- 
bobt. -Hot is there any cnrvebnt the tircle al{»ie that does not 
alfordcxampleaiof rfiis kind. It. may be of ufe for bbridgipg 
CO AipDt&tioQa of this fort to obfinnre, that trben the v&Iti ot any 
qohndty sri^empreffid bya'tenttthaE'is formedfrom inypawer 
^ADOther qutoticy u and invariable quancitTcb, if while u is fi- 
nite the iirft floxioD of a and ks fluxioos of any fubfequeat fuo- 
ceflive orders vaoifli, the fluxions of z- of the fame orders vanifti 
at the fame time; ' lix be expiefled by a fra^on whofe name- 
rabrN and deaominiKor D are bodi-fntite when the fluxiba of 
N is- to the fluxion of D aa M ia to D, then the fluxion of a 
itaniihesj andifthefiaxioDsof N and Dof anyfuUequtintfuc- 
ceffive orden be to each other refpeftively in the fame ratio of 
N to D, then the fluxloaaofs of the (ame orders vaoilh. 

' 3l7$h Xet usDOWrefume'die-cotiftni&icHicif th6 fiitth andFiciOj. 
tlfith aiticlea, where P (he iiH»ffe£tion of LP^ the taingent of 
kBJ euWe LB and of SP the- pe^jendicular from the given 
pomt S isTuepofed cd be alwaysibund in cbe cbrve DPE \ aod 
w-bete it is uiews, that if the angle SPT be made equal to SLP, 
FT ihall be the tangent of the curve DPE. Lm ST be always 
pta^Qdicular .front & upoKthis tangent PT, and T be always 
K]Uad in the curve GTH^ and; if AS be bay right linegirerk 
In poiitioQ that [Hodiiced beyond S- meets PT pr<^uced beyond 
T in Qt, the angles ASL, ASP, AST fhall be in arithmetical 
progreffion, and the angle AST fhall be equal to 2ASP — ASI^ 
The angle ASP being fuppofed to inereafe, the angle SOT in- 
oreafesordecrealesaocording as the arch of the curve delcribed 
by P is concave or convex towards S ; and, becaufe AST (or 
aASP — ASL) is equal to SQT added co the right angle STQ, 
h follows, that, the fluxion of the-angW ASP bebg fuppoted 
positive, the arch defcribed by P is concave or convex towards 
S according as the fluxioii of 1 ASP— ^ASL is pofitive or nega* 
ttve, that is, according as the fluxion of lASP is more or lefs than 
the fluxion of ASL. When the arch defcribed by L is convex 
towards S, ASL decreafes while ASP increafes, the fluxion of 
ASL is negative, the angle AST increafes, aad the arch |jelcri- 
bed by P is always concave towards Si Thde things wete VKif 
'Uoned above, but without a tM-oot ' 

G g 1 380. When 
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Fig. 104* 280. When the [xnot P in the c&vt DE is a point of coo-' 
trary flexure, the point T in the carve GTt is a cufpis, the 
augle AST (or 3 ASP — ASL) is a moitmum or mimmum ; and 
the right line ST ia alio a maximum or mimmam^ onlefs when the 
angle SPT or SLP isarightone, or when'Sand P^coiacide- 
For let the angle STK be nude equtd to SPT ib that TK may 
Iv the lame way from ST as PT from SP, and TK Ihall be 
the tangent of the carve GTt at T, by art. an. & 211. 
Lee Pp be the arch tenninated at F that is concave towards $» 
iud Pp the arch that is convex towards it, and while P de- 
i<;j\\>t9 the arches Pp, Pp, let T delcribt the arches Tt, Tt. Ic 
is^ msnifeft, that thefe arches T/, Tt are on the fame fide of 
the rig^t line PT ; and, fince they have the fame tangent TK, 
the pcuot T is a cufpis. The angle SQT ia a maximitm or mk 
■ in^mm when P is a pcunt of^coatnry &xure, and therefore 
A^T (or »ASP — ASL) is a maxmum or mimmam. When the 
ang^e STK or SPT is not a right one, the tight Une ST eichtK 
exceeds the light lines chat can be drawn from S to the adiwi-* 
ing parts of either arch TV, Tt, or is leis than them, and there- 
fore ST is a maximum or m»imitm. 

a8i. It follows, converiely, fhat the carve jip being conti- 
aued (HI both fides of the ri^c Une PL, and tiw tangent at P 
being oblique to 8P^ if ST be a mat^um&t miaimam, the poinC 
P in the curve DPE is a point of contrary flexure. Therefore,, 
/F an arch of a circle defctibed from the center S ihrongh P 
b^ing fuppoted to flow nsLtbrmly,. if the fluxion of ST vaniih,. 
the point P is a point of cootravy flexuce, the fame limiuiioos 
being undetftood as were described in vtop. ai.. Let the inva- 
riable fluxion of the arch /P be reprefented by a given line PI 
taken upon PI^ and let IH perpendicular to PI meet TP pro- 
duced in H ; tben fltall PH and IH reprefent the fluxions of 
ihe curve DP and ray SP-by prop. 16. & 1 7. The redangle 
conuined by SP and' PJ is eqdal to the reflangle contained by 
ST and PKi^ and therefore, when the fluxion of ST vanifhea, 
' the re^angle contained by IH (which meafures the fluxion of 

_ SP) and PI is equal to the reftangle contained by ST and the 

ji^ line which meafures the fluxion of FH, and the fluxion of 
PH 18 to the fluxion of SP.as Fl is to ST or as PH is to SP. 

But^ 
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But, becaufe PI » fuppofed to be invariable, it follows fixim 
prop. 15. that the fluxion of IH is to the fluxion of PH as PH 
13 to IH. Therefore the fluxion of IH ia to the fluxion of SP 
(which is exprefled by IH) as the fquare of PH is to the reft- 
angle contained- by SP and IH j and, consequently, the right 
line which meafures the fecond fluxion of SP, PH which mea- 
fures the firft fluxion of the curve, and the ray SP are in con- 
tinued proportion ^ which coincides with one part of the rule 
chat is ufually given for finding the points of ccxitrary flexure 
in curves, that are conlidered as fpirals, and are defined by an 
equation that exprefles the relauon of the fluxions of /P, SP 
or DP to each other. But this rule is not to be admitted with- - 
out the limitations chat follow from prop. 21. chough the fitft 
fluxion of ST vanifli. If the curve defcribed by P be not con- 
tinued on both fides of the right line PL, or if the fluxions of 
ST of the fubfequent fuccefiive orders vanifli, and the tiumber of 
all its fluxions that vanilh be an even number, wc caimot coo- 
.cludc'that P is a prant of contrary flexure.. When the firft flu- 
xion of ST vaniihes, its fecond fluxion vaniflies alio (the flu* 
xiori of the arch/P being- invariable) whenthe ratio of the fe^ 
cood fluxion of PH to the fecond fluxion of SP is the fame as- 
that qt PH to SP ^ and when the fluxions of PH of any fuc- 
cefiive oidcra from the firft, are to the fluxions of SP of the 
fame orders, re(pe£lively, in the fame rado of PH to SP, then, 
the fluxions of ST of thefe orders alfb vanifb. 

382. It ibllows alio from the aSotb articley.that^ the curve - 
jip being continued on both fides of the right line PL and the 
■ angle SPT being acute, P is a point of contrary- flexure, whea 
the fluxion of the angle AST vanifliea, cw when the fluxion of 
the angle ASP becomes equd to CHie half of the fluxion of ASL, . 
(ihofe cafes however being excepted in which- AST is not a 
maximum or minimum accordlng..co prop. 11.) that is* when the 
angular velocity of SP about S is one half of the angular ve- 
locity of SL about S, and. is in the fame direftioni for if tho 
motion of SL and SP be in different directions, the angul:u: 
mouon.of ST does not vanifli when the angular morion of SP ' 
is equal to one half of the angular motion of SL, but on the 
contrary . is equal to the. fum of the mocioa of SL.^dded to 

aviofc. 
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twice the riiotion of SP. The point T in the curve GTH is 
a point of contrary flexure, for the fame reafon, when the flu- 
xion of AST becomes equal to one half of the fluxion of ASP, 
or when the fluxion of ASP becomes equal to two durdaof the 
fluxion of ASL, becaufe ASL, ASP, AST are in arithmetical 
progreffion. In general, the ferie« of curves BL, DP, GT, gjc. 
being continued, each of which is fuppofed to pafs throu^ the 
interleftions of the tangents of the preceeding curve wKh the 
perpendiculars from S on thefe tangents, that point in the lafl 
curve of the feries which correfponds to L in the firft curve is 
a point of contrary flexure when the fluxion of the angle ASL 
is to the fluxion of ASP as the number of curves in the feries is 
to the fame number diminiOied by unit ; and chat point is a cu- 
fiMS when the fluxion of ASL is to the fluxion oi ASP as the 
number of curves is to the fame number diminiihed by twa 
183. In this laft manner the points of contrary flexure and 
Fig. lOj-reflexion are fometinies eafily dilcovered. For example, when 
ALB is a circle, C the center, S any point within the circle, AB 
thediameterthatpaffes through S, the point? in the curve DPE 
is a point of contrary flexure when the fquare of LS is one &AiA 
pan of the redangle ASB, or (LS being produced HH it hiert 
the circle again in 2.) when LS is one fourth p'art'of^LZ- ' For, 
let CV be perpendicular on LZ in V ; and, SLR being made 
equal to CLQ^if LR. meet the diameter in R, the fluxion of 
ASL fliall be to the fluxion of ACL (or ASP) as CR is to SR 
(hy prop. J S») or as LV is to LS ; and therefore, when LS is e- 
qual to one half of LV, or one fourth part of LZ, the fluxion 
of ASP is one half of the fluxion of ASL, and P is a point of 
contrary flexure j that cafe being excepted wherein CS is equal 
to SB, and SB is one fourth part of AB, in which the point L 
coincides with B when the] fluxion of ASP becomes equal to 
one half of the fluxion of ASL, and the curve defcribed by 
9 is not continued on both fides of the tangent at B. When S 
is nearer to the center of the circle than to the circumference, 
or when S is without the circle, or upon the circumference, the 
fluxion of ASP never becomes equal to one half of the fluxion 
of ASL. When S is without the circle, the angular velocity 
<"of SP may become equal to one half of the angular velocity 
^ of 
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of SL ; but the motions of SP acd SL are in oppofite diredt- 
ons when thia happens, the fluxion of ASP being fuppofed po- 
iitive the fluxion of ASL is negative, and the fluxion of AST 
does not vanilh. The curve ALB being ftill a circle, and the fe- 
rie$ of curves ALB, DPE, GTHj^^. being continued, the poinc 
in the laft curve of the feries that correlponds to L jn the circle 
is a poiat of contrary flexure when SL is to S2^ as cbe number 
of carves diminifiiea by unit is to the fame number increafed 
by unit, or when the iquare of SL is to the given rectangle 
ASB in that ratio \ and chat point is a cufpis when SZ is to SL 
as the number of curves is to this number diminished by two ; 
the cafe being always excepted when S is fo fituated that the 
point L coincides with B when this happens. 

%%^ In like manner thefe points are readily determined ia 
many other curves, efpecially when the curve BL is fucS that 
a point can be afligned, from which rays being drawn to the 
carve and perpendiculars to the tangents of the curve, rhe an- 
gular velocity of the ray about that point is to the angular ve- 
locity of the perpendtcukr in any invariable ratio : When BL 
is any curve of this kind, it has no point of contrary flexure ; 
and if S coincide with that given point,, the cijrves PPE, GTH 
being of the fiime ■kind *, have dfo no point of contrary fle- 
xure i but if S be any other pojnt in the plane of the curve 
BL, the curves DPE, GTH, ^c. may have points of contrary 
flexure uid reflexion that are often eafily determined by art. 
aSi. & aio. When BL is a parabola and S is within the pa-Pido^^ 
rabola upon the axis, P is a point of contrary flexure when LQ_ 
b equal to ^, or when BM (LM being perpendicular to the 
axis in M) is one third part of BS* The curve defcribed by 
T in this cafe has two points of reflexion correfponding to the 
two points of contrary flexure in the curve DP, and a third pant 
of reflexion upon the axis of the parabola at a diftance trom S 
towards A equal to one founh part of the parameter- 

i8j. The right Une ST is alfo a maximum or mnhatnif. ifFia 104. 
the fluxion of /P vanifli when the fluxion of &T is iuppofed to 
be afljgnable, by art> 145. and in this cale the rauo of the difft' 
lence betwixt the rectangle PHI and the sedaof^ couiaioed by 

* Defcript. curvuum> pan. t. pcop. 14. K. tu. 
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SP and the right line which meafnrea the fluxion of PH to the 
"iquare of FH by iDcrealiog becomes unaflignable ; and this co- 
incides wiih the fecond part of the rule that is commonly given 
■for findbg the points of contrary flexure in curves that are con- 
iidered as Ipirals. It is however to he allowed with limitations 
analogous to thofe above mentioned in the I4jth^ 26ad and 
a67th articles. Bat having intiited on this fubje<i:t at a fufficienc 
length, we proceed to cooHdet fome other anedtioos of curve 
lines. 



CHAP. X. 

X>f i^e Afymptotes of curve Lines, the Areas^ounA- 
ed by them and the Curves, the -Solids generated 
by thofe Areas, ofjpiral Lines, and of the Limits 

. oftheSumsofTrdgre£ions. 

a85. A Right line given in pofition is au Ajj/mptote of the 
Jl\ branch of a curve when they never meet, but ap- 
proach to each other continually, fo that by producing them 
their dlAance from each othei becomes equal to any line how 
finall foever that may be given ; and the branch of the carve 
that approaches thus to the afymptote is faid to be of the by 
perholic kind. A brandi of a curve that a^^roaches in the fame 
manner to a parabola is faid to be of the psrabolic kind and to 
have a paraboUc afymptote, of which there may be as many 
difierent kinds as there are parabolas of diflerent orders. In 
general, any curve lines may be faid to be afymptotes of each 
other mutually when they approach to each other in this man- 
ner. 

287. In the common doArine of the hyperbola it is fliewn, 
that a curve and a right line may continually approach to each 
Fig. I07.other in this manner and never meet. Let CO and CV be the 
right lines that are called the afymptotes of the hyperbola aME^ 
alL and IM two right lines parallel to CV bounded by the a- 
fympcote CO and the. carve ia <? and K, I and M; and IM 

IhaU 
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<hall be to <iK as CK is to Gf. _ Therefore, CK and a%. being 
giren, and CI being produced till it become any multiple how 
vreat %xv& of ClC che ordinate IM is always affignable, be- 
ing the iiune part or tfK. aa CK. is of CI \ and IM contmually 
decreafes, fo that it may become lefi than any given line % by 

racing CI till ita ratio to CK be greater than tluc of tfK to 
When the ordinate IM is to oK as the fquare, cube, or any 
power of CK that has a pofitive number for its exponent, is to 
the Ikme power of the abicifs CI, the curve <iME is of the hy- 
perbolic kind, and the fame right lines CO, CV are its afym- 
ptoces. 

aSS. Let AD be a ri^ht Ibe gjven in polmon^ S a givenFiOtloS. 
•point, SPM any right Ime firom S meeting AD m Pj upon 
"which let PM be taken always from F equal to a given line ha : 
then the cnrve tfME fliall be the ameboid of the ancients, and 
the right line AD fliall be its afymptotc. For the curve aM 
■flull never meet this right line AD, becanfe PM is foppofed to 
-be taken always equal to the given line Aa ; and as it never 
-idecreafes, lb tt cannot be fuppofed to vanish. But the curve 
-continually ap[Hroaches to AD, and MN the perpendicular u[h 
■on AD may become equal to any right line Z how fmall foe- 
-ver that may be given, by producing the figure j for if AQ_ be 
taken upon Aa equal'to Z, Qm parallel to AD meet the circle 
'omx defcribed from the center A in f», and SPM be drawn pa- 
rallel to Affl meeung Qm produced in M, the point M Ihall be 
in the conchoid, aoa MN equal to AQ^ fliall be equal to Z. 

08^ To mention one other fimple inftance : Whoever ad- 
-mits that a right line may be condaued at pleafure, and that 
any given right line may be divided into two equal rieht Iine% 
-(according to the principles of the common geometry,) will al- 
low, that the bale of a figure being produced, the ordinate 
may be conceived to decreale in fuch a manner, that when the 
bale is increafed by any given line, the ordinate may become 
onehalf of whatitwas beforethebafeacquired that increment; 
in which cafe the ordinate never vaniflies, becaufe the half of 
« rig^t Une is always a right line. Let OA, AIX DE, EF, &c.Fj,q.^ 
be any equal right lines by which the bafe is luccefiively in- 
-crealed j let Ad theordinate at A be one half of Oo the ordi- 
H h nate 
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Date at O, V)d <H)e half of ha, Ee ooe half of X>dg and £) o& 
And it is maotldl, that the logarithmic curve (ddixibed in on. 
I yS.^ V. bich palles through the points 0, a, dy ty /, and the eK* 
tfeiiii:.ies of all the ordioates in the fame feriea^ which may be 
continued at pleafure, can never meet the baie. In general, 
vaj quantity may be conceived to decreafe contmually and ycc 
Fxo. i07.Dever be quite exfaau&ed ; as, when the sight IJoe AP tiuit 
rouchea the circle A^n in A is produced and KF is always join- 
ed, the arch stg^ the angle nK;, and the peipeodicular i/de- 
^reaie continually, io that they may become leie than any givea 
quanuty of the lame kind by producing AP to an affignabb di- 
fiance>. but never vaniih. 

290* We have mentioned th^e limple tnHaacea, to (hew that 
there is nothing lb abArufe or inconceivable in what Geometri- 
cians demonftrate concerning the af^mptotes of carve lines «#. 
is fumecimes reprefented. 'Iiiey are under no necelGty c£ fi^ 
poling, that * afitiitt quantity or eiUei^Soti cmjifis ef ^rts infiatU 
W Mumbtr, or that there are any more parts m a gtvea magni- 
tude than they can conceive and expreu : It is fufficient that ic 
play be conceived to be divided into a number of parts equal 
to any given or propofed number, and this is all that ie fuppo- 
(ed IB. S^& geometry concermng the divilibility of magnitude- 
It ia true, that the number of parts into which 'a given m^i- 
tude may be conceived to be divided is not to be fixed or U- 
miced, becaufe no gt^'en number is fo great but a greater thaa 
k may be conceived and aifigned : but there is not therefore 
any neceffity for fuppofing that number mfinite \ and if fome 
may have drawn very abftrufe conlequencea fix»a fach £ippofi^ 
uons, geometry is not to be loaded with them. 

2^1. Though Geometricians are under no neceSky of fupp^ 
fing a given magnitude to be divided into an infinite number <^ 
parts, or to be madeupofinfinitefimats, they cannot fo well a- 
ydd the iuppoiing it to be divided into a greater number of pan* 
thaa may be di&iny^ilhed b it by fenfe in any pamculac deter-^ 
■linate- ciicumftances. But they find no dfficuhy in conceiving; 
this 'y, and £ich & fuppolitioa does.not appear to be Kpagsant t» 

* Pdncip. of humafi Lnonlcdgc, £ 11^ 
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die comtnon faiie of mankiDd, bat <m the contrary to be moil 
flgreeaUe to it, and to be Uluftrated by common obfervadon. 
Ic would feem very nnaccoantable, not to allow chem to coq- 
c«ve ft given Kne, of an inch io length for example viewed at 
die dift^e often feet, to be divided into more parts than are 
diicerned in it at that diftance \ iince by bringing ic nearer a 
greats number of parts is aftually perceived in it. Nor is it 
^iy to limit the number of parts that may be perceived in it 
when it is broughc near to the eye, and is teen through a little 
hole in a thin phtte, 01 when by any other contrivance it is 
rendred diftioft at finall diftances from the eye. If we con- 
ceive a given line that is the object of Hght to be ^vided into 
more parts than we perceive in ic, it would feem that ao good 
reafon can be affiled why we may not conceive tangible ma- 
gnitude to be divided into more parts than are perceived in it 
by the touch, or a line of any kind to be divided into any gj- 
ven number of parts, whether fo many parts be adually diftin- 
guifhed by ienie, or not. If the hyperbola and its a(ympcote 
were accurately defctibed, they would feem to fenfetojoin 
each other, at various diftances &om the center according 
to the different cireumftances in wluch they might be per- 
ceived \ but we may conceive the cu-dinate at the point where 
tfaey feem to join to nave a real maenitode, in the fame man- 
ner as we conceive a given line to ^t^ when it is earned to 
fogreat a<Kftance that it vaniihe8tolight,or any finall particle 
(as an anmi in the fun-beams) to exift, though it efcape the 
touch, or have no tangible magnitude. It may perhaps iUu- 
ftrate this, if it be conltdered, that the curve cuinot be &id to 
meet its ^ymptote in this cafe, in the fame fenfe that a circle is 
bid to meet its diameter, which it ^ipears to intei{b£t in all 
cafes,^ whatever the diftance or poHdon of the figure, or the a- 
cutene& of the fenfe may be j whereas the ordinate (^ the hy- 
perbola that vamfhes to light at a greater diftance, becomes vi- 
iible ac a lela diftance, and may be diftingdflied into more and 
more vifible parts, in proportion as it apfHxnches to the eye, or 
the fenfe is more acute. And furely it muft be allowed that 
there is ground for a difference between a line that efcapes the 
fi^ and vaniiheS| becaufe of its diftance fiorn the eye, and a 
H b a line 
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line chat in no cafe can ever be perceived, <»: can be fu[^(ed 
to hstve any exiftence. Perhaps tt will be laid by fome, that, 
flrictly rpeaking,ic is not the fame line thatinthofe differcQccir- 
cumftaDces has a greater and lefs number of vilible paits. la 
^nfwcr to this, it is fufficient for our purpofe to obferve, that aa 
there can hardly be any Philofopher but will allow that there is 
fbme fenfe in which it is the fame inch-line that has more vi- 
iible parts at eight inches diftance from the eye than when it is 
held at the length of the arm ; fo it is not incumbent on us to 
explain in what fenfe this is to be underdood according to every 
fcheme : It is enough that this fenfe muft be fuppofed to be 
plain andobvious, as it is univerfiil, and that Geometricians ought 
tobe allowed to confider lines and figures inthisfenfeas well as 
every body elfe. Philofophers and the vulgar equally conceive 
the fun ana planets, and the other objefts ofiheir oblervation and 
enquiries, to be the fame bodies, when feen at difierent diftan- 
ces or different times : And if they were not allowed to con- 
fider thofe bodies as made up of more parts than are perceived 
by fenfe, and Geometricians were under the fame limitations aa 
to magnitude in general, they would not be a little perplexed \ 
cor is it the more intricate and fubtile part of thole fciences 
only that would be dius pared of£ The learned author above- 
mentioned tells us, "■ That the magnitude of the ohjeft wluch; 
" exiAs without the mind, and is at a difUnce, continues 'al- 
*' ways invariably the fame *." He feems co fpeak of tan- 
gible magnitude. It is not oar bulinefs here to enquire how,, 
according to his dodrine, tangible magnitude. can be conceived 
t£> e&ift without the mvnd any more than vilible magnitude.- 
This concelBoa perhaps is made only for the fake of bis Ar- 
gument in this place j but the- evidence for the exLftence of 
fuch an objeft may very well be fuppofed to approach to thac. 
which we have for the exillence of any other obJe£ts that are 
not immediately perceived by us. And Unce he admits il^ 
and argues from it, in this treatife, it would leem that fome 
invariable magnitude is cobeallowedjwhich'f' we apprehend by 

* New Theory of Vifion. § 5J. 
t Ibid. § 54. 

the 
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the iighc, though noi immedUtely ; and that this magnitude 
may be conceived to be divided into any given number o€ 
parts, from' the demonftrations propofed by Geometricians on 
this iubjeft. In applying which, it ought to be remembred, 
chat 3 furface is not confidered by them as a body of the leaft 
fenfible magnitude, but as the lennination or boundary of a bo- 
dy \ a line is not confidered as a furface of the lead fenlible 
breadth, but as the termination or limit of a furiace : nor is a 

{loint confidered as the l^ail {enable line, or a moment as the 
eaft perceptibie rimej but a point as a termination of a line, 
and a moment as a termination or limit of time. In this fenfe 
they conceive clearly what a furface, line, point *, and a mo- 
ment of time is; and the poftulata of Euclid being allowed 
and applied in this lenfe, the proofs by which it is fliewn that a 
given magnitude may be conceived to be divided into' any gi- 
ven num^r of parts, appear fatisfaftory : And if we avoid tne 
fuppoJing the parts of a given magnitude to be infinitely fmall, 
or to be infinite in number, this feems to be ail.that tne molb 
Icrupulous can require. 

aja. But to proceed : The arch A^,' tfie (eftbr AK>, andFio. 107. 
the ordinate PM increafe condnnally while AP is produced j 
but the arch A^ never amounts to A^f, the feftor AK^ to the fe- 
ftor AKx, or the ordinate PM to the given right line AK the 
diftance betwixt the bafe AP and afymptote KI. An area 
APNF may increafe at the fame rate as the arch A^, the fedor 
AK^, or the ordinate PM increafes; atld, by flowing in the- 
fame manner, it may approach in magnitude to a given fpace ' 
continually while the figure is produced, and never amount to 
ib Let us refume, for an example, the conilru^tipn ofart. 185). Fto.44^ 
and, Oo being bife£led in M, OM in N, ON in R,. and To on, 
let the redangles OoBA, AaHD, DiflE, E«KF,yf. be comple- 
ted, and let Nii, Re meet ha in L and V; The rectangles AH, 
DI, EK, ^c. are refpeftively equal to- the reftangles 0(31, ML^^ 
NT, y^. and the fum of thofe reftangtes being fucceffively e- 
qual to cOy oL, oV, ^c. it is therefore always lefs than the ' 
tedangle oA, though the feries of thofe lemagles be cond-- 

Z ncAruIyft, §31. ■ 

sued- 
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nued till their number, become eqoal to any given number how 
great foever it may be. The diflerencea betwixt their fuccef- 
live fums and the reftangle oA are luccelDvely equal to the red- 
aogles AM, AN, AR, ^c. which continually decreale, and by 
cpnunuing the feries may become lefa than any given ipace* 
Therefore the reftangle oA is the limit to which the fum of the 
rectangles AH, DI, EK, ^c. continually approaches while the 
figure 19 produced) and to which it never amounts unlefs the fi- 
gure be fuppofed to he infinitely produced. As for the area 
bounded b^ the curve adef and the bale AF, it is always lefs 
than the fum of the redangles AH, DI| EK, ^c. and therefore 
is always lels than the rectangle oAu It approaches to a leller 
limit, W2. the redangle contained by Ad and Oo, if we fuppofe a 
CO be.the point where the tangent makes an angle with the ordt- . 
Date that is half a right one \ and the limit of the area bounded 
by the curve oadef-^ ordinate Oo and bale OF is the fi^uare of Oo. 
For let any ordin^e. Pp' meet oB in 2^ and the tluxion of Pp 
(or of jiZ) (hall be. to the fluxion of the bafeOP asPp is to Oo, 
by art. 176. Therefore the fluxion of the area OPpo is equal 
to the fluxion of th«. redangle contained by Oo and j)Z, by 
prop. 4. and th^ area OPpo is equal to this redangle by atL 24. 
And as p2 is alivays lel^ dian Oo, but approaches to it fo that 
the difference Pp may become lela than any given line by pro- 
ducing the figure, fo the area OPpo is always lefs than the fquare 
of Oo, but approaches to it coatinually, ib that their dii&rence 
(the reikangfe contained by Pp and Oc) may become lefs than 
any ' given Ipace, 
Fig. 107. ?93. Tlw right line KI pwallel to the bafe AP being the a- 
ftrmpiote of any curve tfME, let PN the ordinate from the curve 
FNf t>e always to the given right line E>G as the fluxion of the 
ordinate PM is to the fluxion of the bafe^ and let PM meet <ip 
pitfallel to the bafe in p. Then the tiale AP iball be the afym- 
ptote of the curve FN*, and the area APNF Hull be always 
iefs than the redangle contained by Kd and DG, though the 
bafe AP and curve FN be produced to any diflance how great 
foever, but ihall coDtimuUy approach to that redang^e, fo that 
their difierence may become lefs than any given fpace by pro- 
ducing the figure. For it appears, as in art. 148. cbac the area 

APNF 
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APNF is slwa^ eqaiil m tlieTdSkngle contained by pM diid 
the given lighc line tX^ and thcKKore is idways lels than the 
leAangle contained by Kj> and DG by a fpace equal to the 
redac^e contained by JM and XXi, which ntay become lets 
■than any ^ven i^sce, W ncwr vaoiflies; becauie IM may bc- 
■come lets than any given right line, bat never raniflies, lince 
KI is fai^fed to. be the iiTynipcote of the curt^e aiAE. 

394. When CV perpendicular to CO is alfo an alymptote of 
^e curve EMrf :|»odi}cied beyond tf, the right line &> (which 
is the conrinuation of CV) U on afymptoie of the curve de- 
.icribed by K contthiied on che other tide of AF j and, ^ the 
ordinates PM> PN meet tbebafe on the- other fide of A, the a- 
Kft APNF Ihail be ftill equal to the redtuigle contained by 
j)M and DG, and will in this cafe exceed any given fpace by 
continung the curve FN alongft the afyinptote Oo^ becaufe ^M 
will exceed any given xi^ line by coMiiMing die curve nM a> 
longft the afymptote CV. In the fomier cafe, when the curve 
Wti was produced akmgft the ba£e AD, wtuch is one of its a- 
^mptotes, the area APNF was always lela than a certain ^ace, 
(the redang^ oootained by Ka and DG,) which we therefore 
call its limit. In the latter cafe, when che curve FN is produced 
aloDgfi its other afymptote Oif, die area APNF may exceed any- 
given fpace^-andhts no aflignaUe limit. They who feruple ndc 
to fi^pole die curve and siympcote to be inBnicely produced, fay,, 
diat the area APNF then becomes equal co its limit in the for- 
mer cafe, and that it becomea infinitely great ta the latter cafe* 
And this area has been faid in certain cafes to be more than iir' 
finite by Ibme asdiora, from an analogy they imagined to be- 
betwixt what is negative, tKithing, and 6oit^ and what is £— 
sice, infinite, and more than infinite. 

395^ But when the curve EM<> continued on theotKcr fide Fu;^ 105^ 
ef A touches the right line CV in L, the right Knc Qo is ftiU 
on afymptote o£ the curve defcribed by N continued on ds o— 
Aer fide o& F^ becai^&the ratio- of the fluxion of FM t& ther 
fluxion <rf thebafe, d» of PN x& DGy may exceed any given* 
fado while P defcribes AB ; but in thu cafo the area APNP*' 
(which ta ec^ul co the rs^Vangle contamed^ by fiA and- DG)', '» 
aLway» kf&- thao. » easuu»«ffigmbl« %ace,, vie. ib« jcdangfe^ 
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contained by *L and DG, (pa faeiag foppofed to in«t CV m 
^,^ becaufe pM is always leu than Hm in this cafe, the curve 
FN being contiuued alongft both die afymptotes BD, Bv «t 
pleafure, the area bounded by ibe.two ordinates PN, FN that 
aie on di^rent fides of AF, is always lefa thanthe redangle 
conutned by CL and DG, to which u. af^oaches however 
as its limit when the figure is (voduced continually both wayi. 
And when the curve is fuppofw lo be infinitely prodoced both 
ways, and the afymptotes BD, Bu are alfo (nppofed to be 
both infinitely produced, the whole area incloded betwixt the 
curve and its two Rf/mpcotcs k fiud to become equal to this 
redangle contained by CL and DG. 
Fig. 107. i9(S7 While the point N defcribes'the branch of the cnrve 
& 105k FN that proceede aloDgft the bafe AF, which is one (^' its afym- 
ptotes, if P« be to DG as the fluxion of PN is to the fluxion 
of the bale AP, the area AP«^ Hull be always equal to the 
reSangle omtained by DG and the excela of AF above PN ; 
and tlw rectangle contained by AF and DG is the limit to 
.which the area AFa/ continually approaches by producing the 
curve fn and bafe AP. And if a loies of corves be deduced 
in .this manoer, (the ordinate of any curve being to the given 
right line DG as.the fluxion of the ordinate of the preceeding 
curve in the ieries is to the fluxion of the bafe,) the re^angle 
contained by the ordinate at A of any curve 01 the Ieries and 
by the right line DG ihall be the limit to which the area of the 
fubfequent curve continually approaches while it ts produced a- 
longft the bafe. While the pomt N defcribes the branch that 
.proceeds alongft the afymptoce Bv, the point n describes a curve 
that has the Tame afymptote ^ but the area APn^' in this cafe 
may exceed any given fpace by producing the curve/*, and has 
.no afTignable hmit : and the fame is to be fiiid of the area of 
any fubfequent cuive in the feries. 
•Fig. I la 207. When the curve <»ME has not an afymptote parallel to 
the bafe AP, but the angle tMT formed by MT the tangent at 
M and JVU parallel to the bafe jdecreafes fo that by producing the 
curve it may become \e& than any given re<£liliii^ angle, but 
. never vanimes, the bafe AP is ftill an afymptote of the curve 
f didcribed by N, becaufe the ntio of PN to DG (which is the 

£une 
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fame as that of *T to Mk by prop. 14.) may become lefi than 
any given ratio, and yec never vanilhes. In this cafe the area 
■APNF may exceed any given Ipace by producing the curve and 
bafe, becaufe pM may exceed any given right Ibe. When CV 
is an afymptote of the curve EMa produced on the other fide of 
ay Ci) IS an afymptote of the curve defcribed by N produced 
on the other fide of F : and, FN being on the other fide of AF, 
the area APNF may exceed in this cde «lfo any g^ven fpace 
by producing the curve along the afymptote Qv. Tlius, whea 
«ME is the logarithmic curve defcribed in art. 176. *V its a- 
^mptote, ba the ordinate whofe logarithm is nottung, the curve 
FN is the common hyperbola, becaufe the fluxion of PM is to 
rile fluxion of BP (or bp) as ba is to BP, (by art. 176.) and, 
PN being to DG in the lame ratio, the reftangle BPN is equal 
CO the invariable redhtngle contained by ba and DG. It fol- 
lows from the genefis of the logarithmic, that pl/i may exceed 
«ny given right line by producing the curve 00 eidier fide of 
Koy and therefore the area APNF may exceed any given ^ace 
by produdng the hyperbola on either fide of AF : The tone 
appears from the common doftrine of the hyperbola. The 
curve /» (art. ip3-) in this cafe, and all the fublequent curves 
of the feries, are hyperbolas of an higher order; and when P is 
upon the fame fide of A vnth I>, the area terminated by the 
curve and bafe and the ordinates at A and P has an affignabie li- 
mit which it can never exceed, the fame that was defined in the 
laft article ; but when P is on the other fide of A, betwixt A 
and B, that area may exceed any given ^ace by producing the 
curve. 

aoS. The converfe of the a53d anicle eafily appears. LetFi6.i07. 
the bafe AD be an afymptote of the curve FN, and of parallel 
to the bafe through any given point in the perpendicular at A 
meet PN in p ; let the reftangle contained by j»M and the gi- 
ven right line DG be always equal to the area APNF ; let the 
rectangle ad (Kd being equal to DG) be the limit to which 
the area APNF continually approaches fo that their diflerence 
becomes lefs than any givcu fpace by producing the figure, if 
any liich limit is aflignable ^ and let aK. be taken on the fame 
lide ofap with piA : then a right line through K. parallel 10 the 
I i bafe 
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bafe fliall be the afymptote of the curve aME. For the reft- 
angle contained by pM and DG Ihall increafe in the lame man- 
ner as the area APNF (to which it is always equal) increafea : 
and as this area approaches continually to the re^angle con- 
tained by Ki» and DG in fuch a manner that their difference be- 
comes leia than any given fpace by producing the figure APNF: 
fb the ordinate /)M approaches contbually to aY%. or />!, and 
their diiFerence IM becomes lefs than any given right line by 
producing the figure aMIK. Therefore K.I is the afymptote 
of the curve aME. If no fuch limit of the area APNF can be 
afligned, but this area may exceed any given fpace, then the 
branch aME is not of the hyperbolic kind, and ha3 not a re- 
<5iilineal afymptote. For in this cafe pM may exceed any gi- 
ven right line by producing the figure a}Ap\ and, {ki paral- 
lel to /)M being fuppofed to meet the tangent Mr in t and Mi 
equal and parallel to DG in A,) fince PN, or ytr, may become 
lefs than any given right line, the angle i^ may become lels 
than any given reflilineal angle by producing the curve. 

app. When the ordinate PN is reciprocally as any power of 
BP whofe index is greater than unit, a limit of the area APNF 
can be alligned, and the curve oME has an afymptote parallel 
to the bafe. If the ordinate PN be reciprocally as the fquare 
of BP, and the curve FN with the bafe AP be fuppofed to be 
infimiely produced, the ordinate PN at an infinite diAance is 
^d to be an infinitefimal of the fecond order, becaufe PN is to 
AF as the fquare of BA is to the fquare of BP : And the ele- 
ment of the bafe AP being fuppofed an infinitelimal of the firll 
order, then fince the element of PM is to the element of AP as 
PN is to DG, it follows (according to the dodrine of infinitefi- 
mals) that the element of PM in this cafe becomes an infinitelimal 
of tbe third order. If PN be reciprocally as any higher power 
of BP, the element of PM becomes an infinitefimal of an order 
ftill lower, AP being iliU fuppofed infinite : And it is propofed 
as a rule *, That, the bafe being infinitely produced, if the ele- 
ment of the ordinate becomes an infinitelimal two or more de- 
grees beneath the element of the bafe, then we may conclude 

* Geometr. dc; I'iiifini, $ ^fo. &c. 

that 
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diat the curve haa an alymptote parallel to the bafe. But, fince 

it 16 acknowledged that we may be led into miltakes by this 

rule, unlefe regard be had to the ratio of PM to AP when AP 

is fuppofed infinite, (as when tfME is a cubic parabola perpen-FiG.iiQ. 

diculai to ap in a., and the ordinate is fuppoled infinite, its e- 

kment is an infinitefimal two degrees beneath that of the bafe, 

becaule in thia curve the element of pM is to the element of 

4 j> as a ^ven fquare is to the triple Iquare of pM, and yet 

this curve has no afymptote ; ) and when this ratio is knowiif 

it may be dilcovered eaiily from thence i^ the curve has an ft- 

fymptoee pwallel to the bafe, we Ihall not infift on this lule 

nirtber. 

300. Let KO parallel to the bafe be now an afymptote ofFxG.iii- 
the curve FN«, and the redan^ contained by PM and DG be 
always equal to the area APNF, as in prop. ao. Let the reift- 
augle K.R. be equal to the limit to which the area FNJK. con- 
tinually approaches w^e the curve FN and afymptote KI aie 
produced, if any fuch limit can be alligned \ and let AR. be ta- 
ken from A towards D when the curve FN« is betwixt the bafe 
AD and afymptote KI, but in a contrary direftion when the a- 
fymptote KI is betwixt the bafe and curve FNe. From R. co- 
wards D take V^d equal to DG ^ and, db being parallel to 
FN on the fame fide of the bafe with FN, and equal to AK, 
join Ri& and it fhall be the afymptote of the curve AME. For, 
if PN meet Ri) in S, PS fhall be to db (or PI) as RP is to 
R</ or DG, and the re^angle contained by PS and DG equal 
to the redaogle RL Therefore the redangle contained by MS 
tsA DG is equal to the difference betwixt the area APNF and 
the rectangle RI, or to the di&rence betwixt the rectangle RK 
and the area FNIK. But this difference decreafes condnually 
iv'hile the figure is produced, and may become lefs than any gi- 
ven fpace, by the lufnofitioa. Therefore MS may become lets 
than any given right line \ and RS is an afymptote of the curve 
AME. But if the area F^IIK. may exceed any given fpace by 
producing the curve and afymptote, then AME is not a braucn 
of the hyperboUc Idnd, and no right line can be alhgoed for 
its afymptote. The angle however wtuch the tangent at M 
£>nii8 with the ordinate FM awroaches continually to the angle 
I i a KAA, 
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ViJikf Tkk being taken upon KI equal to DG. And we are not 
to conclude that the carve has always an afymptote, when, ac- 
cordit^ to the langu^e of thofe who employ Infinites and infi- 
nUefinuls in this dot^ine, the curve has an infinite branch that 
at its termiDadon becomes oblique to the bafe. 
! 301. It is mani&ft, coaveifely, that if KS be an a^mptotei 
of the curve AME, PN be to the given right line DG as the. 
flaxion of PM is to the fluxion of AP; and, Kd equal to DG 
being taken from R in the fame diiedion as P b from A, if dE&r 
parallel to PM meet R.S in b, then a. right Une through b pa.- 
sallelto the bale ihall be the arymi>toteof the curve FN«; and 
the redangle RK fliall be the limit of the area FKJH, beii^ 
always greater than this area by an excels that decreafea coou- - 
nually and becomes left than any given Ipace by produciag the 
figure. 

30a. The conttnuati<m of thofe theorems will, appear ftotn 
the ibllowing propofiuon aad its converie.. 

PROP- XXIV. 

Let the line B« he an aJyt^Ute of . any- kind of the . 
curve FM ; the fluxion of the bafe being reprefent' 
— ed by the given right line DG, let the fluxions i>f: 

the ordinates PM, Vm be always meafured by the 
rigbtlines PN, Pa, and, wbetfVM isequaltoAf, 
let P». PN and Pw be equal to AB. Afand hb, re- 
JPeSiivefy : Then the reSf angle contained by BF and. 
DG fl?aUbe the limit of the area bf^n. 

The curve Bn is an aiymptotf of the curve FM (art. 186.) 
when }6m continually decreafes To that it becomes equal to any . 
light line how fhiall foever that may be given by producing die. 
figure but never vanifhes. Let FK, BL, /* and bl parallel to 
the bafe meet PM in K, L, * and /, refpeaively. Becaufe PN 
is to DG as the fluxion of the ordinate PM is to the fluxion of. 
the bafe AP, it follows, that the fluxion of the area APN/" i» 
equal to the fluxkm of the re£Ur^le contidoed by DG ai^d PM. 

There- 
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Therefore the area APN/" i* equal to the reftangle contained 
by DG and KM, by theor, 4. fince AP and KM. begin to be 
generated at the fame- time, ia the lame manner, the area KSnh 
18 equal to the refiangle confined by DG and Lm. And, con- 
feqiieotly, the area bfi^H (the diflerence of HPnb and APNO 
is equal to the reftan^ contained by DG and the diffirence 
betwixt LfB and KM or the excefo of BF above Mm. There- 
fore the area i^n ia always leis than the reftangle contained 
by DG and Br \ but it conooually approaches to this ledat^Ie 
as its limit, lince Mm coatinuaUy decreafea and becomes lefs 
than any given right line by ptdducing the figure. We hare 
feppoled the lines ^dn and FM to be on the £me fide c^ AF ; 
but the deiTionlbation-is eaiily adapted to the other cafes. It is 
obvious however that this propolidon cannot be extended to 
the cafe, when the pomt m is found io a reftilineal afymptote of 
the curve FM that is perpentUcular to the tKife ; for AF and 
PM never meet ttus afiftnptoie, being parallel to it. 

303. Cokj T. Sin^e-Mflf the diflerence of PM and Vtit conti- 
aually decreafes and becomes lels than any given right line by- 
producing the figure, but never vanifhes, it follows, that Niv 
which: meafures the di&rence of their fluxions continually de- 
creases, and may become leds than the given rlghc line DG 
which meafures me invariable fluxioo ef the bate m any given - 
ratio : And dierefore b» is an afymptote of the curve /N. 

304. Co&. IL. The convezfe of this propofidon eaiily ap- 
pears : That if ^« be an afymptote of die curve /N of any 
kind, and, the point F being taken any where upon A/ the 
peipeodicular to the bafe at A, BF be taken from F the con- 
trary way .that bf is from /, ib that the reftangle ccmtained by 
DG and BF be the limit of the area hf^n \ and if the reftanglb 
contained by KM and DG be always equal to the area APN/^ 
and the rectangle contained by Lm and DG equal to the a* 
rea AP/r^ .* then the curves Bm and- FM fhall be afymptotes to 
each other mutually. For the reftangle contained-by Mf» and 
DG fhall be equal to the exce&of the reftangle contained by 
BF and DG above the area hfiHn ; and, fince thb vsLce^ may 
become lefs than any g^ven Ipace.by continuing the figure, it 
foUovrs, that Mm may becooie. ids than any {;ivea rigot^ line. 

But- 
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But if the area i/N» may exceed any given fpace by producing 
the figure, then B«i \a not an alyjTiptote of the curve FM. 

305. Cor. in. When Bm is a right line parallel to the bafe, 
Pff vaniJhes, and bn coincides with the bale AP, which there- 
fore is the afymptote of ^~N, as in art. 293. When Bw is a 
riglu line oblique to the bafe^ F» is invariable^ and ^» is a right 

Fig. 1 13. line parallel to the bafe, as in ait 301. When Bi» la a com- 
mon parabola that has its a'xis perpendicular to the bale, bn is a 
right line obliqueto the bafe, and is the afymptote of the carve 
f^ : And .if the r^ht line ^» be given in pofition, and the li- 
mit of the area^"N« be known, the parabolic afymptote Bw ia 
determined by taking BF fo that the Te6tangle contained by it 
and DG may be equal to that limit, producing nb till it meet 
the bafe in R, and upon RI parallel and equd to AB taking 
IE .from I the liune way as A is trom b^ lb that the xe^langle 
contained by I£ and DG may be equal to the triangle AlO : 
for E Ihall be the vertex of the parabola required : and if RV 
be taken upon RI equal to aDG and \b paraHel to the bafe 
meet R^ id by then Yb fhall be the p arametei of the axb of 
4jie parabola. 

306. CoK. IV. When Bfn Is a catnc parabola, hnis% com- 
mon parabola ; and when Br» is fuch a parabola that the ordi- 
nate Pffi is as a power of the abfcils whofe index ia n, then Pff 
is as a power of the abfcifs whofe index is lefs than m by unit; 
and when m is lefs than unit, hn is fome hyperbola that has the 
bale for its afymptote. But we have inliAed on this fuiye£l fuf- 
fidently. 

307. As a right line, or area, may increafe contionally and' 
never amount to a given right line, or redtaogle j fo a folia may 
increafe conrinually and never amount to a given cube or cylin- 

FiG. I i4..der. Let KI parallel to the ^de AP be the afymptote of any 
curve dME, as in art. 393. and^ Y^d being taken upon KI e- 
qual to any given right Ime DG, let dl^ parallel to KA meet 
the bafe in Z and Mx parallel to the bafe in ^, and complete 
the reiftangle augx. Let the fquare of PN (the ordinate from 
the curve FN«) be always to the iquare of DG as the fluxioa 
of PM (the ordinate of the carve <iME) is co the fluxion of 
xhe hik AP. Then the foUd geneEated by the hyperbdtc area 

APNF 



,y Google 







„ Google 



„GoogIe 



Chap, X. hundedbytbe ^fymptote andCurve. z^f 

APNF revolving abont the afymptote AP fliall be equal to the 
cylinder generated by the rcCTangle ag revolving about the axis 
fsK \ and the cylinder generated by the rectangle ad about the 
£ime axis a¥^ ihall be the limit to which the Iblid generated by 
the area APNF Ihall continually approach while the figure is 
produced. For, fince the fquare of PN is to the fquare of DG 
(or^x) as the flilxion of PM (or of an) is to the fluxion of 
AP, a cylinder upon a circle of the radius FN of a height that 
meafures the fluxion of the bafe AP is equal to a cylin(ter upon 
a circle of the radius gx of a height that meafures the fluxion 
of ax. Therefore the fluxions of the folids generated by the 
area APNF about AP, and by the redangld <jy about ^K, are 
equal, by prop. 6. and thefe folids themfelves are equal by th&> 
or. 4. The right line om is always lefs than ifK, but appl'oaches 
to it coDtioually, fo that their diSeience TM becomes lets thaa 
any given right line by producing the figuie ; and therefore the 
fblid generated by the area APNF about the afymptote AP is 
always lels than the cylinder generated by the redangle ad a- 
bout iiK,.but approaches to it continually as its limit, fo that 
their difference (the cylinder generated by the rectangle K^ a- 
bouc Kx) may become lefs thao any given fblid by ptxiducing 
the figure.. 

308. Let the fquare of Pa (the ordinate of the curve ^a) ' 
be to the fquare of DG as the fluxion of PN is to the fluxion 
of AP, and the cylinder generated by the redangle ¥Z about 
FA Ihall always exceed the folid generated by the area AP»^ 
about AP, and be equal to the limit to which this folid ap- 
proaches continually while the figure is produced ; for if nq 
parallel to the bafe meet dl, in qy the folid generated by APff/ 
about the axis AP fhall be always equal to the cylinder gene^ 
rated by the rectangle Fq about FA. If this fenes of curves 
be continued in the fame manner, fuppofe the le^angle that has 
the ordinate at A of any curve in the feries for its bafe and its 
height equal to Aa (or DG)to revolve about AK, and the cy- 
linder generated by it fball be the limit of the folid generated 
by the area cf the next curve in the feries revolving about the - 
alymptote AP. 

300. If the curve EMtf produced on the other iide of d- touch Fic* 1 1 <^ 
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BV in L, lee LR. parallel to AP meet KA and WZ produced in 
* and R, and the folid generated by APNF about AP when P is 
betwixt A and B ihall be always lets than the cylinder generated 

Fi0.Ii4.by thereftangle aR. revolving about the axis ai. But if'BV 
18 an afymptote of the curve EMtf, the foUd generated by APNF 
in this cafe may exceed any given folid by produL-ing the figure. 
310- When tfME is a common hyperbola, CO and CV its 
afymptotes, the curve FNc is alfo a common hyperbola, and 
BA and EC its afymptotes. For in this cafe the fluxion of PM 
ts to the fluxion of a!p (or die fluxion of IM to the fluxion of 
CI) as IM is tx> CI, or as the xedangle CK^ to the fquare of 
-■ CI ; and, by the fuppolttion, the fquare of PN is to the fquare 
of DG as the fluxion of PM is to the fluxion of AP : There- 
fore F]>r is to DG as a mean prt^rtional betwixt CK and Ka 
is to BP. From which it follows, that the folid generated by 
. the hyperboUc area APNF about AP'is always eqiad to the cy- 
linder generated by the reftangle ag about the axis dK, and 
never amounts to the cylinder generated by the reftangle a4 
■ ftbout aKy or BF about BA, but approaches to it as its limit. 
But if AP be taken from A towards B, the folid generated by 
APNF may exceed any given folid by producing die figure. It 
appears in the fame manner, that if PN be reciprocally as any 
power of BP whofe index is any number that exceeds {■, then 
a cylinder may be afligned that always exceeds the folid gene- 
rated by APNF about the axis AP, the figure being produced 

FiG.ll6.to any diAince how great foever. When <aME is me logarith- 
mic curve and KO its afymptote, FN< is alfo a logarithmic and 
AP its afymptote. For, fince the fquare of PN is to the fquare 
of DG as the fluxion of PM is to the fluxion of AP, or as IM 
to dK, (fuppoflng jfK to be the ordinate whole logarithm va- 
nifhes and is equal to the invariable fubtangent of the curve ; ) 
it follows, that the fluxion of PN is to the fluxion of IM as PN 
is to iIM. Therefore the fluxion of PN is to the fluxion of AP 
as PN is to aoK.. Hence the cyliuderthat is the limit of the fo^ 
lid generated by the area APNF in this cafe has its axis aK equal 
to one halfof AT the fubtangent, and the radius of the bafeK<i 
equal to the ordinate AF. The continuation of the theorems of 
this Itind -will appear Horn the feUowing proportion. 

PROP. 
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PROP. XXV, 

311. The reft remaining as in the Ufipropofition, y«/-Fio.iia, 
fofe now that the jquare of FN is to the fquare of 
,DG as the fluxion of PM is to the fluxion of A?, 
. and the fquare of P« to the fquare of DG as the flu- 
xion of Pm is to the fluxion of AP : Then, if the 
. area bfHn be fuffofea to revolve about the axis AP, 
the fo lid generated by it Jhall be always Icjs than 
a cylinder upon a circle defcribed with the radius 
DG of an altitude equal to BF, but it Jhall approach 
continually to this xy Under, while the figure is pro^ 
duced, as its limit, 

. It is demooftrated, in the iiune matuer as in ait. 307. that if 
"Ed parallel to AP be equal to DG, and F* be taken eqaal to 
Mfs from F towards B, the cylinder generated by the rectangle 
dx revolvmg about fix ihall be always equal to the Iblid gene- 
rated by the area A/N» about the axis AP. Therefore the cy- 
linder generated by the rectangle Vd about the axis Ffi is the 
limit of the fblJd that is generated by the area bfUn about AP. 

312. In art. 301. let MT touch the curve AM in M, andFio.iii. 
meet the bafe in T ; and, while the curve AM is produced, the 
point T ihall approach continually to R, the angle PTM to 
the angle PR.S, and confequently the tangent MT Ihall ap- 

? roach continually in pofition to the afymptote RS. For, let 
Y be equal to the given right line DG, and Y/ parallel to PM 
meet KI in /, and NL parallel to the bafe in L ; and MT the 
tangent of the curve at M ihall be parallel to PL, by arc. 147. 
The right hue VI is parallel to the afymptote RS, by art. 301. 
Theretore the angle LP/ is equal to the angle formed by the 
tangent MT and afymptote RS : And, lince \J (or IN) maybe- 
come lefs than any given right line by producing the figure while 
PY remains invariable, fo that the angle LP/ may become lefa 
than, any given reftilineal angle ; it follows, that MT approach*- 
es condnually to the afymptote RS in politlon. - Hence, when 
K k the 
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the curve is fuppofed to be infinitely produced, the tangcQC at 
its infiDitely diftant tennihatioQ is Lid to coincide with the a^ 
fymptote ; which therefore is comnionly confidered as the taa- 
gent of the curve at an infinite diftance. In the iame maimer^ 
when two carves arc aiyrapeotes to each other mutually, they 
are faid to touch each other at an mfinite diftance \ andr con- 
verfely, when both are fuppofed to be iDfiniiely produced^ i£ 
they are fuch as muft be uippofed to meet at their termiDatioo, 
they are faid to be afyniptotes of each other. 

513. Hence the theorems for drawing tangents to curves of- 
ten lead to fuch as ferve for determining their afymptotes, there 
being no more required than to find the right line to which the 
tangent approaches in pofition wlule the curve is produced' con- 
tinually. Of thele we (hall fHbj<Hn onej that follows &om prop. 
1 8. by wluch the afymptoces are deterrpined when a curve is- 
fuf^fed to be defcriDed by the inteifedion of right lines that 
tevolye about given pdots, and the ratio of the velocities with. 
which thole lines levolve can be found*. 

PROF., xxvr. 

The rejh remaining as in frof. 18. let- the fiuxim of 

the angle ACP ee to the fluxion of aS? {or the an- 
F16.117. i^*^'*'" 'velocity of CP a&out C to the angular velo- 
&ii8. cjty of S? afout S) while CV and S9 become faral^ 

/el, as SQ." to CQ_; and, if RX the afymptote. . 

of the curve defcribedhyV meet C:& in K, CRjhaU 

he equal to SQ. 

It fellows from prop. 18: that if PD be the tangent o£ 
the curve defcribed by P, the angle SPT b« made equal to 
CPD according to Aat propofition, and PT meet CS in T; 
the fluxion of the^ angle ACP fhatl be to the fluxion of the 
aogle oSP (or. the angular velocity of CP to the anguUr velo- 
city of SP) as ST. ta to CT. Let the arwle PCV b* always e- 
qual to PST, and PD meet SC and CV in D and V.j let C» 
wd.Sjj be parallel to the afymptote RX,. and, the angle xCv 

being. 



,y Google 



Chap. X. and Afympmes, zj-^ 

-being made eqaal to XR.C, let Cv meet RX in v. Becaale 
the triangles PCV, PST are JiiniUr, CV is to ST aa CP is to 
SP; and the ratio of CV to ST approaches continually toa ra- 
tio of equality while P defcribes the branch of the curve that 
belongs to the afymptote RX, becanfe while the right lines CP, 
SP approach to pardUelifrn^ their r^o approaches to a ratio of e- 
quality : But Cv is the liimt to which CV approaches at the lanie 
time, becaufe (by the laft article) the tangent PD approaches in 
pofition to the aiymptote RX, CP to Cx, and the angle PCV 
(or PST) to >ST, or XRC, or xCtj. The angle CdR. being e- 
qual to CRv, Cv is equal to CR ; and therefore CR is equal to 
die limit to which ST continually approaches while P detcribes 
the curve FH. But flnce che rauo of the fluxion of the angle 
ACP to the fluxion of <jSP when CP and SP become parallel^ 
is that of SQ^to CQj by the fuppofioion ; it follows, that S<|[_ 
is the Hmit to which ST approaches continually while P de- 
icnbesFH. Therefore CR is equal to SQ. Iftheangles PCS,Fis.ii8. 
PSC increafe or>decreafe together while CT and SP become pa- 
Tallel, the point Q^muft be taken upon CS betwixt C and S \ 
hut it is to be taken upon CS .produced beyond C or beyond S,Fig. iir. 
when<one of thote angles decreafes while the other increaies, ac- 
fording .as the velocity of SP about S is greater or lels than that 
ai CP about C : And it is manifeft, that CR and SC^muft be al- 
ways taken in contrary direftions from C and S. It one of the ~ 
Jingles PCS, PSC decreafe and the other increafe while the point 
F delcribes FH, and the fluxions of thofe angles be equal whea 
CP and SP become parallel, the point Q^is not then af^gnable, 
ADd is ^d to become infinitely diAant \ in which cafe theliTaoch 
at the curve defcribed by P is not of the hyperbolic kind, un- 
lefe fometimes when CP coincides with CS. 

314. Cor. Let SQ_ be to CQ_ as the angular velocity of CP 
is to the angular velocity of SP at the term or moment when 
ihofe lines become parallel, and let CR be taken equal to SQ_ 
with the precamionB we have defcribed \ then RX drawn pa- 
raltel to CP or SP (which are fuppoled parallel to each other) 
fliall be an afymptote of the curve defcribed by P. If the 
light lines CP and SP be always taqgenu of any curve lines 
that {uJs through C and % inftead of revolving about thole 
K. k 2 points, 
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points, the conftruftion by which the tangent or afymptote of 
the curve defcribed by P is determined, la the fame. The ufe 
of the 1 8th propofition for drawing the tangents of curve lines, 
and of this propofition for determining their afymptotes, will ap- 
pear from the rollowine; examples, which we chufe from a great 
number that might be brought. 

315. f)f. I. The right lines CA, %a being given in pofition, 
let the angle ACP be always to /iSP in any given ratio j deter- 
mine the point T fo that ST may be to CT in the fame given 
ratio, and that T may lie in the fame or in an oppofite dire(3i- 
on from C and S, according as the right lines CP, SP revolve 
about C and S with the fame or with oppofite direSions j join 
PT, and make the angle CPN equal to SPT, fo that thofe 
angles may be on oppolite fides of CP and SP : And PN fhall 
be the ungent of the curve defcribed by P. The point T is 
a given or invariable point, becaufe the ratio of ACP to ^aSP is 
fuppofed to be given \ let this ratio be that of m to «, and ST 
Ihall be to the given line CS as m is to the diiTerence of m and 
n when CP and SP revolve about C and S in the fame direfti- 
■ on, but as m is to the fum of m and » when they revolve in op- 
pofite direftions. Let CR, be taken from C equal to ST in an 
oppofite diieftion, and the afymptotes of the curve (if it has 
any, that is, if CP and SP ever become parallel while the curve 

Fig. 1 1 9. is defcribed) fliall pafs through R. To mention a few of the 
fimpleft cafes that are -comprehended in ttds example, let ACP 
be equal to aSP, and if CP and SP revolve about C and S with 
the fame direftion, the.'point P Ihall defcfibe a circle : lo this 
cafe PT is to be confidertd as parallel to CS, and the angle 
CPN being made equal to SPT or PSC, PN is the tangent ot 

Fig. 1 10. the circle, as is well known. Bur if CP and SP revolve about 
and S with oppofite direftions, the point P fliall defcribean e- 
quilateral hyperbola. For if Sd be a right line given in pofi- 
tion, ASP be always equal to SCP, PH parallel to SA meet 
CS in H ; the triangles HPS, HPC being fimilar, the reaangle 
SHC fliall be equal to the fquare of PH, and P fliall defcribe 
an equilateral hyperbola, of which CS is a diameter and SA a 
tangent at S. Biieft CS in T, join PT, let the angle SPN be 
made equal to CPT, and PN ihall be the tangent of the hy- 
perbola 
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perbola at P : As in the circle, if SPN be made equal to CP/, 
t being the center and CS a diameter, PN is a tangent j only 
the angle SPN in the circle is taken the contrary way. Some 
other analogies betwixt the circle and equilateral hyperbola ap- 
pear alfo from this : i. Let CS any diameter of the hyperbolaFic. I ip. 
be drawn and right lines from C and S to P any point in the & I lO. 
hyperbola, if the angle PSA be made equal to PCS, SA (hall be 
the tangent at S ; The tangent of the circle at S is determined 
by the lame conftruftion, only that angle is to be taken on the ei- 
ther fide of SP. 2. When any two points P and p are in the e- 
quilateral hyperbola, and right lines are inflefted from C and S, 
the extremities of any diameter CS that pafles through the center 
T, to thole points, the angle PCp is equal to PSp or to its fui>- 
rfement to two right ones. 3. The angle PTS contained by 
,TP, TS any two lemidiameters of the hyperbola is equal to 
the angle PVA contained by SA, PN the tangents at the extre- 
mities of thofe femidiameters : For produce PT till it meet the 
oppofiie hyperbola in K, join CK, CS ; and, TV which is pa- 
rallel to CP (becaufe it bifeits CS and SP) and the angle PTV 
being equal to CPT or SPV, and STV equal to TSK or PSV, 
it follows, that PTS is equal to PVA. As for the afymptotes, 
becaufe the angular velocity of CP is equal to the angular ve- 
locity of SP, It follows from the lafl propofition, that they pafs 
through T, the point R coinciding with T; and, if PB, Yb be 
taken equal to PS, the afymptotes Ihalt be parallel to SB and S/i, 
becaufe, when Sp comes into the pofition of SB or S^, then Q> 
and Sp become parallel. 

316. If the angle PSC be always double of PCS, take STPiciai, 
from S towards C equal to one third part of SC ; and the point 
P (hall defcribe an hyperbola whofe tranfverfe axis fliall be CT, 
and that fiiall have one of its feci in S : And, if the angle CPN 
be made equal to SPT, according to the laft propofition, PN 
fliall be a tangent. Take CR equal to ST, or one third part 
of CS, and the afymptotes ihall pais through R conftitucing. with 
R,S an angle of 60 degrees, becaufe CP and SP become paral- 
lel when the angle PCS is of that magnitude. If the angle Fig. 1 12* 
PCB be always double of PSB, (the point B being fituaced 
on CS produced beyoiid C,) K is obvious, that P Ihall de- 
fcribe 
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fcribe a circle pafling through S having its center in C, and that 
FiG.ia3.T is the extremity -of the diameter through S. If CA and S^» 
■fonnany given angles with C5j ACP be always double of <»SP, 
and the angularmotions of CT and SP'be iu tne-fame (Ure6lion 
abontthe points C and S, the point P ftiaUdefcribealineof the 
third order that baa a double point in S, of -the 34th Vmd ft£> 
cording-toSir Isaac Newton's enumeration : And ii' CT be 
.taken upon SC produced beyond C equal to CS, and the angle 
SPN be made equal ro CPT according to the laft proi::ofition, 
PN fti^ be the tangent. If CR be taken froai C equal to ST 
"but in a contrary diredion, the afymptote ftiall pals through R : 
and, S<^ being parallel to CA, if the angle ^sSD be made equal 
to tfSrf on the oppofite fide of Sd, the alymptote ihall be paral- 
lel to SD. If CP meet the right line SD given in pofition in 
M, MP fhall be always equal to MS \ and therefore this curve 
coincides with one, of which feveral properties are ilemonftra- 
■Fic. I24.ted elfewhere, (lemma 1. far. i. Defcrtf. curvar.J If the an- 
gilUr motion oi'-'SP about S be triple of the anguUr motion 
.'of CP about C, and be in the fame direction, fo that TSP be 
always triple of TCP, the point P fliall defcribe a line of the 
third order of the imitjpectes with the former, only in this 
curve CT is triple of CR. If AM perpendicidar to CS bifeft 
it in A, and CP meet AM in M, SP (hall be equal to SM oc 
'CM ; becaufe the angles SMF, SPM are equal, being each 
double of SCP : Therefore, fince the angle TSP is triple of 
TCP, the area TSP istrijile of the triangle ACM^ and if ACK 
be an angle of HSo degrees, the area bounded by the curv'e 
.CPT and right line CT fli;ill be triple of the triangle CAK. 
The limit of the area included betwixt CR, the afymptote RX 
and the curve, is alfo triple of the fame triangle. Let CpT 
be the curve called the foHat^ that has the lame afymptote 
RX, the fame double point in C, and pifts through T : let 
PV perpendicular to RT meet the foliat m ;>, then PV ihall be 
to pf m the invariable ratio of AK to CA, or of the iquare 
root of 3 to uniL And hence the quadrature of the foliat and 
'its tangents. may be determined : For the area SpT moft be to 
:to SPT (or 3CAM) as i is to /J" i and, the angle CPN be- 
ting made equal to SPT, if NP meet RT in », the right lines 
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Tffj jw fliall touch the curves TPC, TpC refpeaively. ftwill 
appear afterwards, that the curve TPC is one of thofe whkh 
can be deicribed by a centripetal force diretted towards S that 
is reciprocally as the cube of SP the diftance from S. The e- 

S^oation of this curve h eafily computed from hence, that the 
quare of PV is to the (quare of CV as TV is to R.V. IfFiG,il5. 
the angte-PSe be triple of PCS, then ST is so be taken from * 
S towards C equal to one fourth part of SC5 the curve defcri- 
bed by P is alfo of the third order, having three afymptotcs 
that pafs through R, (CR. being taken from C towards S e- 
qaal to one fourth part of CS,) one of which is perpendicular 
to CS, and the other two form each an angle with CS tliat is- 
half a right one.. In other ioftances^ when the angle ACP is 
to aSP in- a riveit ratio,, the tangents and afymptotes are deter* 
mined with-thc fame facility; 

317; Eif.2. Lee the right lines CM, SMbeafwaysinfleaed'FiG.iitf* 
from the given points G, S to the curve BM ; and,- if the point 
P be taken upon CM fo that the triangle SMP may be always 
Hbfceles, the tangents and afymptotes of FP the curve defcri- 
bed by P may b« determined from thofe of the curve BM by_ 
the lait prc^fition. Let EM be the tangent of the curve BMj 
and firft let MP be always equal to MS ; make the angle SMV 
equal to GME on the oppofite of SM that CME is of CM ; let 
MV meetCS m V, take ST equal to aSV, join PT, make the 
angle CPN equal to SPT the contrary way from CP that SPT 
la trom SP : and PN fhall be the tangent 01 the curve FP. For^ 
the angle MSP being always equal to MPS, it follows, that tha 
angular velocity of SP about S is une half of the fum or of the 
dtnerence of the angular velocides of CM and SM about C Aai 
S, according as ME meets CS produced beyond C or S, or be- 
tween C and S. Therefore, if we fuppofe that ST is to CT as 
the angular velocity of GP is to the angular velocity of SP, on& 
half oi' the foni of CV and SV, or of their difference, fliall be 
to SV as CT is to ST. Therefore ST muft-be equal to aSV ; 
and, when CP and SP become- parallel, CR. is to be taken equal • 
to aSV in order to determine the afymptote RX. When M is 
always in the fame right line, P is always in a line of the third 
AEduof dw-53d fon,. and has no double pomt, onl^ that rt|ht 
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line pds through S ; io which cafe the curve FP coincides with 
one of thole which we confidered in the laft article. But if we 
fuppofe that the fide SP is always equal to SM, then, the reft of 
the couftrudion being the fame, ST is to be taken equal to SV. 
Laftly, if PM be always equal to PS, ST is to be taken equal 
. to one half of SV. Of this laft cafe we have an example in 

FiG.x17.1he ellipfe and hyperbola : For when M is always found in a 
circle defcribed from the center C, P is found in an ellipfe or in 
an hyperbola according as the point S is within or without the 
circle, C and S are the two foci^ CM is equal to the tranfverfe 
axis, and the angle CME is a right one : Therefore, SMV be- 
ing made a right angle, fince SP is equal to PM, if PH bifedl 
SM jn H, it ftiall bifeft S V in T, and ftiall touch the curve FP ; 
becaufe, the angles SPT, CPN being equal, PN and PT coin- 
cide. If, inftead of a right line revolving about C, we fubfti- 
tute a right Ime moving parallel to Itfelf, the fame conftrudions 
may be eatily adapted for determining the tangents and afym- 

Fig. 1 aS. ptotes of the curve that fliall be defcribed by P : And, fuppo 
ling M to be always found in a right line, we ihall have an 
example of this in the parabola when MP is always equal to 
PS, and in the equilateral hyperbola when MP is equal to MS. 

Fig. lao. 31S. Ex. 3. Let the angular velocity of CP about ,C be to 
the angular velocity of CM about C as any right line Cm is to 
CS i and the angular velocity of SP about S to the angular ve- 
locity of SM about S as S» is to CS. Then, the reft of the 
conftruiftion being the fame as formerly, let ST be to CT in the 
ratio compounded of that of Cw to S» and that of SV to CV. 
This and the preceeding examples might be eafily rendred more 
general. 

F1G.130. 319. £;<. 4. Let the invariable angles DCG, KSH revolve a- 
bout the given points C and S ; let M the interfedion of the fides 
CD, SK defcribe the curve BM, and let FP be the curve defcri- 
bed by P the interfedion of the other fides CG, SH. Let AM 
be the tangent of the curve BM, make the angle SMT equal to 
CMA, join TP, and make CPN equal to SPT, with the precau- 
tions that have been mentioned fo often, and PN Ihall be the tan- 
gent of the curve FP. For the angular velocity of CM about C 
is to the angular velocity of SM about S aa ST is to CT, by 

prop. 
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prop. \%. The angular velocities of CP aod SP aboot G sad S 
are rdpe^tively et^ual to the angular velocities of CM and SM 
about the fame pomes, becaufe the angles MCP, MSP are inva- 
riable. Therefore the angular velocity of CP is to the angukr 
Telocity of SP as CT is to ST ; and, by the converie of the 
1 8th propoGtion, PN is the tangent of the curve FP, When 
M comes to m^ let SP and CP become parallel ; and, ma beiiig 
the tangent at f», let SmQ^be made equal to Cmo; and, if mQ_ 
meet CS in Q_, take CR equal to SQ_ the contrary way from 
C that Q^is from S, draw KX parallel to CP or SP, aod ic 
fliall be an afympiote of the curve FP : but if mQ be parallel 
to CS, the branch of the curve defcribed by P whue M comes 
to ffl fhall not be of the hyperbolic kind. When the point M 
defcribes a right line, P delcribes a conic feftion, unlels when 
GP aod SP coincide at the fame time with CS \ in which cafe P 
likewife defcribes a right line. When M defcribes a conic fe^on 
dat palles through one of the poles C, S only, and the right 
Knes CP, SP coincide not with CS at the fame time, P defcnbes 
a line of the third order that has a double point in that pOle. 
When the conic fedion pafles through neither of the poles, P 
defcribes a line of the fourth order that has three double points : 
And by thefe conftru6tions the tangents and afyniptotes of thofe 
carves, and of fuch as can be reduced to fimilar clailes of the 

' higher orders, are determined. While the invariable angles 
MCP, MSP revolve about C and S, and M defcribes a right line, 
if the given angle P/^ revolve about another given point / and 
the fide fp always meet CM in p \ then fhall j) defcribe a line 
of the third order that (hall have a double point in C, becaufe 
P defcribes a conic (edion that pafles through C The tangent 

■ at p is determined by drawing P(, fo that the angle /Pf be e- 
qual to SPT, meedng C/ in f, joining ft and conftitudng the 
angle Cpn equal to ^ : for pn fhall be the tangent ; becaufe 
the angular velocity of ^ is equal to that oi f^, and is to the 
angular velocity of CP, or of Cp, as O is «> ft. 

310. Ex. 5. Let the angle MCP revolve about G as in theFio.131. 

preceeding example ; but, the angle PQM being invariable, let 

the angular point Q_ defcribe the curve 10 , and the fide QM 

always pals through the pole S; let h^tfib and PN be tao- 

L 1 gents 
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geats of the curves IQ;^, GM and FP reipeftivelyi tet thfe 
^gle Q§D be made equal to DQd, (To that a circle deicribed: 
through S, Ci^and D may touch Aa \ ) join. CD, and lee the. 
an^es DPT, SMH be made equal to the angles CPN, CMR 
Eelpei!:^iv«ly, wjth the ptfecaucion lb often mentioned \ join TH» 
and it, Ihall ba puaJlel to SD : And hence, the tangent of IQ; 
being' given with the tcuigenc of either GM or FP, the tangent of 
the other is e^ily detoriniaed- The afyniptotea of the bnanchf^ 
ea that are defcnbed by M when CM and SM become. pvallel„ 
or by.P whan CP and QP become parallel, are determined by. 
a confttiiftion that e^fily follows from this. _ When the point 
N delcribea a right line, and either of the points M, P deicriba 
alfo « right Mne, the other point defcribes a line of the third or- 
der (fome cales- excepted) that has a double point. The de- 
monflration of this conftriK^ioa is eaHly deduced from pn^ 18.. 
For it follows from what wa& &ewn there, that the angular ve- 
locity of DO about D i) equal to the angular velocity of S<^ 
about S ; fo that if ha^ PN and B^ are the tangents, CT muib 
be to DT as CH is to SH, and TH, parallel to SD.. 
FIG.J32. 521. £k. 6. The lines of the third order that have a doublt 
point are alfo defcribed by F when the right lines CM, DM and 
^ revolve about- the poles C,. D and S, fo that M defcribes a 
couic fediion that pi^s through C, and SP is always- parallel 
cp DM. Let M; touch the conic fe^lton, and, the angle DMV 
being: made equal to CMt, let MV mMt CD in Vj draw VK- 
parallel to DS meeting CS. in H ^ and, the angle CPT being. 
made equal to SPH with the ufual precaution, then PT^fhalT 
be the tangent of the curve defcribed by P. One of the afym- 
ptotes is parallel to CD, and its pofition is determined by pro-- 
ducing CD till it meet thecppiciei^on in E, drawing UwrWa— 
yat-ef the f e ft teH EQ^'meeun^CS in Q^, and taking GR. e-- 
qual to SQ^ according to the laft propofition. Hence a method. 
is eaiily derived for drawing a line of the third order through 
fix gjven points, one of which is to be a double poiat>.thac Ihall 
have an afymptote. parallel to a right lin^e^^ven in pofition, or a 
branch whofe tangent approaches tc^this rigtit Ime a&itslimit, a&- 
thofe curves always have. Wljen M defcribes any other-curve, 
the ungents and afymptoees of cbe curve defcubed by P are. 

' tfctes- 
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determloeditnitlie'fBmeiinaittier. Thua, in i!be cAndioid, irfl^Fio.io8. 
ipanllel to SA tndec SH ^paraUel to Al) io H, and che ai^le 
<^T be made equal to SMH, MT ia che tangent. 

goo. 'Em. 7. Let the right lines CM, S<i, DV revolve aboatFiG.133. 
*the points C, S and D j let the interfcdion of DV with CM de- 
icribeche curve GM, and its interfedtion with SQ_ defcribe che 
curve HQj let %h touch the fomiar curve in M, and ha touah 
the Utter in <^ Join DC, DS and CS, make the angle DML. 
equal to CMB, (with the ufual precaution,) and let ML meec 
CD in L i let the angle DQT be eqaal to SQA, and let QT 
meet DS in T; lee LT meetCS in H, join PH, and make ^ 
«igle-CPN«qual to SPH the contrary way ftom CP that SPH 
is dtrom SP, and PN Jhall ^be the tangent of the carve defcribed 
■by P. Tfaeliune conftnu^ion iaeaBly adapted to the aife;wben 
I'the right line MQ^ moves fzrallri to tdelf tnftead of revolving 
«bout a ^en poinc The afympcote of the branch ^at is dfr* 
Icrilied when CP and SP become .parallel is decemiiDed by ta- 
'Idng OR. equal toSH in that cafe, accordii^ to che laft propo- 
fition. Whan M and Q^defcribe right Ines, P defcribes a co- 
nic &duon, if the res'oivitig lines CP and SP do not coincide 
with CS ac the ftine tinie, (b which cafe P-de&ribes a right line,} 
*8 may be demonftrated by lemma 2a lib. i. of Sit Isaac 
Kbwton's Prtncii^es,and by feveral other methods : And benoe 
A way ar^ of describing a come fe^ion throagh five .g;iven 
^points finuiar co the iirit of thofe that are g^ven in the 2zd pro- 
^licion of tbe fame book. If more poles be affimied in the 
£une mannn, and the interfedions of the revolving lines thA 
Are neceffiuy in the defcripdon for detOTminiog P, move in fixed 
light lines, the point F ihall flill defcribe a conic fedion. But if 
any of ihem are made to defcribe cmic le<%ions or curves of any 
other erdefs, the line deicribed by P may arife to che order that 
» expiefied by the double ptoduct of the numbers that expre& 
thofe orders : and its tangents may be determined fromtlie faine 
{ninciples. In this example, where we make ufe of three poles 
only, when the pcnnt M defcribes a cocac fedion disi pailes 
-dHODgh C, or D, and Q^defcrities a right line, the point P de- 
icribes a Ime of the third order having a double pomt in C, 01 
S, .(fome cafea excepted, as when CP and SP ccMocide cc^ether 
L 1 a wkh 
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with CS : ) And hence other methods arife for drawing focb 
curves throu^ feven jwinu, one of which is fuppofed tO' be 
double, and for detennining its tangents and afymptoies. The 
conic iet^on GM may be left out in explabinp the maooer in 
which the curve is defcribed, or that in which its tangents and 
afyoiptotes are found, by iubftituting the conftruSion by which 
the points and tangents of GM are determined, in its place ; of 
. which fublUtution we gave an example at the end of^art. 315). 
This may be ealily extended to fome dalles of the higher orders 
of lines. The lines that afe defciibed in this manner have always 
one or more of thole points that are called dbti^/e, or chac are more 
complex : for though, in particular cafes, fome of thofe points 
become Ample j yet one or more ftill remain double, or the 

Fi6.i34.curve becomes a conic fedion. Thus, if M defcribe a conic 
JeAion that paiKs neither through C nor D, while Q^ delcribes 
a right line AQ^, P delciibea a line of the fourth order, that 
has three double points, viz. C, S, and the point where DC 
meets AQj unlefi when CP and SP coincide at the fame time 
with CS, in which cafe the points C and S are no longer double, 
and the curve delcribed by P is of a lower order ; but the curve 
is then either of the third order and has ftill a double pcHnt, or 
becomes a conic fedion : And the Unes-of the third order, that 
have no doaik point, cannot be delcribed, when the angles or 
light Unea are all made to revolve about fixed points, or poles, 
by any method at leaft pubUlhed hitherto. When the angular 
points are carried along right lines, as in the following exainple, 
fuch carves may be comprehended in the- defcription likewile. 

Fig. 135. 313. Ex. 8. The angles PML, PQL being invariable, let Aoy 
B^ and Dd be the tangents of the curves delcribed by the points 
M, Q_ and L, and let PM always pafa through a given point C, 
and PQ_ through agiven point S j make the angle MCG equal 
to GMtf or AML, QSH equal to BQL, (fo that a circle through 
C, M and G may touch Aa, and a circle through S> Q and H 
may touch B*,) and let CG, SH meet I-M and LQ_ m G and 
H, re^ftively j join GH meeting Dd in I, naake the angle GL2 
equal to HLI with the precaution we have often mendoned ; 
let CT be to ST as GZ is to HZ, fo that the points C, T and 
S may be in the tame jjcuatiob with relpe£t to each other as G> 
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% and H J and if the angle SPN be made equal to CPT tin 
contrary way from SP that CPT is from CP, then PN Ihall be 
the tangent of the curve defcribed by P. When M, Q^and L 
deicribe right lines, P defcribes a line of the fourth onler, in 
which C and S are double points, railefe the FereWing linea CP 
and SP coincide at the fame time with CS. But in this kii cafe 
(that is, fuppoling CS to meet Ka and ££ in A and B, the angle 
SBK equal to S^^ and BK to meet I^ in K, when CML.is 
equal to CAK) P defcribes a line of the third order, the points 
C and S ate mnpLe, (Defiript. curoar. prop. 15. par. i.J and 
she curve ioterfeits CS in a third point 0, the fame to which T 
comes when M comes to A and Q^to B. And thus lines of the 
third order are de&ribcd that have no double point, and their 
tangents and afymptotes ate determued from the defcripcioiu 
The fame principles ferve for determining the tangents and a- 
fymptotes of the curves that are generated when more lines, 
angles and poles are made ufe of in the defcription. 

324. Theie examples may ferve to fhew how theorems rcladng 
to the defcription of lines are of ufe in refolving problems con- 
cerning them -y and this will farther appear when we come to 
treat of the curvature of lines. The tangents at the points C and 
-S in the preceeding examples are determined more eafily from 
art. 114. in a manner that may be applied in fbme cafes to any 
other points of the curves For example, let A, B, C, S and EFiG. J36. 
be five points b a conic feflton, and let it be required to draw 
a tangent at C ; join BC, SE, and let them meet in D ; let SC 
meet AB in f, and qD meet A£ in a ^ join Cfl, and it fiiah be 
the tangent of the conic fedion at C Again, let a Ime of theFio. 137. 
third order have a double pc»ot in C, and kt it be required to 
draw a tangent to any other point in the curve, as S. Let any 
right line ^ough S meet the curve in other two points / and 
4^ and let another right line meet the c^rve in the three poinra 
tf, b and e; join Ce meeting Sd'm D. Let- a conic feftion de- 
ictibed through the five points O, a, b, d and / meet CS in 
•;, join D/ meeiing ab in k, then join S;^ and it fhall be the tan- 
.gent at S. Or the pomt g may be found without defcribing the 
conic fedion, by producing db and aC till they meet in /, IS and 
41/' tiJU they meet in lb, andjcnniogM which produced (ifoecef- 
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ikry) fliaU meet CS idi;. Tfaiatangeoc may bciieteFmiDed by 
.ieverolother methods trom the £ime principles, and fome pro- 
^pertiea of fuch Imee maiy be deduced analogous to chofe detnon- 
4bated of che conic fe^iiioas t^cheleanied Mt.Sihsom, •S'cd. 
-cmclih. ^. ^op. 45. £^. Many other cKanofi^ might be brought 
of this kind ; but we have bfifted on this fubjeCt at a fufficient 
'length. We ha\ie delcribed thefe exaoiptes in this rather than 
-in the feveoth choicer, ^chac we-roig^ confider the caogentsaod 
.the aTyamcates t^ether. 

^2j. By«n aHigoable magnitude Kte always undei^and any 
■fiute noagDitude, and by ao affigmibk Tatb that of any finite 
■qnaptiriga. 

PROP. KXVII. 

Ziet Pr, the ordinate of the figure AVrg, be to PN., 
the ordinate of the figure APNF, in any ratio that 
approaches to an afiignabie ratio, as its limit, while 
tM figures are produced ; iet PN ^ reciprocally as 
4my power of h9y and if the exponent of this power 
F16.13S. itegre/Uer than unit, and AP ke taken vpon ^A pro- 
duced beyond A, the areas A^NVy k?rg Jhall both 
have limits ; but if that exponent be not greater 
than unit, thofe areas may be produced till they ex- 
ceed any given JPace. It is the contrary^ when AP 
is taken from A towards B. 

Tie. 107. Let IM io art. 393. be teciprocally as any power of d {at 
BP) whofe exponent is any pofidve Dumber 01 fiaSion ex{»e^ 
fed by *», and the fluxion ot IM Ihall be to the fluxion of CI 
(or 01 the bafe AP) in the ratio compounded of that of IM Co 
CI and that of m to unit, (axt. 167. & 168.) Let PN be to DG 
^as in art. 293.) as the fluxion of PM (or of IM) is to die flazioa 
of the bafe AP : theo PM ftuOl be aa IM dii«afy and BP inverfc- 
ly, and therefore inverfely as ibvae power of BP whofe exponent 
«xceeds unit by in. When AP is taken upon BA produced be- 
yond A, the area APNF is alwaya Ids than the tcdbiogle coo- 

xaiaed 
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ttjtuid.by flK. *ndiBG,/whi<:ii,iait3,Kralf^ hy an. 1^3, Bm if 
AP betaken, from A twwaide B^ tbeareK APNF may be piodu* 
aed lili it exceed any ^v£r, fpace^ and bw nofuch limit, bip 
art. ap4» Tbeiefore^ cQDv«ifely» if PN be recippocaUy 9a any 
power of 6P whofe eatfbouenc excetdft unit by any ianeger Dumri 
Ijer, or by any fradtion bpw final! foever, dien the area. APNP 
baa alimit yritvii Af ia-taken upon fiA producgd. beyond. A, buc 
has 00 Unut when ic ia t^en trom B towards A. From thia ic 
aaiily follaws^ (and it may be. Likewife Ihewn from arc xo^*) 
ihat, when RN ia rociprocall^ as any power of the.bafe wnoio 
exponent is lefs than unit, the area AP^F baa a limit which 
it: never can axceed' if AP is taken from A towards fi, but has 
no ^h limit if AP ia taken upon BA pfoduced beyond A.. This 
bong premifed, hecanfe thehafe AP is an.ajymptote of die fi-Fio.138-- 
gure APNF, aid die ratio q£ Pr to PN appioaches to an affign- 
able ratio aa its linw while, the iigme is produced^ it follows^ 
that AP is alfo an afympeote of the 6gui:e APr^ . Suppofe thac 
Ag 19 an ordinate at. fuch di^nce from 3>. that when AP is ta- 
ken upon BA produced beyond.A^ Pr never coincides with any 
afymptote th£ figure APr;^ may have parallel to the ordinatea; - 
and lince the. ratio of Pr to FN is never greater than an aHigit- 
ahle ratio while AP is any afiignable diftance^ and the liniit to - 
which their ratio approaches (whether by increafing or decrea* 
ling) while tbefignrejs prodttced, is alfo aflignable ; it follows^ 
chat thejie may be a ratio of a greater finite quantity to a lefler 
which may exceed any ratio ot Pr to FN. IiCt Ac be to AF, 
and the ordinate Px always to FN, in fuch a ratio ; and the fi- 
gure APxi ihaU be always to APNF in the fame ratio, (by art - 
1 1 !.)■ Therefore, if there is a limit which the area APNF ne- 
ver can amoant to, there is alfo a limit which the area AFkA 
never can amount to, which is to the former- as . Ah is to AF. . 
But Fx is always greater than Pr, aad the area AVxb greatex 
than APr^:^ therefore there is likewife a limit which, the are* 
APi; never can amount to. If the area APNF- may ^ be pK>-Fis.f3J^t'' 
dnced till it exceed any given fpace, that- is, if it have no li- 
mit, then let Px be fuppowd to be to. PN in any invariable ratio 
lefs than the leaft -lauo' of Pr to PN, and- the aiea A?xb ihaU 
be always lefs tbaa AP;;; j but fiocc- icis. in aa.iavuiiU>le ra- 

ti».» 
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iio to the area AFKF, it foUowa that it has no Hinit. Tlierfr- 
fore there is likewife no limit which the area SSrg may not ei- 
■ceed. When-che figufc APNf has aa a%mpcoce Bv parallel 
CO the ordinates, the figure hiSrg has the tame afytnptoce : and 
k a^>ears in the liune manner, that the aieas bounded by a gi- 
ven ordinate Aj-, (which is fuppofed to be taken lb near to B 
that the figure APr^ has no afymptote parallel to the ordinates 
betwixt^ and B,) the afym^Kote BV and the curves, either 
have both limits, or may be both produced till they exceed any 
given fpace. Therefore what was fhewn of the area APNF is 
applicable to the area APr^. 

326. CoR. I. It is obvious that this is agreeaMe to what is 
.^wn by the celebrated author of the Geometty of infinites, 
afterrhis manner, in art. 143a That when the bole is infinitely 
produced, and the ordinate becomes an infinitefimal of any 01^ 
der beneath the 6rft, the area is finite \ but when the ordinate 
u an infiuitefimal of the fiift order, whether it be a compleat 
infinitefimal {as he exprefTes it) of that order or not, the area 
13 infinite. For when PN is reciprocally as any power of BP 
if the exponent of this power exceed unit, PN oecomes an i&- 
finitefimal of an order beneath the fiifl, according to this do- 
ctrine, when BP is fuwofed infinite \ but if that exponent be 
unit or lefs than unit, PN is an inflnicefinial of the firft order. 

337. CoK. II. To give an example of thi? propofition, let 
Pr be exprefled by any fradton whole numerator and denomi- 
nator coniift of tetms formed from the powers of BP and given 

.. , , Ax^+Bx^^'H- g?f. . .- -,^ 

quantities, (as by — ■ — ■ where * is fuppofcd to 

tepiefent BP, m and n are any given numbers. A, B, tf, h., ^e. 
'invariable quantities;) then, if^the exponent of the higheft 
power of BP (or x) in the denominator exceed the exponent 
of its highefl power in the numerator, the bafe fhall be an a- 
I'ymptote of the figure APr^; and iftiiis excefsbe greater than 
unit, (that is, if exceed fn-^i^) there fhall be a limit which 
the area bounded by the curve and afymptote never can amount 
to ; or, to make ufe of the ufual expreflion, it Aiall have a finite 
value even when it is fuppofed to be produced infinitely : But 

if 
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■if that excefs te equal to Biiit, or lefs than unit, (that is, if 
■n be equal to «+i) or fefs*) the area K?rg Ihall have no fuch 
limit } or, according ta-tbe ulual exprefTion, it Ihall became in- 
■finite when produced infinitely. It the loweft exponent of BP 
■{or x) in the terms of the denominator of that fratftion exceed 
its loweft exponent in the numerator, the£gure Ihall have an a- 
fvmptoie BV parallel to the ordinates ^ and when this excefs is 
lets than unit, there is a limit which the figure bounded by the 
curve and -the afymptote BV never »nounta to : but when this 
«xce(8 ift equal to unit, or greater than ic, there is no fuch limit : 
If any power c^ Pr be exprefled by fuch a frat^on, then the 
•excels we have defcribed is to be divided by the exponent of 
this power, and the quodent in place of the excefs is to be con- 
pared with wiic For let PN be Tecifffocally as the power of 
BP whofe exponent is equal to this quodent, and the rado a£ 
Vr to PN (hall approach continually to an aflignable limit when 
the figure is produced : becaufe a tenn in the value of P-r where 
BP is of any dimenfions, is to a term where it is of any lower 
dimenfions, as fome power of BP is to a given quantity; and 
the latter of thefe terms is to be negledled in fefpedl of the for« 
mer, when the limit of tbe ratio oi Pr to PN is required while 
the figure is produced along the bafe ; but the former in relpeft 
of the latter, while it is produced along the afympcote BV. 
And therefore the limit of the ratio of Pr to PN depends on 
thofe terms only of the numerator and denominatorof the value 
of Pr, -where the exponents of BP are higbeft, in the former, 
9aA w^ere tbefe«xponents are ktweft, in the latter cafe. 

318. When the ratio of the fluxion of Pr to the fluxion rfFia. 13B, 
FN approaches continually to an aflignable rado, as its limit, 
while the figures APr/, APNF are produced along the afym- 
ptote AP, the ratio of the ordinates Pr and PN to each other 
approaches likewifeto an afliesaUe rado. For let P/and ?n 
the ordinates of the figures AP/^, AP«f meafure the fluxions of 
Pr and PN refpeftively, the fluxion of the bafe being meafured 
by die given line DG. Let AP be produced to arty point f, 
and, Q_ being any where upon Ff , let the ordinates at Q_ ana 
q meet the curves FNj ^ r, fn and ^ in M, V, T, ^ »«, a, * and 
X : and let P/* be at lo great a diftuice from A that the figures 
M m APfl/, 
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liVnfy h?fd may have no afymptote parallel to the ordinates be- 
yond ?/■ The reftanglea contained by Vr and DG, and by PN 
and DG, are the limits to which the areas F^z/") 'Pqta conunual- 
ly approach while P^ is produced by an. 296. and the rado of 
Pr to PN ie always the ratio of thofe limits. The ratio of Pja/" 
to ?qtft ia always lefe than the greateft ratio of the ordinate Q2 
to QT, and is greater than the kill ratio of QZ to QT, when 
this ratio is variable ^ and It coincides with this ratio when it U 
invariable : ,Therefore the ratio of Pja/" to ?qt/t always ap- 
proaches to an allignable ratio as its limit while ?q is produced, 
however great the diftance AP may be j and, confequently, the 
ratio of Pr to PN approaches likewife to fuch a limit. This is 
fufficieot for our purpofe ; but it might be fliewn, that this li- 
mit can be no other than the limit ot the ratio of Pf to P/f, or 
of the fluxion of Pr to the fluxion of PN. 

PROP. XXVIII. 

3x9. The fluxion of the bafe AP beini given, let the 

fluxion of the ordinate PR be reprejented by Pr, and 

the limit of the ratio of Pr to an ordinate of an hy~ 

Fig 1 58. /^'"^^^^ '^''^ '^ reciprocally as a povjer of BP whofe 

& 139. * exponent is n, be affignable : Then the figure APR« 

jhall have an aJymJ>tote that is parallel to the bafe, 

. or coincides with it, when n is greater than unit ; 

and there fhall be a limit which the area bounded by 

the curve «R and this afymptote never can amount 

to, ifn be greater than x. 

Let Aa parallel to the ordinates meet the curve in ^ and ^ 
parallel to the bafe meet PR in p. The figure apK has an a- 
lymptote parallel to the bafe when the area APr^ has a limit, 
by art. apo. that U, by the laft propofition, when the ratio of 
Pr (which meafures the fluxion of PR) to PN approaches to 
an affignable jatio as its limit, and PN is Tcciprocally as a power 
of BP whofe exponent » exceeds unit. This afymptote is de- 
tennined by caluog alL upon Aa from a parallel to pR and in 

the 
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die fiune direction, ib that the reSangle contained by ^K and 
DG may be equal to the limit of the area APr;, and, drawing 
KI parallel to the bafe» by art. apS. The afymptote fometimea 
ccMocides with the bale, as when pR. is uken from p towards P 
and <>K is equal to ha. If the exponent n be not greater thaa 
onit, the figure has no asymptote parallel to the &e^ by arc 
3,98. & 325. In the fame manner it appears, thut the figure 
has an afymptote parallel to the ordinates when n is equal to u- 
Dtt or greater ; becaule, AP being taken towards B, the figure 
APf^* may be produced in fuch cales till it exceed any given 
^ace, by art. 315. 

430. To demonllrate the latter part of the propolitloa, let 
KI be the afymptote of the figure, that is parallel to the bafe 
when n exceeds unit, (by the lafl article^) let KI be taken u[h 
on CK produced towards O, and let P0 meafure the fluxion of 
PN, which is fuppo&d to be reciprocally as a power of BP 
whole exponent exceeds unit. Then, (by art. 167.) the fluxion 
of the bale being given, the fluxion of PN is as PN directly 
and BP tnverfely ; and, confequently, P0 is reciprocally as a 
powerof BP whofe exponent exceeds a. Therefore, if the r*- 
do of Pr (that meafures the fluxion of PB^ or of IR) to a 
quantity that is reciprocally as the Gime power of BP approach 
to an aniguable ratio, as its limit, the ratio of Pr to P», or of 
the fluxion of IB. to the fluxion of PN, and (by ait. 328.) the 
rario of IR. to PN, Ihall approach to fuch a limit : And, b&- 
caule there is a limit which always exceeds the area APNF, it 
follows, (by the 37th propofition,) that there is Irkewife a limit 
which always exceeds the area 0RIK. But if the exponent » 
be DOC greater than 1, the area dRIK may be produced till it 
exceed any given fpace, by an. 3 15. becaule the rado of IR. to 
a quantity that is reciprocally as a power of BP whofe expo- 
nent is not greater than. unit fhall approach to an aflignable ra- 
do, as its limit, in this cafe. It appears in the fame manner, 
that if KI be taken towards C and AP towards B, the area 
tfRIK has a limit when » is lefs than a, but has no limic when 
« is equal to 2, or greater. To give an example of this pror 
pofition, if the rano of the fluxion of the ordinate to the fluu- 
on of the bafe be exprefl'^d by fuch a lra£ti«D as was defcribed 
M m 2 in- 
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m art. 317. chen, if the excefs of the higheft exponent of BP 
(or x) in the denominator above its higheft exponent in the nu- 
meracor be greater than unit^. the figure has an afymptote that 
is parallel to-ihe bafe, or coincideawith it ; and if this excef* 
exceed 2, there is a limit which the area bounded by the curve 
and this afymptote can never amount to \ but if the excels be 
eqtialtoi, orlefsthana, thatareamay be producedtillitex- 
eeed any given l^ce. 

331. Cor. li The firftpartof thispropt^tioo, reduced to the 
fiile of die method of infinitefimak, agrees- with the-nilethat was 
cited in art. 299. That when the figure is fuppofedto beprodur 
eed infinitely, and' the element of the ordinate becomes an infini- 
tefimal two degrees beneaih,dia element o£ the bafe, the figure 
has an afymptote that is either parallel to the bale,, or coincidea 
with it. For, when the figure is fuppofed to be produced' m&> 
Kitely, the ratio of Pr to FN muft be fuppofed to coincide with 
its limit; and, fmce FN is reciprocally as a power of BF whofe 
exponent' is greater than uiMt, and ue Buxion of the ordinate 
FR is to the fluxion of the bale a^ Fn is-to DG, if thefe flu? 
uoDS be reprefented by infinitely fmall el^nencs of the ordi- 
nate and b^^ the element of the ordioate muft be'tathe-ele? 
ment of the bafe as a given quantity is to^a quantity chatis ex* 
prefled by a power of the itifinita iine-BP whofe exponent eXf 
ceeds unit. This rule ischiefly of ufe (as the celebrated.aathor 
obferves) when the curve is not geometrical^ andwhen AP and 
PEL do not both enter the quantities that eKprefs^the relation 
of their fluxions \ for if FR,. or any other variable quantity 
belidesthe bafe AP and its powers, enter the value of the flu- 
xbn (or of the element) o£ PR,, regard muft be. had to-^the 
ratio^f that variable quantity to the bafe A^ when it is fuppo- 
fed infinite : And. in applying this rule,, the, various orders of in- 
finites, and'infinitefimals, ai£ bell determined by the powers o£ 
the bafe, and their, reciprocals. The continuation of tlu» rule^ 
and ofthat ^ven in art..3a6. will appear from, wbsr follows. 

331.. Go*. II. The fecondipart of this piojwfition may.be esr~ 
preded,. accordbg tothe method of infiniteJimals, thus : The^ 
figure ap9i lias- an afymptote parallel to the bafe, andtheareft-. 
ttottad£d.by:theL.«ury£aDd.tbai:af^m^Eei&fiaiie, thoi^hiofir 

niteli^ 
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aicely produccid, whed, the bale bdng fuppofed infinite, the e— 
lement of the ordinate pR. becomes an in&iitefimal of an order 
three or more degrees beneath the element of the bife, which 
is always iuppQJed. an infinitefimal- of the firfi order \ but thac- 
area is uigaite, when the element of the onlinace is aa lafiniteii- 
mal ofaaoFdej:.tbatis only two.d^reesbeneaththdcof cbe&- 
lemeat of the bale.. 

333. The fluxioa of the bale. being given, letclieratioof tbeFic. 140.- 
quantity that raeal'ures the fecond duxton of the ordinate PZ* 

to a quantity that is FeciprocalLy as a power ot BP whofe ex- 
ponent is ff, appioach to any a^pable ratio as its limit. Then 
Uie figure has an afymptote that is either oblique to the bafe, 
or parallel to it, or that coincides with it, whea n exceeds 2 \ 
and there is a limit which, the area bounded by the curve and 
this afymptote never amounts to, when n exceeds 3. Thisis' 
demonfltated froKi' art. 30a 308. & 330. in the- fame maoner a* 
the laft proportion was demonltrated from ajt. 298. 315 & 31& 
The afymptote is obliqfie to the bafe when the ratio ot the firft 
fluxion of the ordinate tothe fluxion of the ba& ;^roaches to 
aa affignable ratio, as its limit ; bat it is paFallel- to the bafe, oc 
coincides with it, when this limit is not aflignable- If a be e^ 
qual to 3, or lels, the figure has not fuch an afymptote \ and if 
« be equal to 3, oranynumber betwJxtxand3, thearea booodr 
ad by the curve and afymptote may exceed any limit.- 

334. In order to comprehend the continuation of thole theo- 
fems in one view,^ let, us call, the afymptote, of the jw^ wHepy, 
when it coincides with.the bafcofchengpre; oC the. Jeamd 01^ 
</«*, when it is a rightline parallel- to the b^: of the tiMn/or- 
/ier^ when, it b a right line obliqpe to the bale ;. e£ the fourth- 
vdiTy. when it is a common parabola that hasits axis perpeodi-- 
culac tothe bafe y and, in genetal, of the. order- r^i^-vthoR ic 
.is a parabola the ordinate, of which.is. always as a ppwer of the- 
bafe wholeexpoaencisr^.'^Then letPZbe the ddiiiate of the- 
figure, and let its fluxion, of any ordeEexprelled by-M (that is,. 

, its firft Baxion when m is unit, us fecond fluxion- when m- is a,, 
and fe on)/ be reprefented by Er,.tha fluxiottof the bale being; 
given. Let-PN be reciprocally asanypoweiof BP'wholeeib' . 
gon«nt.is an)t nunibei. n j^ and. 1«l the-, ratio of Frto. PN- a^ 

£(oacfai 
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proach continually to any affignable ratio, a^ its limit, while 
BP is produced. Then, if the number « be greater than m, the 
figure Ihail have an afympiote of the order exprefled by la+i, 
or of an order that is exprelied by a lelifer number. When the 
excefs of n above m is greater than unit, there is a lirtiit wtuch 
die area bounded by the curve 0% and that afymptote never 
can amount to, while BP is produced j when that excefs is e- 
qual to unit, or lets, this area may be produced till it exceed 
flny ^ven fpace : And if « be equal to m^ the figure has no 
fuch afymptote. Lee the figure be now produced on the other 
lide of AF, or Al* be taken fiom A towards B, and when n is 
equal to m, or greatei^ the figure has an afymptote parallel to 
the ordtnates, that paifes through B \ when n is equal to m, or 
when the excels ot n above m is lets than unit, there is a limit 
which the area bounded by the curve and this afymptote never 
can amount to ; when that ex<^efs is equal to unit, or greater, 
this area may be produced oil it exceed any given fpace : But 
when n is lefs than m, the figure has not an f^mptote through 
B parallel to the ordinates. 

335. The firft part of the laft arucle, reduced to the ftile of 
the method of infinitefimals, fhews, that when BP is fuppofed 
to be produced infinitely, and the difference of the ordinate of 
the order exprel&d by m becomes an infinitefimal of an order 
that is as many degrees beneath that of the clement (or firft dif' 
jerence) of the ba£ as there are units in 2nf, then the curve has 
an afymptote of the order exprcfled by *»+!, or of fome infe- 
rior order j when ihax. diference becomes an infinitefimal of an 
order that is as many degrees beneath that of the element of 
the bafe as there are units in 2ffl-Hii ^he area bounded by the 
curve and afymptote is finite though it be produced infinitely ; 
but when the order of that diffhenct is only nm degjrees be- 
neath that of the element of the bafe, then the area is infinite : 
And this fliews the continuation of the rules given by the learned 
author above mentioned. Thus, for example, the bafe being 
produced infinitely, when the fecond tUfference of the ordinate 
■IS of an order fouror more degrees beneath that of the element 
■ of the bafe, the figure has a rectilineal afymptote that is oblique 
.to the bafe, or u parallel to it, or coincides with it j but if this 

Of. 
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difftrence be of aa order that U not fo many degrees beneath 
that of the element of the bafe, the curve has not fuch an *- 
iymptote. If the fecond difference of the ordinate is of an ordei 
five or more degrees beneath that of the element of the bale, 
the area bounded by the curve and alympcoce is finite chough 
. produced infinitely ; but if it is not ot an order that is five de- 
grees beneath that of the element of the bafe, the area is in- 
finite. 

336. It is eafy to fee from art. 307. & 309. >vheD the folidsFiG. 1 14. 
. generated by hyperbolic areas revolving about their afymptoces 
have limits, and when they may be produced till they exceed 
any given folid. If abAY. be any hyperbola, the folid genera- 
ted by APNF has a limit, or not, according as AP is taken up- 
on £A produced beyond A, or from A towards B, by art. ^01. 
and fmce IM the ordinate of the hyperbola dME to its aiym- 
ptote KJ is reciprocally as,fome power of BF, its fluxion is re- 
ciprocally as a power of BP whofe exponent exceeds unit, and, 
the fquare of FN being always as this fluxion, (arc 307 ) FN 
mutt be as ibme power of £P whofe exponent is greater than 
i. Therefore, when PN is reciprocally as a power of BP whole 
ewonent is greater than j, the folid generated by APNF about 
AP has a limit, or not, according as AP is taken upon fiA pro- 
duced beyond A, or.from A towards B. When <»ME is a lo-Fio.ll4i 
garithmic that has £V for its afymptote, the fhixioa of FM is n. 1. 
reciprocally as BP, and PN is reciprocally as the power of BP 
whofe exp(»ient is {\ and the folid generated by APNF about 
AP has 00 limit in either cafe, becaufe the cylinder generated 
by the re£tangle ag may exceed any given foud. When aMEFio. 1 15. 
is a parabola that touches BV in L, the fluxion of FM is reci- 
procally as a power of BP whofe exponent is lels than nnit, 
and PN is reciprocally as a poww of BP whofe exponent ia 
lefs than ^ : And in this cafe, whea AF is taken from A to- 
wards B, the folid generated by AFNF' has a limit which it 
can never amount to, viz. the cylinder generated by the rect- 
angle 4fR about the axis ak'f but it may exceed any given folid 
when AP is taken on the other fide 01 A. When PN is reci-Pio. II4> 
procally as a power of BP whole exponent is any ftadion 
greater thaa ;, but not greater than unit, and AP is Cf^n ap- 
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on BA produced from A, there U no limit which the area 
APNF may not exceed : but there is a limit which the folid 
generated by this area never can amount to j and therefore, la 
this cafe, when the figure is iiippofed to be produced infinite- 
ly, ao infinite area is laid to generate a finite iolid. If that ex- 
ponent be Jiill greater than |, but Ids than unit, and AP be ta- 
ken towards fi, there is a limit which always exceeds the area 
APNF, but there is none which always exceeds the folid ge- 
neracGd by it ; and, in this cafe, when the figure is foppoled to 
be produced -infinitely, a finite area is faid lo generate an infi- 
tute folid. in the former cafe, the Suxions of the fuHd and a- 
xea t>oth decreafe while AP is produced j but the fluxion of 
the folid decreafes fafter, and is meafured by a figure which is to 
the iblid contained by the redangle Pj&, that mealtires the Bi^ 
xioo of the area, and by the given line AF, in a ratto that, by 
producing AP, becomes leG than any given rauo ^ and hence it 
is not furpriling, that the folid Oiould huve a limit, though the 
area has none. In the latter cale, that ratio by producing the 
figures becomes greater than any given ratio ; and it is there- 
iore eafy to conceive, that though the area has a limit, the fo- 
F1a.i3S.lid may have none. What has been fhewnof the folid genera- 
ted by the area APNF, is to be extended to the fcdid genera- 
ted by the area APr^ when the ratio of Pr to PN (however 
variable ic may be) approaches continually to an alTignable ra- 
tio, as its liiiHt, while the figures are produced along their ^ 
fympcotes. And, in general, what was ihewn of areas, may 
be transferred, with fome neceflary- precautions, to folids. For 
example, the fluxion of the bale being given, if the ratio of 
the mixion of PR to a quantity that is reciprocally as a power 
of BP wbofe exponent is ft, approach to an aflignable ratio, as 
its limit, aitd n exceed 1, there is a limit which always exceeds 
the folid generated by the area ^RIK about the axis AP, which 
is fuppofed CO be taken upon BA produced from A. 

337. There are feveial other methods by which it may be dit 
covered whwi a figure has an aiymptoie, and of what kind it is. 
Wheo the value of the ordinate is refolved into a (eries that 
converges the fafter the greater the bafe is, the alymptote may 
he determined Saxa the tx&. terms of the leiiee when they are 

fiich 
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lacb as remab invariable, or condnvally increafe, while the bafe 
b produced. If the diiFerence betwixt the fubcangent and the 
ablcils approach continuLilly to a Hnite right line, as its limit^ 
'while the branch of the curve is produced, and the bafe (or the 
oidinaie) may increale dll it exceed any given right line, ic 
is obvious that the figure muft have a right line for its afyin- 
ptote, that meets the bafe at a diltance irom the beginning of the 
abfci^ equal to that limit, by art. 313. When the curve has a 
common parabola for its afymptote, the ratio of the fubcangenc 
tX) the ablcils approaches continually to that of a to i, when 
the axis of the parabola coincides with the bale ; but to that of 
I to 2, when the axis is perpendicular co the baie : and by ot>- 
ferving the limit to which the ratio of the fubtangent and abfcils 
approaches, parabolic afymptotes, of various kinds, may be dis- 
covered. When the logarithmic NF is condnued on the ocherFio.[l6* 
fide of AF, this ratio decreafes and may become lefs than aay 
given rado, and no parabolic figure can be its afymptote. 

338* If SF perpendicular from a given point S upon LP theFio>l05« 
Uogent of the curve LB approach condnually in pofidoo aod 
magnitude to any alHgnable right line, and SL may tncreafe' 
without end, it is obvious that the curve BL muft have a redi- 
Uaeal afymptote. If ST, which is perpendicular on PT the 
tangent of the curve DF, -(and is a third propordonal to SL and 
SP|) approach in the fame manner to a finite right line, the 
curve DP has a right line, and BL a common parabola, for its 
afymprote. If SK. pe^ndicular on TK approach thus to an af- 
figaaDle limit, the curve GT has a right line, DP a common 
parabola, and BL a femicubical parabola, for their afymptotes. 
In general, when SL may be increafed without end, if the n^ 
00 of SL to a right line that is as any power of SP whofe expo- 
nent is greater than unit, approach to an alfignable rado, as its li- 
mit, a parabola, the ordinate of which is always as the fame power 
of dieabfcifs,may betheafymptoteofthecurveBL; bat if the 
ratio of SL to SP approach to fuch a limit, the figure has no 
ndiUneal or parabolic afymptote. In the fame manner, if the 
rado of the fluxioo of the angle ASP to the fluxion of the angle 
ASL approach to the ratio of any number m to a greater num- 
ber 0, while BL is produced, a parabola whole ordinate is al- 
N n ways 
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ways as the pow^er of th« abfcifsof the exponent" is the a-- 

fympiote ofthccurve BL.. There are ftill other rulet bnr which^ 

it may be fbmeume»dilcoveTed when a figure has an alymptote - 
wd the area a limit, bat we have inllfied oa thia fubjed^ alrc»-- 
dy at a fu^ienc length. 

PR. OP.. XXIX. 

339. The figure^ APNF being fuppofed to revolve a- 
• bout its afymftote AP, there ir a limit which aU 
Kx6.l4i*. "^^y^ exceeds the. furfa'ee generated by the curve 
FN, when there is a limit which always exceeds the 
area APNF ; but when this area may be produced: 
till it exceed any given J^acCt the furface generated. 
' by FN has no limit. 

' Let N/ be the tangent at.K, and let kt paialld to FN meet-. 
'S.t in f,. and meet Nx parallel to the bale and equal to DG- 
(which meafures the fluxion of the bale) in x. The fluxion of 
the furface generated by FN is meafured by a fpace that is to - 
the rei^ai^le contained by FN and Nf in the invaiMble ratio 
c^the circumference of a circle to its radius^ thi^reSangle is-. 
always greater than the reftangle Px which meafures the fluxi- 
on of the area APNF, becaufe N* is always greater, than Nw .* 
Therefore the. furface generated by FN is alwaya greater than . 
the area APNF ; and, confequently, if this area may be produ- 
ced till it exceed any given Ipace, the furface FN may likewife 
be produced ciU it exceed any given Ipace : which is one part : 
of the propofidon. Let FT the ungent at F meet the aiym- - 
ptote in T, and hs be to AF as FT is to AT; let Pf be to ■ 
FN in.tbe mvaiiabXe ratio of Af to AF, and rs parallel to the 
bafe meet tx produced in s. Becaufe the curve,M. convex tc^- 
wards its afymptote, tx continuaUy decreafes while the figure - 
is, produced, (art. 184^ and the ratio of N( to-N* decreafes,. 
and is alway« lefs than the ratio of FT to AT or of Pr to FN; , 
«lultheredaDglecoataiiied.by FNaod^Kf is lels than the rei^-- - 

angle. 
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angle Pa which meafures the fluxion of the area APr^. There- 
fore the fluxion of the furface generated by the curve FN a- 
bout AP is always to the fluxioo of the area APr^, in a left ra- 
tio than the circumference of a circle is to its radius : and 
the ratio of that furface to the area APr^ is always leis than this 
Tatio. But if there is a limit which always exceeds the area 
APNF, there is likewife a limit which always exceeds the area 
APr^, becaufe the ordinates PN, Pr are fuppofed to be to each 
other in an invariable ratio ; and therefore there is aUb a limit 
■which always exceeds the furface generated by the curve FN a- 
■bouc AP. Thus it appears, to exprefa the propofition in the 

fliore ufual form, that when the figure is fuppofed to be produ- 
ced infinitely, and to revolve about its afymptote, the furface 

■generated by the curve is finite or infinite according as the area 
of the figure is finite or infinite \ aa has been obferved by Mr. 

iCoTEs, If the figure, -for example, is that of the logaritnmic, 
and AP be the afymptote ; or if it is an hyperbola, and the or- 
dinate PN be reciprocally as any power of BP whofe exponent 
exceeds unit ; there is always a limit which exceeds the furface 
generated by the curve about the afymptote AP, when AP is 

-taken upon BA produced beyond A : But when AP is taken firam 
^ towards 3, the furface generated by FN may exceed any 
given fpace, as might be demonftrated from prop. 27. 

340. As a carve may approach continually to a right line 

■while they are both produced, and never meet it, fo a fpird, 
line may approach continually to a certain point, and not' reach 

■it in any number of revolutions how great loever that can be at- 

ligned. Let a circle be defcribed from the center S with a ra-Fio.l4a. 

-dins SiEi equal to AF in fig. 1 14. let i& be a point given in the & 1 14> 
circumference of this circle ; let the arch hr be always equal to 
the bafe AP, and Sw be tidcen on the ray Sr always equal to 
the ordinate PN ; and, fince AP is fappoied to be the afymptote 

■of the figure APNF, it is manifeft that the fpiral hr approaches 
continually to the pCHnt S, as the curve apj^oaches to its alym- 

^ptote \ but it can never reach it in any aflignable number of re- 
voiuriong, becaufe though the arch hr (equal to AP) be never 
fo^reat, Sw (equal to PN) never vanilhes. 

N n a PROP. 
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PROP. XXX. 

341. The conftruiiion in art. 307. being fuppofed^ let 

Fig 143 the arch hr be always equal to P^^, and Sm equal to 

& 1 14. ' ^^ ' ""^ '*^ ^iffl '*'*^tf SAi» y!&<?// be always to the 

reiiangle ag in the invariable ratio of DG to Hh the 

diameter of the circle hrH. 

2 what was Ibppofed in art. ^07. the Iquare o£ FK is to 
juare of DG as the fluxion of PM is to the fluxion of AP, 
or (if Hi parallel to the bafe be equal to DG, and it parallel 
to the oidmates meet the tangent: M; m f ). as /r is to M^ or 
DG ; and therefore die fquare of FN is ^ual to the redangle 
contained by DG and U. The fluxion of the fpiral area Sjbn 
is to the fluxion of the fe3or Sir (by prop, j.) as the fquare of 
Sffl is to the fquare of SK The fluxion of the bafe AP, or of 
the arch hr, being meafured by DG, the fluxion of the fe£loi 
S^ is meafured by one half of the reftangle ctmuuned by Sj& 
and DG, and is to the fluxion of the rectangle ag (vrtuch is 
meafured by the reAangle contained by aoy or DG, and it) as 
Sb is to a/r. Therefore the fluxion of the fpiral area Sbm is 
to the fluxion of the reftan^le ag as the fquare of S», (or df " 
FN,) or the redangle contained by DG and /r, is to the rect- 
angle contained by Si> and zH j that is, as DG is to iSir 01 
3AF : and, this ratio being invariable, it follows, that the ipt- 
zal area Sbm is to the rectangle ag as DG is to Yib the diame- 
ter of the circle hrH. This propofition obtains, whether AP 
and KI be afymptotea of the curves FK, «M or not ^ it is Iu& 
ficient that the fquare of FN be to the fquare of DG as the flu- 
xion of FM is to the fluxion of AF, that br be always equal to 
AP, Sn equal to FN, and that FM either increafe or decreafe 
continually. 

342. CoR. I. Becanie the feAor Shr is equal to one half of 
the redangle FF, it follows, that the fpiral area Sbm is to the 
fcftor Sir as the folid contained by ag and DG to the folid coo- 
tained by FP and Sij, or AF, and therefore as the cylinder ge- 
nerated by ag about ax, or the folid generated by APNF about 

AP, 
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AP, to the cylinder generated by FP about AP. Thus, irhenFio. 141. 
FN is a right line, br is the Ipim of. Archimedes, the area Shm a. 2. 
13 CO the fedor Sbq as the fnUhim of a cone generated by the 
trapezium APNF about the axia AP is to' the cylinder genera- 
ted by the rci^angle FP about the fame axis j and if S71 be the 
tangent of the Ipiral at S, the fpiial area Swm/i fhall be to the 
fedtor Sby as one ia to three \ as was fhewn after As.cuimede> 
in the introdudion. 

343. CoR. IL When there is a limit which always exceeds 
the folid generated by the area APNF about AP, there is lik^ 
wife a limit which always exceeds the fpiral area S^ genera- 
ted by the ray Stn while it revolvea about S ; and this limit is 
to the ret^angle ad as DG is to Hb, But if the (olid generated 
by the area APNF produced may exceed any givefl folid, the 
area that is generated by the ray Sn, while it revolves continu- 
ally about S, may likewile exceed any given fpace. In the fame 
manner, S^ being equal to dK, if «r be always equal to apy 
and S» to pM, the area generated in this cafe by rm &aU have 
a limit, or not, according as the folid generated by- the area 
iSMIK. about the axis ap has a limit, or may be produced till it 
exceed any given folid : And in this cale the.circle brH is the a- 
fymptote of the fpiral. If Sm be always equal to P2 in fig. 140. 
toe Ipral of Archimedes is the afympttXe of the fpiral bm : and 
^ might be carried further by. art. 334. E^f. 

344. Cos.. III. Let FN0 be a common hyperbola, BA andFia.143. 
BC its afymptotes, and bm fhall be the curve that is called the & 1 14. 
rteiprocal or hyptrhoUc fpirai \ let the arch bh be equal to BA, 

join S^, let a circle defcribed from the center S through m meet 
S^ in 0, and the arch mo fhall be of an invariable magnitude e- 
qual to bh^ 01 BA \ for br is to mo as Sh is to Sm, or AF to 
FN, and therefore as fiP (or br) to BA. The fpiral area Sm6 
is to the reftangle ag as IXt is to aAF, and therefore in this 
cafe Smb is equal to one half of the redangle contained by BA 
and the difference of AF and PN, or by bb and mr ; and the 
Umit of this area is equal to the fedor S^^. Let ST perpen- 
dicular to Sm meet the tangent of the fpiral in T, and ST fhalL 
be of an invariable magnitude equal to bby or BA^ becaufe Sm 
b to ST in the ratio compounded of that of the fluxion of Sn> 
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to the fluxion oibr (or AP) and of the latioof SZ> (or AF^ to 
S« i that is, in the ratio of AF to BP, or of PN (or Sm) to 
BA. It is obvious, that a right line -oi parallel to S^, at a di- 
flaoce Sa from it equal to BA on the fanie fide that h is from by 
is an afymptote of this ipiral continued without the circle hh. 

345. CoR. IV. Let Sp perpendicular from S on mV the tan- 
gent of the hyperbolic fpirai (defcribed in the laft corollary) 
meet it in p, and the point p mall be always found in the fpi- 
rai whofe lays decreale proportionalfy wtiile the length of the 
curve m increafes uniformly, which is called by Mr. Cotes 
the complicated tra&rix. For if the angle Spf be made equal to 
S»iT, pf Ihall be the tangent of the curve in which p is always 
found, by art. an. and if Sx perpendicular to SA meet A* in /, 
the trianglea pSf, SpT fliall be limilar and equal, and pt the 
tangent of this fpirai is always equal to the invariable line ST. 
The fluxion of this fpirai dp is to.tbe fluxion of the ray Sp 
as the invariable tangent ^/ (or ST) is to the ray Sp, and there- 
fore Sp decreafes froportionaliy while a^ increafes uniformly. 
Hence the points of this fpirai may be found by taking Sm, up- 
on any ray Sr, in the fame ratio to Sr as the given arch hb is to 
the arch br^ conftituting ST perpendicular on Sm equal to the 
invariable line ST, or to the arch hb^ joining mT and drawing 

FiG.i44>Sp peipendtcuLar to f»T in p. Or, let a circle Afi/be defcri- 
bed with the radius fk equal to ST, and let fz meet the un- 
gent kz\a z and the circle in a ; let ux be perpendicular on Sk 
in x; and, if the arch A^ be equal to the excefs of the tangent te 
above the arch hit ^"'i S» be taken upon Sy always equal to S«, 
(the cofme of kUy) then h ihall be a pointin this fpirat. A eon- 
urutlion of , this Ipirai is given by Mr. Cotes, Harmon, menfur. 
-p. 84. It is likewife confidered by Mr. Varisnon, Mem. de 

ElG.l43«''''WiM. roy. 1704. All thofe fpirals in which the ratio of the 
fluxion of the curve to the fluxion of the ray from S, is the fame 
as the ratio offome power of the given line Si' to the lame power 
of that ray, are conftruded from this fpirai by taking the angle 
bSq to iSp as unit is to the exponent of that power, and Sq fo 
that the ratio of the fame powers ot Sq and Sb may be that of 
Sp.to S^j for f flull be found in fuch a IfHraL 

iP R. O P. 
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PRO P.- XXXL 

34(5. When there is a limit which always exceeds theVio.i/^S' 
area APNF while it is produced along the ajymptote 
AD, there is Hkewife a limit which always exceeds 
the length of the Jpiral line hm while it approaches 
to S ; but if the area APNF produced may exceed 
any given f^ace, the fpiral line hm may he conti- 
mieatill it exceed any given line. 

Let «T toqch the fpiral in w, and meet ST perpendicalarto 
Sm in T. The flmcioo of the bafe AP, or of the arch ifer, being 
reprefented by any given right line DG, let P» the ordinate of- 
the figure APo/ meaiiire the fluxion of PN or S« ; let Pr, the 
ordinate of the figure APr^, be always to PN in the invariable 
ratio of DG to SH ; let the fquare of ?q, the ordinate of the 
figure AVqdy be always equal to the fum of the fquarea of Pf 
and Fff; and, qx parallel to the bafe being made equal to DGy- 
coinplete the reSangle Fx. Let a circle deicribed from the 
center S through m meet S/v in o j and, while m proceeds in the 
^ral, the fluxion of om fliall be to the flexion of br (or of AP,) • 
which is meafured-by DG, as Sm (or PN) is taSjb; but Pr is- 
to DG as PN is to Sb : Therefore the fluxion of om is- tepi** 
&ited by Pr ; and, (ince it is to the fluxioa of Sm as ST is to Sm' 
(by proj^ i6.) it follows, that ST is to Sm as Pr is to P», and 
MiT to Sm as F^ is to Vn. Therefore the fluxion of the fpiral' 
line bm is to the fluxion of Sm na P^ is to Pa, and to the fuixi- 
on of AP as Pa is to DG ; and the reftangle contained by DG- 
md the right line that meafures the fluxion of bm is always e-- 
qual to the redangle Px that meafores the fluxion of -the area 
APgcL Therefore the rei^angle contained by the fpiral line hm 
and the given right line DG is always equal to the area APft/. - 
But Vq is always lefs than the Turn of F» and Pr, becauie the- 
fqvare of Pf is lels than the iquare c£ the fum of Yn and Pr, 
by the fuppoliuon y and, coofequenUy, the area AP^i^ is alwayS'^ 
l^thaochs Cuno£cheaieas^A!Pf;f,.APn/^- There^tangkcoit' 
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tained by AF and DG is always greater than the area AP«^ 
by art. ap6. Therefore the redanglc cocitwned by the fpiral 
line hm and DG is always le& than the fum ot the area APr^ 
and thereiAangle contained by AF, DG. Becaofe Pr is to PN 
in the invariable ratio of DG to SH, the area APr^ is to the a- 
rea AFNF in the fame rado ; and if there is a limit which al- 
ways, exceeds the area APNF, there maft likewifc be a limit 
which always exceeds the area APr^j and there is conlequene- 
ly a limit which exceeds the redangle contained by the fpiral 
hm and DG. Therefore there is a nght line which always ex- 
ceeds tltt fpiral hm. If, by produdng the figure, the area APNF 
may exceed any given fpace, the area APrj, and the reftangle 
contained by the fpiral hm and DG, (which is always greater 
than APr;,) may likewife exceed any ipace, and the ^tral hm 
■may exceed any given line. 

347. Cox. I. Thi8.theorem, exprei^ according to the more 
nlim ixray'iA, That when the figure APNF is produced infi- 
nitely, and the fpiral bm^ after having made an infinite number 
of revolutions, reaches the point S, the length of the fpiral is 
finite or infinite, according as the area APNF is finite or infi- 
nite. When it is exprefied in thb manner, it is one of the pa- 
radoxes of this kind that has die rooft myfteiious appearance ; 
bat there is nothing more wonderful in it, in the manner it ia 
here [Hopofed, than ttiat a line may be continually increafing, 
and the increments acquired by it decrcafe in fuch a noaoner 
iJMt it ihall never amount to a given line. See art. i8<^ - 

348. Cox. II. If the ray &m be recipnKally as any power of 
the arch br wbofe exponent exceeds unit, or ifthe ratio of S« 
to a quandty that is reciprocally as fuch a power of ^ approach 
to an aflignable ratio, as its limit, while the figure is produced, 
tlure i« a certain limit which always exceeds the length of the 
Ipiral hm. But if S«i be reciprocally as a power of the arch 
j^ whole expi^nt is equal to unit, or lefi, the fpiral hm may 
be continued till it exceed any given line. 

349. CoR. III. When FNe ia the logarithmic curve, Sw de- 
creaies proportionally while br increafes uniformly, and the, tlu- 
xionof Sv; (or PN) ia to the fluxion of iv (or AP) as Sm is to 

..at) invariable line Sf that is egoal co the fubtai^ent of the lo- 
garithmic 
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garithnric. The fluxion of iv 13 to the fluiion of aw as Si) is to 
Sfn; and therefore the fluxion of Sm is to the fluxion of om as %b 
is to S6^; and, Sm being to ST in the fame ratio, the angle S«T 
is invariable. Therefore the fluxion of the fpiral bm is to the 
fluxion of rm in the invariable ratio of «T to Si» j and if it per- 
pendicolarto Sr meet Tm produced in ;, the firiral line hm ftall 
be equal to the right line m\ and wT is the limit to which the 
fpiral line piodoced from m continually approadies. This curve 
is called the logarithmic fpiraL 

350. As a right line, or figure, may increafe continually and 
never amount to a given line, or area ; fo there are progreflions 
of fradlions which may be continued at pteafure, and yet the 
fum of the terms be always lefs than a certain finite number. 
If the difference betwixt their fum and this number decreafe in 
fuch a manner, that by contmuing the progreffioa it may be* 
come lefs than any franion how fmall foever that can be afligned, 
this number is the HmH of the fum. of the pf^effion^ and is what 
is underftood by the value of the pr(»reflion when it is fuppo- 
fed to be continued infinitely. Thefe Umics are analogous to the 
limits of figures which we have been confidering, and they ferve 
to illuftrate each other mutually. The areas of figures cannot 
be exprefled in many cafes but by fuch progrefBons ; and when 
the limits of figures are known, diey may be fometimes applied 
with advantage for approximating to the fums of certain pio- 
greflions. Let the terms of any progreifion be leprefented by the Fi 6. 1 45* 
perpendiculars AF, BE, CK, HL, ^c. that ftand upon the bafe 
AD at equal diftances; andletFN.be any ordinate of the curve 
FNf that pafles through the extremities of thofe perpendiculars. 
Suppofe AP to be produced j and according as the area AFNP 
has a limit which it never amounts to, or may be produced till ' 
it exceed any given fpace, there is a limit which the fum of the 
progrenion never amounts to, or it may be continued till its 
lum exceed any given number. For let the rectangles Ffi, EC, 
KH, LI, t^f. be completed, and, the area APNF being con- 
tinued over the fame bafe, it is always lels than the fum of all 
thofe reftangles, but greater than the fum of 'all the reftangles 
after the firft. Therefore the area APNF and the fum of thoie 
redangles either both have limits, 01 both have none \ and it is 
O o obvious^ 



F' 
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obvious, that the (ame is to be faid of the fum of the ordmaces 
AF, BE, CK, HL, E^c. and of the fum of the terms of the pro- 
greflion that are reprefented by them. If the curve FKf, for 
example, be the commoo hyperbola, h the center, />P the afym- 
ptote ; and, AB being equal to M, if AF reprefent unit, the ffr- 
riesofordinatesfliallreprefentthe progreffion I, |, -J, ^, jyiSc. 
-which therefore may be coatinued till it exceed any given aun>- - 
ber, as the hyperbolic area may be produced till ic exceed any 
given fpace, by arc 25)7. But if FNe be an hyperbola of any 
higher order, lb that the ordinate PN be reciprocally- as any 
power of the. bafe. ^P whofe exponent is greater than unit, the 
area APNF, and the fum of the progreffion that is reprefented 
by the feries c^ ordinaies, fliall have limits. Thus there is al- 
ways a limit of the fum of the fraAions that have unit for their 
common numerator, and the fquares, cubes, or any other powers - 
of thenurobers i, 1, 3, 4, ^c. whofe exponents exceed unit, for^ 
their fuGceflive denominators^ 

351. And here we may apply what' was fliewn above, in. 
an* 3^5* £^^- concerning areas, to progreflions. If the ratio of 
the laft term, of the progrelBon to a fra<^OD that 13 reciprocally 
as any power of the number reprefented by ^P, approach to an 
aflignabte ratio, as its limit ; then there is a limit of the fum of 
the progreffion, or not, (or, as it is ufually exprefled, the value 
of the progreffion continued infinitely is finite, or-in£ntte,) ac- 
cording as the exponent of that power exceeds unit, ot not. If. 
the terms of the progreffion are mch as arife by fubftitucing foe-- 
ceffively aoynumbers that iacreafe by-equal difieiences-in place . 

of X in the quantity ■ ■ defcnbed tn art. 327— 

the prc^reffion fliall always have a limit when the excefe of » 
above m is greater than unit, but it may be continued till the 
fum of the terms exceed any given number when this excefs is . 
^qal ta uoit^ or Ie&. Thus,,if thefiguratenuinb^.* ofai^y 

order 

* The Ggunte numbers of the firA oulcr are 1, i, i, i, 1, tyt.-. TheTe of 
tbc ftCond order are the fucccfEvc funis of ihofc of the 6rft order, «/«. i, t, j, 
4i. f > <^<> *^ foin aa anthmciical progrclfion. Thefc of Ebe cbird order «re 
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order be divided fucceilively by the correfpondlng figurate num- 
bers of any order that ia two or more degrees lugher, die fum 
of ilie frafilioDS that fhall arife in this manner fliall have a limit; 
but if they are divided by the figurate numbers of the next fu- 
perior order, the progreflion of the quotients may be continued 
till it exceed any given number. In lilce manner it follows from 
whiit was fliewn in art. 319. that when the terms of a progrefli- 
on increafe, but their fucceflive differences decreafe, and the ra- 
tio of the laft difference to a number ihaf is always reciprocally 
as any power of W approaches to an aflignable ratio, as its li- 
mit; then there "is ■a limit which always exceeds the terms of 
this prt^effion, cfr not, according as the exponent of that power 
-is greaterthan unit, or noc If this ei^ponent be greater than 
3, and the terms be fubdufted fucceflively from their Umit, a 
new progrefEoD ihall be formed the fum of which Ihall have a 
limit. 

352. When the area APNF has a limit, we' not only con- 
clude from this, that the fum of the progreflion repreftnted by 
<the ordinates has a limit ^ buc when the tormer limit is luown* 

'Ac fuccdTive fums of thofe of the (ecoad, v/«. i, j, tf, lo, if, tyc. md are the 
Iriftngiilar nunibcrt. TheTe of ihe fourth order are (he fucceflivc fums af thofe 
vf the third, vU- i, 4, 10, lo, jf, ve. and arc the pyramidal numbers, and 
lb on. The figurate numbers of any order may likewife be found, without com- 
puting ifaofc of the precccding orders, by taking the fucccCG* e pr«du& of u 
DMny of the numbers i, 1, j, 4, %, g-c. in their natural order, as there are u- 
nits in the number which denominates the order of iiguraccs required, and divi- 
ding always thofe produfts by the firft produA. Thus itic triangular numbers 
are found by dividing the ptodufts ixi, ixj. JX4, 4*.%, 1X6, <pv. each by the 
firfl produA 1x1. ilie pyramidals ate found by dividing ilie produAs tK^Xj, 
axjX4, JK4XT) 4XfXfi, C7V- each by ixiXj. Ingencral, the figurate numbers 
of any order denoted by m arc found by fubfliiuring ruccefdvely i, a, 5, 4, j, 

Cn. in place of xin the ecocral exprcffion *•'!'• x* ; • 'ttJ • — ; wbei« 

i .t . i . 4 .&c. 
The fa^vrs in the numerator and dctiotninator are fuppufed to be multiplied by 
«ach other, and to be contintied till the number in each be equal to that which 
csprefles the order of the Eguraics required dimintlhed by unit. And whtfn * fi- 
gurate number of any order is divided by the correfpondlng figurate of any high- 
er order, the numerator of the quotient it invariable, and x is in its denomiiu- 
tor of as many dimenfions as there are units in the difference of the numbers that 
■ilcnote tbofe orders. 

O o a we 
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we may by it approximate to the value of the latter. Let AB 
reprefent unit ; then the fnm of the reftangles FB, EC, KH, LI, 
^c, and the fum of the ordinates AF, BE, CK, HL, ^c fliall 
be exprefled by the Cime number But becaufe the curve is co&- 
vex towards the afymptote, the fum of thofe reftangtes always 
exceeds the curvilineal area over the fame bafe, by the triangles 
FEQj EKS, KLT, LMZ, ^c. and by the curvilineal fpaces 
FtfE, ExK, KzL, LyM, £^c. The fum of thofe triangles ap- 
proaches to one halt of the reftangle FB, as its limit \ there- 
fore the fum of the reftangles FB, EC, KH, IJ, £^f. is greater 
than the curvilineal area AFEKLMI that is over the fame bafe 
added to one half of the redangle FB, the excefs being the 
fum of the fpaces FaE, ExK, KsL, I^M, £^f. that are bounded 
by the arches F»E, ExK, KzL, ^e. and their chords FE, EK, 
KL, ^c. Hence, when AF is a temi at a great diftance from 
the banning of a progrelBon of this kind, tiie number that ex- 
preiles the limit of tne curvilineal area APNF added to one half 
of the term AF gives nearly thevalueof AF and the fubfequeot 
terms BE, CK, ^c. the fpaces FuE, ExK, ^c. being negleded. 
But we may approximate to the value of fuch a progreflion more 
accurately m die following mftnner,that is deduced From art. z.$$. 
& 196. and will appear fully afterwards. Let the limit of the 
area AJ'NF be exprefled by A, the onUnat e AF by a,^ the firft flu- 
xion of AF (the fluuon ot the bafe being meafured by AB, or u- 
nit) by J, the third, fifth and the fubfequent fluxions of AF taken 
alternately, aud always pofiuvely, by d^h yc. Then the fum of 
the progreffion reprefented by AF, BE,CK, HLij^c. fliall be found 
nearly by computing A + \a-\- -^^jb — f\sd-ir ys-Jj^Z+C^t'. 
Or, if AR. be taken towards ^equal to one half of AB, the or- 
dinate at R meet the curve in V, the limit of the area RPNV 
(or its value when RP is fuppofed to be produced infinitely) be 
now exprefled by A, the firft, third, fifth and fubfequent fluxi- 
ons of RV uken alternately, and always pofitively, by ^, rf,/, C^r. 
then the fum of the terms AF, BE, CK, HL, ^c. may be found 
hy computing A — r?*+ tAt^ — .r^V^s/'-f- ^<^' When 
it is not the bmit of the progreflion that is required, but the fum 
of any number of terms of which AFis the firlt and 43/" the laft; 
then we may approximate to this fum by the firft leries if we 
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fup^le A to repreftnt now the curvilineal area A.<»/F, a the 
difterence of AF and /*/", b the difference of their firit JIuxiona, 
d the diffirence of their third fluxiona, and fo on. Or, if from 
. tf towards A we take ar equal to one half of AB, and the or- 
dinate ri) meet the curve in ©, we may make ufe of the fecorid 
feriefl, provided A reprefent in it the area RruV, h reprefcnt the 
difference of the fluxiona of RV and ry, d the difference of theic 
third fluxions, and fo on. 

^S^> When the lunit of the progreflion AF, BE, CK, HL, 
^c. is Kveo, and the limit of the area is required, let the for- 
mer be P i and, according to the firft fuppofition, where a ex- 
prefles AF, and *, rf,/, ^c. exprefs its firft, third, fifth flaxions, 

yc. the limit of the area is found by computing P — 4 a Jj h 

+ i\% d — y-sh-ff — ^c. But, according to the fecond fup- 
pofition, the limit of the area is found by computing P + ,'^ ^ 
— tt'*^ '^+ twihtf — ye. The firft expreflion approximates 
to the area kaf¥ when P is fuppofed to reprefent the fum of 
the terms from AF to af, (excluding the latter,) a the difference 
of AF and a/", b the difference of their firft fluxions, 4 the dit 
ference of their third fluxiona, and fo on. And the fecond (e- 
tiea approximates to the area RVw when a is the difference of 
RV and n\ h the difference of their firft fluxions, d the diffe- 
rence of their third fluxions, and fo on. We refer the farther 
explication of this, with the demonftration and examples, to the 
fecond book. We Ihall now ftiew how prt^eflions of fraSions 
may be found at pleafure that fliall have aflignable numbers e- 
qual to the limit of the fum of the terma. 

3J4. A feries of any number of quantities that continually 
decieafe being given, their fucceffive differences form a new 
feries of terms, the fum of which from the beginning is always 
equal to the excefs of the firft term of the firft feries above rta 
laft term. Thus, if A, B, C, D, E, ^c. be the terms of the firft 
feries, it is manifeft that the fum of the differences of A and B, 
B and C, C and D, D and E, is the excefs of A. above E. If 
the terms of the firft feries decreafe in fuch a manner that by 
continuing the progrefDon they may become lefs than any quan- 
tity how Imall loever that can be affigned, (as the ordinates to 
the afymptote become lels than any UDe diat may be given by 

pEO- 
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producing the figaie,) then the firft term of the iirft feries is the 
limic of the fum of dieXecond fcries. In like manner, the dif- 
fereaces ofche alternate terms of the firft feries, as of A and.C» 
B and D, C and E, ^c. form a new progreliion of terms, the 
ium of any number of which is equal to thc.excefs of the fum 
of A and B, the firft and fecond term of the firft feries, above 
the fum of'the lafi term and laft buLone j and the fum of A and 
B is [he limit of the fum of the new feries. In general, if a pro- 
gKJTion ia formed by taking the differences of the firft term A 
and the term whofe place in the feries is exprefled by any num- 
ber h, of the fecond term B and that whole place" is «+ *» of 
the third term C and that whofe place \^n-\-iy and fo on \ diea 
the limit of the fum of this new progreflion fliall be equal to 
the fum of the terms A, B, C, D, Be. which preceed that term 
whole place is exprefled by n. In this manner progreflions may 
be found, at pleafure, -that may be continued without end, and 
have given numbers for the Limits of dieir fums : And this me- 
thod dif&rs not materially from that of the celebrated Mr. Jamea 
Bernoulli. 

3JJ' For example, let the firft feries be i, ;, j, |, J, ©c 
The iucceflive differences of thofe terms are >■» i, t't> tV* tV> ^c, 
and the limit of ihe fum of this progreflion is unit, by the laft 
article. If we multiply each term of this laft feries by 2, 
j(that the firft term may be unit,) we fliall have i, J, I, t'=-, ^c. 
which have the.triangular numbers for their fucceffive denomi- 
nators, unit being their common numerator j and therefore the 
limit of the fum of this progreflion is a. The fucceffive difFe- 
lences-of the termsof this latter feries being each multiplied by 
4, (that the firft term. of the new feries may be unit,) give I, 
-J) t's) I's, iSc- which have the pyramidal numbers for their 
fucceflive denominators ; and the limit of the fum of this pro- 
greflion is I . In the feme manner, the limit of the fum of the 
fra<3ions that have unit for their common numerator, and the fi- 
gurate mimbera of any order denoted by w for their Cacceffive 

denominators, is found to be -^• 

^S^. The fame feries i, i, f, i, f , t^c. being dfTumed again, 
the diSereuces of the alternate tenns are I, k, tVi tVj ^<^' ^^^ 

limit 
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limit of the fum of which progreffion is r i, by art. 354. and, 
dividing each term by 2, the limit of the fum of 4, i, tV, ^e. 
is 5.. If we take the differences of the firft term and that whofe 
^ace is w, the fecond term and that whofe place is. m + i ; and 
£} on ^ the common namerator of - thofe drfferences flialT be 
m — I, and their fucceflive denominators ftialt be-the prodiifts 
of I and f», a and »«+ i^ 3 and m-\-2j andfoon. The limit 
of the fum of this pregreflion is the fam of as many terms i, f, 
i, it^c. as there are units in m — i^ by art. 354. and'.if each 
term of that progreffion be divided by m — i , that unit may be- 
come the common numerator, the terms -, -• ^■ ■■. — ^t— , f~, — % 

yc. will arife, (where the faftors in the denominators that are 
feparated by a point- are fuppofed to be mukipkd by each other,) 
and the limit of the fum ot this prc^reffion is equal to the fum 
of thefraiSions i, i, |j -i, 6?c. (continued" till their number be 
m — l) divided by m — -l. If we now affume the alternate 
terms only of the nrft feries beginning-whir thefecond, that is,. 
V) Til i) ii £?c. and form a new feries by talcing the difference 
of the firft of thefe -J and that whofe denominator is «-}-i, (w 
being any odd number,) of ^. and. that whole denominator is-' 
m-^-^y and fo on; the new terms Jhall have m — i for their 
common numerator, and the produ<^s of 1 and m-^ I) 4- and 
«+3, 6 and w-i-5, &c. for their fucceflive denominators: 
And the limit of the fam of thofe fractions fhall be equal to the 

&m of the-fraftions J, i, ij ^c. that preceed ^t-t 1 the nunv- 

ber of whkh fradions is ^^'l By aflnming the other alter- 
nate terms of the firft feries, that is, i, |, jy },' ^c. and taking 
the differences of i and the term whofe denominator is w, of 
I'and that whole denominator is m-\-i, and-fo-on, the terms 
• of the new feries Ihall have . m — i for their common numera- 
tor, and the produftsof i andm, 3 and M+-a,' 5 and ffl + 4, . 
i$c. for their fucceflive denombators; and the-fum of the terms 
fliall condnually approximate to the fum of the fradlions i, 4> - 

J> J i£?c. that preceed -. We may Ukewifc aflame any other ; 
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equidiftaoc terms of the ia& feries, and, by takli^ their di&ren- 
ces, form new progreffiona the value of which fiall be the firft 
term that was aflumed. If we afTume the terms I, ^y ij t't> E^^< 
pafling always over three terma, and divide the fucceffive cUfie- 
rences of thofe terms by 96, the feries will arife that is given by 
the celebrated Mr. Monmort in PhiloC Tranfaft. n. 353. and 
is marked C ; and therefore the value of this feries (when it is 
fuppofed to be continued infiaitely) is yV, by art 3^4. If we 
auume the alternate terms of the iirii feries deduced m art. 3^5. 
viz. \, t't* i'j Yfj ^c- ^d divide the fuccellive difierences of 
thofe terms by a, the feries will arife that is marked B in the 
lame ^Tranfadion : the value of which is there&re i. If we 
afTume the firft, fourth, feventh terms, ^c. of the fame feries 



from art. 355. pafling always over two terms, thdr ^fRren- 
ces divided by S4 coincide with the feries marked A in the 
fame place j and therefore the value of this feries is yiy- If 



we muUiply the correfponding terms of any two progreflioos 
by each other, and if the produfts may become lew than any 
^iven number by continuing them, (as for example, if we mul- 
tiply the fucceffive terms of the feries i, 3, |) iy ^y i3c, by the 

focceflive powers of any fraftion ^) their differences Ihall al- 
ways give progreflions of this kind. It is obvious from art. 354. 
how the fum of any given number of terms is found in the pro- 
greflions we have mendoned, or in any others that are deduced 
in this manner. But what follows feems to have a nearer rela- 
tion to the method of fluxions, and to be of greater ufe. 

357. Let us afltune the feries ^ =\-:t "S^m "x:* ^^' where 

a* w-f-i "■-f-i fM-f-j 

unit is the common numerator, and the denominators increafe 
by the continual addidon of unit. The fucceflive differences of 

thofe terms are — ^—r-y —t~ — r-i — 1 — ^ — r-* — 1 — ^ — r— * 

i^c. and the limit of the fum of this feries (or its value when ie 

is fuppofed to be infiuitely produced) is ^, the firft term of the 

feries wluch we aiStimed, by art. 354. The fucceflive di&reoces 

of 
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of the tCTius of this laft feries divided by 1 are „.„ 1 ,.„ 1 , > 

\ i— , — T- \ , iSc. and the limit of 

"+■•"•+» •"■+3' "+' • ■"+3 ■ »>+4' 

their fum is therefore ^^ _ ^ i ^ , by the fame article. The 

fucceflive diiiereaces of thole terms divided each ijy 3 are 

„.».4.i.»4-2.».+j' r.+ ..»4,..„+j.„+4' ^''' ^d tlK 

limit of theirfum is therefore .„ „ /, , l . The terms in each 

of thofe progreflions are focmed from the firft term by fobftitu- 
ting fuccedively in its denormnator w + 1 , w+ a, m +5, « + 4, 
€?c. in place of m .* And it appears, that, in general^ ifwe fub- 
ftitute fijcceffively «», « + 1 , « + a, « -I- 3, £?j. in [dace of « 

in the fraftioD ; - " 'T ' " " ' » (where the faftors in the 

denmiiDacor are fuppofed to be ccHitinued till didr namber be 
»-f- 1,) the terms that fliall be (Muduced in this manner Ihall 
fonn a prc^relBon the value of which is found by fubftitudn^ m^ 
in the denominator of that fra£Uon, in place of the laft and jg^reat- 
eft faftor. This nfeful theorem has been demonftrated by fe- 
vcral eminent Mathematicians, I>. Taylor, Mr. Nicole, and 
of late by Mr. Stirling *, who has much improved the me- 
thods of aN)roximattng to the values of pr(»;relIions that arHe 
in the refolution of problems. It is obvious vKXsy art. 354. how 
ijbe fum of any given number of terms may be found in the pro- 
greflions we have defciibed. 

3i8. The feme feries ^, jj;^ jj^^, ^, - - - ^^, ^c. 

■faein^ aflbmed, where m is fuppofed to reprefent any quantity tt 
-plealure, and n any integer number \ let a new progrellion be 

formed by taking the difierences of the firft term - and of „;x;» 

and 



■ t>e (ununttioac rcricrum, prop. 1. 
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■ 1 'r - > sod ^ o°> Becflufe the difierence of dw deoomi* 
natois of thoffr fnfUoiiB is always s, it is manifefi that the 
terais of the new piogreffion ihail be ^ - V_^ , w-t-i . »4.»X ' i » 

-l-» w-Lj T"* ^^' '^'^ valoeof this pn^refOon is fcHHid1i7 
fununiag up all the tenns in the firil feries that preceed the tenn 
•—r-, by art. 354. the niunber of which terms is a. Hence . 
it appears, that when n is any int^ei number, if we fnbftituce 
fucceifivcly w, iff+i> ffi+3,.M+3»-€^^< iaplace of » in ttic 
&a£tion —■■ ■ ' ■ 1—, the value of the piogreffionthat IhaU be thus 

fchned' is equal to ~ — }- -■ '^^ -.-^ V—. -j. y^. thbfe 

terms being continued cill thdr number be n.. Bat when 8 is a 
fradion, the value of .the progreflicMi that is ibnned in the £une 
manner cannot beiiffigned accurately^in numbers, bat we may 
approximate to it readily by. a method explained below, (arc 
301.) Several eminent Mathematicians have treated of.jiu8 . 
iui^^fl, befides thole already- mmtioned, as Mi. Leibnitz, . 
Mein BEa.Nouij,i,.andMiu,de Moivre; and .various mfr- ■ 
thods have.beeB ^ven by. which an infinite variety -of-fuch pro- 
greflions may be Jtound^. The following pechaps may be w^uth . 
n;entioning. 
7'jo.i47> 35$!'. ^^^ "gilt line AB being given, Jet tBe pomt F fet out 
from A towards B, and proceed always in the fame direftioa 
with an unifonn motion \ let the pixnt p fee out at Jjie fame - 
time from Biowards A with a velocity greaterthan that of A; . 
And let it be. conftantlyT Deflected withau uniform motion bo- - 
twixtP and the fixed^wbtB, fo,a8todefcribeBD while P do- 
fcribes AD, and to defcribe DB + BE,, EB+ BF, FBl+BG,.. 
yr. in the fametimes that P'defcribes DE, ER, FG, ^c: refpe- 
ilively : Then the ^ces dsfcribed by P- and p betwixt the ■ 
terms whe.B they meet each other ihall fonu two geometiicidj 
pEOgrelGons, and the common rauo of the terms in both ihall •, 
be..th»t of thefum.of thevclociueaof.P and .^ to theirdiife-- 

teiue.. 
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TCDcc ti we fiippofe die velocity of p to iocreafe or decieale 
every *une it comes to B, (but ftiU fo affto be greater than th« 
connaot velocity of P,) and to cootJQue-aailorn) till it return 
figain to B, the jjpaces defcribed by P betwixt the tenns when 
it meets p fhall fonn progreflloas of various kinds, . thit are ea- 
fily determined when the roleis given according to which the 
velocitYofp increafesopdecreales. Buttoobuinprc^reifions 
whofe terms may have moce>fimple wpreOions, .let us conceive 
p not to be refleSedftom P to fi, but every time it. meets P to 
be inftantly brought back to B» .and to fet out anew from B tx^ 
watda A till it meet P again, (b as to defcribe BI^ BE, £F, BG, 
Ejr. in the fioe times, tefiie^velyj that P defcribes AD, DE, 
£F, FG, &£. ^heh the fpaces defcribed by P fliall &nn a pro- 
greffion of terms that may be continued without end, when the 
velocities -4^ -P and p '(however variable they may b^) are al- 
ways in an affignable ratio to each other while P aelbibes AB; 
the fum of thofe terms is always lels than AB, but ai^>roaches 
'.to it as its limit while the progreflion^is continued. Sumole 
the motion of P to be invariable, and the motion of p to be u- 
■niform while T defcribes any one tenn ; let the conftant velo- 
city of P be cxpreiTcd by « ; -and the veloddea of p, while P 
delcribes any two fucceffive terms EF, FG, be cxprefled by V 
and «, rripeoively : then ihall FG be to EF as V is to w +'«, 
becaufe FG is to BF as m b to m-^Uy and BF is to EF as Y 
is to fM. The fum of any number of terms defcribed by P| -as 
AG, is found by fubdu£hiig from AB a. ri^ht line that is to the 
laft term FG as a is to m ; ibr fuch a line is equd to BG. 

960. The velocity of P bein^ exprefled by f», (asiu the laft 
dracle,) let the fuccefRve velocities of p increafe equally, and 
be exprefled by 0+1) "+i) »+3) »+4> S?^' and let r be 
equal to «+"■ Then, fince AD the firft term defcribed by P 
is to AB as « is, to r+ 1, if AB reprefent unit, ADJhall be cx- 
prefled by-^. The ratio of "Vito m-f-u isfacceflively diat 

of»4-i tor+2,B+2 tOf+3,«+3tO'+4,€;f. There- 
ibre, fuppofing (after Sir Isaac Newton's manner) A to ex- 

jpnls the fitfl term ^-x^, B the lecond term, C the tlurd, and 

P p a fo 
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ib 00, the terms defcribed by P are ~., ^^' , -^S^»''7X> 
^c. The limit of the fum ctf thia progieffion b AB, or unit j 
ind the fum of any nomber of terms denocied by 2, the kft 

tenn bekg /, ia i •^~^"^^- Foi example^ if we fiippofe die 

firft velocity of p to be equal to the coollant velocity of P, 
and the fuccelEve velocities of p to be i, 1, 3, 4, yc. that is,, 
if ffi be unit, and n vaniih, the terms defcribed by p fhall be 

^^, ■ — y - — y -^> ^c the fum of which muft. be always lei* 
than unit, aa in art. 355. Any term FG wht^ place in the fe-^ 
lies is denoted by 2 is ' _^ ' ^ and therefore AG, the iiun-oC 
as many terms from the begiiming as there axe units in «, is 
(by what was fliewn in the laft article) -^ ; and the fum at 
the lame number of fractions, that have unit &r their common 
numerator, andthetriangoUrnumbers i, 3* <S io» ^<^- f°^ their 
focceflive denominators, is aAG, or rxT* "^^^ ^^ remain- 
ing, if wbee^nalto 2,tlietenn8deicrH)edby P fliali'be~— , 

I — _ - ■ ■.. * ■ [ ■ ■ ; and the fam of the fame number of fraftiooi 
that have unit for their common numerator, and the pyramidal 
numbers for their fucceflive denominators, is I"— .JXTTTTi* 
In the lame manner it will appear^ that, the fucceflive velodties 
of ^ being reprefented by i, 2,3, 4, iSc. if the conftant velo- 
city of P be exprefled by any poiiuve integer number m, the 
fiuQ. of the tame number of fradiona that have unit for their 
eommon numerator, and the iignrate numbers of the order-- 
«+a for their liKceiEve denominators, Ihall be to AG as - 

at;>|:Utt co.fl>,.afid ii cberefbre equal. to -^^mukiplicd by the- 
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•icefi olm+t above the fhaion '■»■«•'"■ ' ^^ 

the faiftors are fuppoled to be cominued in the numerator and 
denominator tUl the number in each be la ; as has been demon- 
flrated by Mr. Be»noui.li de feriebus injinitis^ J 18. & 10 

361. Suppoflng » (fill to vaniih, or ra to be equal to f, the 
temisde&ribed byP are -?— , , " — j— , — , — * ■ *"' 

i»i+i.»i4-y.»+3.w+4 * ^^* ^^ ^"" ^he limit of their fuin 
U unit, it follows (dividhig by ram) that ^ ia the li,Tiit of 
the fora of — ^-,, I , '■■ ; 

» .«.+!. i»+, .„4.j . „_).,> y*^ From which, and what was- 
ihewn in art. 5 jy. it follows, that we approximate to the fum of 
the terms which aiife when we fubftitute fucceffwely », i» + 1 , 
»> + a, ra + 3, yc. in place of ra in the fiaSion — , by funmiing 

up the ieriea i, }• — , '^ * • ? ' 

«^»i» .«+i' ^. »+*•'»+» 4« .»+i .i»i+». ni+5» 

^'- °' i r:^ r^.' r^3 > ^'- "'■"= * ''P"*""-" 

the firft term I, B the fecond term, and fo on. Of the ule o£" 
this, fee Mr. Stiuling's ireatife dt fummatinni firitraa, p. 28. 
In general, when n does not vaniih, wefoundthat unit lathe 
limit of the fum of the progrefhon -^ , *'*+' ^ ■*-*•» 

■■6 r+i' r+, ' ,+j. >. 

^~J^,SSc- Therefore, difidhig by III and r, -i^isthewi- , 

lue of the progieflion — U~, f"f~' . »+' .»+«■ 

. __, J^__ ' '•^.r-'+< •'+'*'•'+■ •'+»•'+}' 



I - ■ ■ ■ TT» • • -p* > . < -pi . r-p» ■ r-^^ 

[. And, by an. 3 w. we Aall appproidmate to the iam ofther 
rms that anfe by- tobflituting. fucceffively ry.-r + lyr + 2, ^c.. 
m ^e o£ r iathc ftaftion j;^. of—^ if we fim^op tKt- 



terms 
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«-« P .l^r^ ^^^^.^^- ortheferie. t + 1^; 
+^ii^4.l£i^ + ejtf. When ff is any Derive fiaaion 
eq^ual to — f^ ^ becomes — ^_r ?, and the leries becomes 

T + 7^ rf *ff^ + '-^I^ + -t^v ■*rf»ich therefore 
approximates continually to the fum of the terms that arife when 
^ '■ + i» »" + *> y^' wefubftitutedfucceffivcly forrin^TA^j 
arid this agrees with What is ihewn in a diilerent manner iii the 
fame excellent treatife, p. i a. &'26. wheretbis (oies is applied 

for finding rea<my the Talae of cbeprogreflion-^ -{7^ -{- -i- 

•t ;jjy + ^< + C?f* tl^ T^w invented by Lord Bkovnkek 
for thfi qoadratuce of the hyperbola, 
■f iG. 148> 361. Let.the point P move now in the nEfat line BA ptodo- 
eed beyond A, and the velocity of p be always greater tlian 
that of Pj^thtt it may overtake it; let the raotioo>of P be ftiU 
tuufbmi) aDd.it8-.valocicy be represented by fB ; and'Iec the fuc- 
celHve velocities of p by which it defctibes any two terms BEi 
BG (while P defcribes EF and EG) be V and 0, refpeaively. 
ThenftiallFG be to EF as V is to u — w, becaufe FG is to 
BF as m is to » — n, and BF to EF as V is to ni. The fum 
of any fpaces AD, DE, £F,FG, deleiibcd by P, added to BA, 
(which is fuppofed to reprefenr unit,) is EG, which is to FG 
the laft of thofe fpaces as u is to 10^ and if FG.theJaft term of 
die progreflion be expreiled by /, then BG (the fum of the terms 

includmg AB) fliall be - . When the motion of p is likewife 

unifbnn, thefpaces described' by P continually increafei&a-geo- 
meirical progreifion : ^e common ratio of tbe terms is that of 
the velocity of f to Its excefsjibevethe velocity of P ; AG the 
ijim of any number of terms defcribed W P is found by fub- 
dufting AB (or unit) from BG, which is to the laft teim FG^ 
.as. the velocity of p is to the Vfiloctty of F, or as the number 

■dbat 
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that ex{KefliiiB the common ratio of the tenns U to the lame noin* 
ber diroiniihed by unit : And- hence the common rule for find- 
ing the film of anynumber (^^nm io b geometrical progteffioa 
may bfrdedoced,.- Wbentfaecoaftaat velOcity«f F is (knoted 
by m, andtheiiicccffiTe velocities of p by r-f-iyi'+Sj-r+a, 
&c. let« beequal tor fff^vid the terms ddlcribed by P Ihall 

be -^, — -T^i '^ ' — 1 €?«- where A-reprefenia the firft term, 

S the Kcond, and fo on. And if we prefix AB, or unit^ to 
thc^e tenns, the-fum of.any Qamber^nom the b^inning 10 
the tenn-wbofe. pkce. is denoted by % fhall be to this tenn as 
si.-fr — xAi to m,- Wban-M is an integer poBcive number, - 
and r is equal to m, (tir-n vam'fhes,) thefe terms are the figurate 
numbers of the order denoted byw, thcfecond huraber ofeach 
order (or the firft^ipaee^defcribed by^P) >beiBg-m. lathiacafe, , 
ivhen m is unit, each term is' equal' to ABj or unit: Wlien m 
is 3, the terms-are in arithmetical progreflion, ^he lafl tenn is 

«, and the ftun of the terms -- ^j ^ ' - When m is 3, the turns 
axe thfe'tria'ngi^ numbers, the laft term is — *"^ -) and the 

fum of the terms is * ' ■— Y' 1* •' An<^' in general,' the fum 

of the %urace nambers of .any order m • fiom the fiiA, or unit, . 
to the lail, (Vyhofe ^^^^c&. is fuppofed to be denoted by js,) is 
found by mulriplyng tMs kift by *T**"~ * ^ or by • computing 

~ ^!i*t*4t^^ '/^V -wfifere the feaors are fuppofed io hte 
continued in the numerotorand denominator till there be as ma- - 
ny in each-as there.are units in.sr.- We -mig^ fuppolexhe v*- 
Ibcity of pto-obferre other rules, or th&velocity of P to vary 
Kkewife ; Uur, not-.to-infift; further on-this^fubiea: here,, we- 
ihall only add, that there are other, methods besides that delcii- ■ 
bed in art. 350. & 3^1. by which. it may be known whai-» ■ 
pnogreffion of fraSionshas.a limit^oi not; fuchiathe rule gt- - 
ven by an author we have often nwnrioDed,-Thtt whea A,B, 
C^ are any^ftccellire teims of the prpgKlfioa «c a lu&ieoc- di- - 

ftance^- 



,y Google 



304 Of the Curvature cf Lines, Book I. 

iUnce from the begiuning, and the ratio of A to C is lefs dian 
the ratio of che t^flerence of A and B to the difference of B and 
C, the ptogrejfion may be continued till its fum exceed any gi- 
ven namber; but when it is ocherwife, the fum of che progref- 
fion has a limit. 



C H A P. XI. 

Of the Curvature of Lines, its Variation, and the dif- 
ferent kinds of Conta6l -, of the Curve and Circle of 
Curvature, the Caufiics by Reflexion and Refract- 
on, the centripetal Forces , and other Troblems tbaf 
have a dependence upon the Curvature of Lines. 

363. A Ny two right lines applied opon each other, perfed- 
£\. lycoiodde; and the reftitude of lines admits of no 
variety. Arches of equal circles applied upon each other, per- 
.fe6Uy coincide lUcewife \ and the curvature is uniform in all the 
parts of the fame, or of equal circles. Arches of unequal circles 
cannot be applied upon each other lb as to coincide \ but when 
they touch each other, che arch of the greater circle is le& in- 
flet^ed from the common tangent, and pafles betwixt it and the 
arch of the lefler circle through the angle of contact formed by 
them, and is therefore leis curve. Any two arches of curve 
lines touch each other when the fame right line is the tangent 
of both at the fame point \ but when they are applied upon each 
other in this manner, they never perfectitly coincide, unlefs they 
are limilar arches of equal and Hmilar figures : and the curva- 
■ ture of lines admits of indefinite variety. Becaufe the curvature 
is uniform in a given circle, and may be varied at pleafure in 
- them by enlarging or diminifhing their diameters, the flexure 
or curvature of circles ferves for meafuring that of other Unei 
There is but one right line that can be the tangent of a given 
arch of a curve at the fame point ; but circles of an indefinite 
variety touch it there ; and thefe have various degrees of more 
and lefs intimate coatad with it. 

364. As 
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■ 364. As of all the rigfac lines that can be dfawn throueb a 
given pcrint in the ardi of a curve, that is the tangent wnidi 
touches the arch lb clofely that no right line can be drawn be- 
tween them, (ait. 181.) io of all the circles that touch a curve 
in any given point, that is laid to have the fame corvatare with 
it, which touches it lb clolely that no circle can be drawn throudi 
the point of contafl between them, all other circles palling ei-* 
dier within or without them both. This circle is caUed the 
cirek of cuTvaturej its center die center of eut*oaturej and its fe* 
nidiameter the ray of curvaturey belongug to the point of coit- 
ta^ The arch of this circle cannot coincide with the arch of 
the curve, but it is fuiScient to denote it the circle of curvature 
that no otha dnJe can pals betweep .them ; as the tangent of 
the arch of a curve cannot coincide with it, but is appUed to it 
fia th« no right line can be .drawn between them. . As in all fi- 
gures, redilineal ones excepted, the pofirion of the tangent is 
continaally varying ; lb the curvature is conrinually varying in 
all curvilineal figures, the circle only excepted. As the curve 
is ftparac^d from its tangent by ia flexure or curvature, lb it i» 
feparated from the circle of curvature in confequence of the in- 
CKafe or decreafe of its curvature : and as its curvature is the 
greater or lefs according as it is more or lefs infle<ded ti'om the 
tangent, fo the variation of curvature is the greater or lefs ac- 
0)rding as it is more or le& feparated &]m the circle of curva- 
ture. It is manifeft, chat there is but one circle of curvature 
belonging to an arch of a curve at the fame point \ for if there 
were two fuch circles, any circles defcribed between thefe through 
that point would pa& between the curve and ctrde of curvature, 
againlt the fuppofidon. 

y6$. When any two curve lines touch ead) odier in fuch a 
manner chat no circle can pals between them, they muft have 
die fame curvature, by the 1^ article j for the circle chat touches 
. the one fo clolely that no circle can pals between them, muft 
touch the other in the fame manner. It will a[^)ear from the 
fbllowing propolition, that ciides may touch curve lines in this 
manner, that there may be indefbitc degrees of more or left 
indmate contaft between the curve and the circle of curvature, 
and that a conic fe&ion may be de&iibed that IhaU have the 
Q^q fime 
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fanpie amteove vi'kh ti -gkoa I'me at a given pouit, and the fimier 
vsriation of curvfltorfc,. ot a comad At' the iame luud iwich ^c 

didle of curvatute. 

P R O B. XKXiU. 

366. Lef aMy.curve ENTH and a cine leZK'R toueb the 

right line £T on the fame fidv *? .E 3 let any rsigbt 

line XK .pmalUlto i-he cim^ S& meet the tangent 

in T, EMH in M, ^«/ « «ff^^ "BsKf thatfaffes 

Fig. 149., .through iB /» K. 7*«it. // iP**^ ^etHngie MTK- fe^ 

& 15°- always equal to the ffuare-of^T , ti^e curvature -of 

' EMIH <ar £ >«// he the fame as that of the .circle 

ERB ; aud the contaB of EM and ER fism he always. 

the clofer the lefs the angle is that isoontained at B. 

ky-theeurve ZlLYaud toe circle\of curvatt^re .^QZ. 

£.etthe tight Uiie TK. meet the: ciicle-tn Rand in Q^,.aQd^ 
fioce the re^Ungle RTQ^ is equal to the iquare of ET, it muft- 
beeqttal.cochejedangle MTIC, by theiiippoficion^, and tfaejd- 
EiG. i49.fore R.T ia to MT as TK. is ts TQ^ Buppofe firftthat BK.. 
the part of the curve £lf.F tbotis nuic^to the point Bj.ac^ia- 
iog to i;, falU without the Click HQ^; and fuf^Ki&theFt^htUoft- 
TK by moving parallel to itfelf to aj^roach to -EK tlU it coio*- 
cide with it \ and wUle the poiLt K de^cnbes ILB, TK beii^. 
greater than TQj. RT muftbe greater than AIT, and the arch- 
£M of the curve muft pafs witiiout the circle ER. betwixt ic- 
and the tangent ET : And iince any ciccle defciibed through. 
E, iqwa a. oiord lefs than £B touching ET, falls within the: 
circle ER.B, it ia manifeft that no fuch circle can pals betwixKi 
<he curve EM.and.circle EELB. Let any circle ErA>. defcribed 
opon a cbord-E* greaiei-than EB, touch ET, and meet TK. iti< 
n and q ^ and, flnce the reiflangle rTq is-eq^ to the {quace .o£. 
BTj.orthe reftangle MTK.,.MT is torT aa Tjis to TK.: 
And,.]iacexhe cuwe £KB pattes dicot^h-B (by the fuppo&tioo) 
Ip th»t the part of it that is next ad^oinuig to » mud be within 
the.aich.^9.of ttuxiide^^.icfoUowa.ih»t.while-K.ddicrtbefr. 

ihi*.. 
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4his pare a£ FKB^ T9 nofi be gvater dua TK, and, confb- 
qKntlyr MT gruicer xkasi rT, Therefore the aicb Er of the 
circle fij-^ is withocc the curve EM» and pafib berwixt it and 
the tangent £T. Tbeidore no dnie whatever can pafs b&- 
«wht EM the azch of the cuive and EB-dK arch of the dicle^ 
aad, confequenily, the dicle ERB haa the fame cravature with 
EM at £. Sappofe now that the past of the carve filCF thatFiG. 15a 
u neit adjoinittg to B falla witMn BQ^ the arch of the circle 
BQE ; then, w^e. K. delciihea- this pen. of the curve FKB, 
TK being left than TQ^, RT rauft be lefsthan MT, aad the 
occh EM of the carve BHifi. iaUi within £R die aitih. of the 
circle ^ and, fiace any drcle ddcnbed droogh £ apoo a dioid 
greater than EB £ilJs withoot chccicck- £R» it is auuiftft-thac 
no fuch circle can pa& beewixc EEL and EM. Hoi can any 
circle Erk, defcf^iedLUpQaarchord E£ Ids than £B» touchii^ 
ETy pa£ between ER and EM - foe kc TK. meec this dide 
io,rand5,,and MT being to rT as Tf is-toTK> andTf be- 
ing lefa than IK while K. defccibes the pact of the curve FKB 
chat is otxt a^oiniog to By MT rm& be lefs thw. rT ^ and^ con- 
feqneoily, the arch Er ot the circle EHr nrofi &U within EM 
the arch of the- ctuva Tbsrefore, in either cafe, all the circles 
thgtcan bedd^beddMOugh E Ml wkhoot both ER and EM, 
or within tbem both, and no circle whatever can pafs between 
theno^ when the leA^le MTK is ^waya equal to the fqaare 
of ETy andchecurrein which K is always fetiod paflea through 
fi ; that is, the. carcle ERB and the curve EM We the fane 
cuiTatave at E, by arc ^^4. which was the ficfl paie of dale 
.propofitioD. 

367. Let Em any otho: carve couching £T in £, aad/ifiFie.ij^* 
aDOcher curve paffing throngh B, meet TK. ut m and k^ and kc 
the cedangle mTk be likewife equal to the iquave of £T ; then 
thecatvacure of EwacBfli^ bethe£mie as that of the drcle 
ERB, or that of the curve EM, by wbachasbaen demonfli^ 
ted. Becaufe die redx^les nT>t, MTK, RTQ^ are equal ID 
.each other, Tim is to TM as TK. is to T^fc^ and TfatnTRas 
TQ^ is to 'Ti. Therefore, if the arch B* pids batveen fiK, 
ijbe arch of the curve BKF, and BQ the »chofthe circle BQE, 
die carve Em muft pais between EM, the arch of tktc curve 
Q^q a EMH, 
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EMH> and ER, the arch of the circle of curvstuK EKB ; f» 
chat £m muil have a dofer conud with this circle than EM haa 
with it : And the left the angle u that is formed hy the carve 
FKB and the circle of curvature EQB at B, the clofer is the 
contact at E of the carve EMH ana the ciccle of curvature 
ER.B. Thus the carve BKF by ita interfeaion with EB deter- 
ininea the cutvatare of EM, and by the angle in which it cogs 
the circle of curvature it determines the degree of contad of 
EM and that circle, the angle BET and right line ET being 
given. 

368. Coi.. L It appears fiom the demonftrauon, that acco^ 
ding as the arch BK of the curve BKF £dl8 without^ or witl>- 
in, the arch BQ^of the circle BQE, the arch EM of the curve 
EMH &lla without, or within, the circle EKB \ that when the 
curve FKB cuts the circle ER.B in B, the curve HME cuts the 
circle of curvature in £; that when the curve FKB is on the 
fame fide of the circle BQE on both Odes of B, the curve 
HME continued on both fides of E is on the fame lide of the 
circle of curvature ', and that the comaSt of the curve EMH 
and the circle of curvature is clofeft when the curve BK touches 
die arch KQ^in B, the angle BET being gtven^ but it is ianheft 
from this, or i» mofl open, when BK coaches the right line EB- 
in fi. 

36^ Cor. II. There may be inde&iite degrees of more and 
more intinute contaA between a circle ERB and a curve EMHk 
The iirft degree is, when the fame righ( line touches them bc^ 
in tbe fame point \ and a contad of this fort may take place be- 
twixt any circle and any arch of any curve. The lecond is, 
when the curve EMH and circle EKB have the fame curvature, 
•nd the tangents of the curve BKF and circle BQE interfeft each 
othei^at B in any affignable angle, 'the conta^ of the curve 
EM and circle of curvature ER. at E ta of the third degree, or 
order, and their olculaiion is of the feonxl, when the curve 
BKF touches the drclc BC^ at B, but fo aa not to have the 
fame curvature with iL Tbe contaA is of the fbunh degree, 
or order, and their otculation of the third, when the curve 
BKF has the fame curvature with the circle BQE at B, buc 
fo as that cheixcouad Uonly of the iecond degree : And tbi« 

giada- 
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gradatioD of more and more intimate conta£(, or of approxi^ 
madon towards coincidence^ may be continued indefinitely, the 
contfld of £M and £K at E being always of an order two de- 
grees dofer than that of BK and BO at B. There is how- 
ever an indefinite variety comprehended under each order. 
Thus, when EM and ER. have the &me curvature, the an^e 
formed by the tangents of BK. and BQ admits of indefinite 
variety, and the conudt of EM and ER. is the clofer t£e left 
chat angle is : And when that angle is of the fame raagnitade, 
the contad of EM and ER. is the Uofer the greater the circle 01 
curvature is : for fince TR is to TM as TK is to TC^^, RM 
j[ which fubtends the angle of contad MER) is to TR as KQ 
is to TK \ and, coofequently, RM is to l^Qas the fquare ot 
ET is to the reftangle KTQ^ fo that, when ET is given, RM 
is as KQ direflly and the leccaogle KTQ^inverfely^ and when 
KQ^ is given, RM is lefs in proportion as the redangle K.TQ_ 
is greater. When BK touches the circle BQ at B, they may 
couch it on the fame, or on diffetent lides oi tEeir common tan- 
gent; and the angle of contact KBQ_may admit of the fame 
variety with the angle of coDtaft MER in the former cafe. Bub 
as there is feldom occafioa for confideiing thofe higher degrees' 
of more intimate coniaft of the curve EMH and circle of cu^ 
vature ERB, we ihall call their cmta^ or ofiulatim of tbe/amt 
kind, when, the chord EB and angle BET being given, tin 
angle coniuned by the taageois of BK and BQ^ i» <^ the fitme 
magnitude. 

^69. CoK. III. The curvature is aniform hi die circle only. 
Woen the curvature of EMH increafes from E towards H, and 
conlequeatly correfponds to that of a circle gradually lefs and 
lefs, the arch EM falls within ER the arch of the circle oi 
curvatuiei «id BK is within BQ. When the curvatorc of EM 
decreales from £ towards H, and confequently correipends to 
that of a circle that is gradually greaur and greater, the arch 
EM falls without ER the arch of the circle of curvature; and 
BK is without BQ^ According as- the curvature c^ EM varies 
more or lels, it is more or lets unlike to the uniform cnrvature- 
of a circle ; the arch of the curve EMH feparates more or leffr 
from the arch, of the dicle of curvacuie ERB, and ch« anglb 



,y Google 



3IO Of the Curvature of Lines, Book 1. 

.coDtamed by the taogencs f^ BKF and BQE at B is greater or 
Icls. Thus the quality of curvature (as it is called by Sti I- 
.SAAC KiwTON ID a treatifft lately puUliihed by the iiigcuoiu 
Mr. COlson) depends on- the angle contained by the tangents 
of BK. and BQ^at B; and the meafure of the ineqaabtlity orvar 
liaiton of curvatuFe la as the tftngenc of this angle^ the radius 
beii^ gtveu> and the aagle BET beii^ right ; rar the index c^ 
this variatioo is as the fluxion of the cay of curvature dire6tly 
And the fluxion of the curve inverfely : aod we Ihall ihew after- 
wards (art. 386.) that the fluxion of TK whea M comes to £ 
is always to the fluxion of the ray oC curvature in th« invariable 
ratio of two to three. The meifiire c^ the angle of coutaA 
MER, contained by the curve and circle of curvature, depetids 
not on the an^le in which BK ioterieds BQ_, only j hue is » 
the tangent' ot this aagk dicefUy aod the fqcuuie of the ray of 
'Curvature inveriely (as will ap^ar afterwards) when the tan- 
gents of BK. and BC^ interfed each other in any .alBgnatde 
angle; and this meafure obferves other pix^>onions when BK 
touches BQ^ at B, 
P1G.151, 370. C»R.. IV. The aysof cufvatureof fimilaraiickesinfir 
miiar figures are io the fame ratio aa any homologous Unes of 
-fhele figures, and the curve BK. cuts BO in the fame angle, or 
l^e variadon of curvature is the fame. For let £M and eta be 
any limilar arches ficoated as vk defcrihed in an. 122. ib that, 
S being a given point, if SM meet £M and tm in M and a^ 
SM may be always to Sm in the fame ratio as SE is to Se. Let 
SM and Sm meet the tangents ET, et- (which are^parallel to 
each other hecaufe the figures are liunlar and fimilaily fiiuatetQ 
■iu Z apd JK ; and MZ ftiall be. to mz, TM to («, and ET co rf, 
■as S£ is to S& Therefore, Hnce the redangle MTK is to mtk 
as the iquare of ET ia to the iq'uaieof^f, TK is to tk^ MK to 
tnkj and SK to S^ as S£ is to S« ; and the figiues SELB, Skk 
.are hkewife fimiUr by ate. 12a. Therefore £B b to eh as SE 
istoS<; and (because the angles BET, ^ are equal) the rays 
fOf curvature are in the fame rado. The tangentsof BK and l>t 
.at B and h are parallel, and cut the circles cf curvature BQ^snd 
hq in equal angles : Therefore the variation of curvature is the 
fameio fimilaruches. Whenchetat^eDtdrBKcotsthetangeot 

of 
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«f BQ^Ki aity affign^^ uiglr^ tbe meafiaes of the angles of con- 
tad MEIt. and Mo-'contvned by rimilar arches and their circles- 
«f curvature, are icdprocelly u chc %uare9 of the rays of cur- 
vature, or of Hvy homoLc^ous iioet -of she %Hres. When 6K. 
touches ftC^' but fo as not to bave she fatne curvature with it, 
llK4e-meafure« are leclprocaUy as tbe cubes of the fays (^ cur- 
vature. WheB £K. touches aQ and haB- the lame curvature 
wl£h ihy and riieir -contad is of nie iecond degree only ; then- 
4u3fe nieafureeaEe reciprocally as the fourth 'powvn of tbe rap 
tffcDvratUFe, 2.T16. fotiti, as wiUr-appear afterwards. 
' jyj. Gc«..'V. iLet'the curwefi^H, for example, be apara-Fio.153.- 
bci^, E;Btt'dntneieF, ET the -tangent at E^-and^ beca^lethe 
leStaa^^ contained by TM and the 'parameter of the diameter 
£iB 4s -equal to the fquaie of £T, or the vedanglc MTK, ic 
followSy'thst TK is^lways eqwd to this panaineter^ that in tihis 
eslfeBK isaiughtltncparaUel to the tangent ET, and i!hat it -lo- 
terfe^s '£B 'vahk that £S -is equal to that parameter. Thefc 
fere, 'if upon ehe dkuneter qI( a parabola a ng^t line £B be ta- 
ken from £ the vertel of ithia dtameter equal to ids popamccM-, . 
a civcle ERB delcrlbed upan this tight line as its chord, thoE 
touches the parabola.' arE, Ihall be-the circle of curvature. Be- 
canfe the right Ihie BK cuts the circle BC^ in B, vnlefs when 
£ is the vertex of the 6guFe, the parabola cuts die cirde of 
curvature (^ac cafe'oxcepied)' and pafles within tbe circle ,o£ 
earvaiunt when Jt is produced towards the veicex, bix without 
it when produced the contrary way. When a ^labola.EMH 
«id any curve EirjE) have the fame curvature oc £, no parabola- 
can be drawn fhfoogh E betwixt EMH aod E«i^ for ruppo- 
fing'theret^ngle'MiT'jt tO'<be always eqoal tothefquareof ET^. 
die curve fk. IhaH pa& through B, (by the foppofidon : y AvAt 
ic is ihewo, in the very lame manner that this- propofition wa«r- 
demonftrated, that any other panibcrfa defcribed through £ ihalt 
either faill wttlloac both EM and Em, or widiin them both.- 
Hence tbe chord o£ carvatuie EB of avy-corve Enrii is'&und,. 
when the paSibola is^lecermined that^touchea ic lb clelely-tbat- 
■o pwabola can pals between them. 

379;.. €oa^ Vfi.- Let EM be an hyperbolik, AF and: AH tboFiff. Fjfl. 
•fynptotes y let-ihe tangtDt.E'S meetibe-af^pn^ce AB.in V ; 
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let the angle EVB be made eqaal to die u^le HAP ctxttained 
by the afymptotcfi, and VB meet EB parallel to .the a/ymptoce 
within the cutve in B : thea « circle de&ribed upon the chord 
EB that touches ET fliall be the circle of curvature. For, in 
this cafe, the point K ii always found in the right line Vfi ; 
becaiife, tf MT produced meet EP parallel to Mi in Z, «ad 
TG parallel to V B meet EB in G, then, beca^ufe of the fimilar 
triangles EZT, ETG, the redangle coDtaioed by EG and 2T 
ihall be equal to the iqnare of ET, or the re^ai^e MTK ; 
and TK ihall be to EG as ZT is to TM, or (by the propetrie* 
of the hypetixjia) aa P2 is to EZ, or VT to TE, or GB to 
EG ; cbereibre TK. is equal to GB, and K is always found ia 
the ri^ line VB. Becaa&VB cuts the aide BQ,,unlel«whea 
the angles EBV and BEV are equal and con&qnently E is the 
vertex of the figure, it follows due the h^nierbola cms the circle 
of curvature in all other caies. Whoi £T thetai^ot(Mr any 
curve £M and BV the tai^ent of the curve BK are given, aa 
hyperbola may be de&ribed through K, that Audi have the 
fame curvature with EM and the fame variation of curvature, 
or a contad with the circle of curvature of the £une kind, by 
producing thofe tangents till they meet in V, and defcribing 
through E an hyperDola that has an afymptote through V pa^ 
rallel to EB, ana another afymptoie through t (Ef* beii^ taken 
e<^ual to EV upon YE fHoduced beyond E) that coaflitaees 
with the former an angle aAY equal to EVB, or chat makes 
the angle EtfA equal to EBV. 
Jic, 15J. 373. CoR. VIL Let EMH beany conic feabn, ET the tan- 
gent at E, HI a ungent parallel to £B that meets ET in I, and 
let EMH meet EB in G. Take £B to EG in the fame ratio 
fis the Iquare of £1 is to the Iquare of HI, or (when the co- 
nic feStum has a center) as the fquare of the femidiamettr 0# 
parallel to ET is to the fquare of the femidiameter OA parallel 
to EB, and a circle .delcribed upon the chord EB that fouches 
ET fhall be the circle of curvature. For let TM meet tbe co- 
fuc.fe^ic») agam in.f»^ and, fince the redangle MTm 19 to the 
fquare of ET, or tbe rectangle MTK, as the fquare of HI >s 
fo the fquare of £1, Tm is always to TK in the lame ratio ; 
iind, ccffiicqueotly^ the pcunt K i» fdways -found b » conip fcr 
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^ioo, that meets EG in B To tbac EB is to EG as the fquare of 
EI is to the Iquare of HI. Let GV the tangent of the firft co^ 
xnc feilion EMG at G meet ET in V; and, becaufe Tm is to 
TK in an lovaTiablc. ratio, and their fluxidni are in the fame ra- 
tio, it follows from prop. 14. that BV. ftiall be the tangent of 
The conic fetfion BK.F at B. Hence it ea^ly appears whether 
the arch EM of the conic, ftiAion falls without or within ,the 
■circle c^ curvature, and the different degrees of olculation be- 
twixt the conic feftion and the circle of the fime curvature 
may be compared together. For let any ionic feftion EMH 
meet the chord of curvature EB in Gj dtaw tht tangent GV 
meeting ET in V, join BV, and, the angle BET'being ^ven, 
the nearer the angle EBV is to BET, or the nearer the ratio of 
EV to BV ia to a ratio of equality, the clofer is the contaft of 
the conic fe^tion EM and 01 the arcle of curvature at E. Let 
the angle EBo be made equal to BET, and let Bi? meet ET ia 
% join Gu, anid of all the conic feftions which can hedefcribed 
through E and G having the fame curvature at £ with the circle 
ERB, that which touches the right line Gu has the clofeft coiv- ' 
taft with the circle : When BET is a right angle, or EB is the 
diameter of the circle of curvature, EG is in this cafe the axis 
of the conic feiKon (becaufe the angle EBu is a rig^t one,) 
EB is the parameter of tins axis, and when the points G and B 
are on the fame fide of E, EMG is an ellipfe, and EG is the 
^acer or the lefler axis according as EG is greater or lets than 

374. Cor. VIIT. The propofitions relating to the curvature 
of the conic legions, which are delivered by authors on this 
fubjeiS, follow from what has been demonftrated. i. WhenFio.IJ(S. 
the chord of curvature EB pafles through O the center of the 
conic fet^ion, A coincides with E, EG- is a diameter, OA^nd 
Co are coi^ugate femidiameters, and, Imce EB b to EG as die 
iquare of O* is to the fquare of OA {tn OE,) or as the para- 
meter of the diameter EG is to EG, it follows, that EB the 
chord of the circle of curvature is equal to the parameter of 
EG the diameter that pafles through the point of contact. This 
was Ihewn of the parabola, in arc 371. a. Let C be the cen- 
cet of the circle of cuivatuie, and (> be perpeodiculaT on th6 
R. r du- 
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diameter EG m ( } let Oj meet EC in K : and, the triangles 
EOH ^^ \xiva,% limtlat, the rei^langle CEN is equal to che 
redtaagle 0££> which is equal to the Square of Otf, becauf^ 
E^ is one half of the parameter of EG. Therefore the Iquate 
of the femidiameter Oa is to the rectangle contained by 0^ 
and EN, oi the invariable rectangle contained by h^ the 
tranfverfe and half the conjugate axis, as the ray of curvature 
CE is to Oa ^ and the cube of the fenudiameter Oii, that i» 
conjugate to OE which pafles through the pcHot of contad, U 
equal to the fblid contamed by the ray of curvature and that 
invariable rectangle, as is fliewn by Mr. de Moivke, Mi/c. a* 
'SiQ.i^.nalyt. p. 335. 3. Let EH be an ordmate to an axis of the co 
tiic feition, and, EI being in this cafe equal to HI, £B fhall be 
equal to EG, or B coincide with G : irom which it follows^ 
chat if E)H be drawn irom E perpendicular to either axis, and 
the angle HEG be made equal to HET on the oppo&e fide of 
HE,^ then EG ihall meet the conic fedion m the pcnnt G where 
the' circle of curvature and conic fe£tion interie£l each other. 
F16.158.' yj^ CoR. IX. To thefe we may add the following propei- 
iki.&3>tie8oFthe.^ircIe of curvature belonging to any pointofaconio 
USAon. 4. In the ellipfe or hyperlwla, let O^, the femidlamen 
ter parallel to £T the tangent of the fedion at E, meet EB, 
anychordof thecircleof curvature, in R.^ bifedEBini; and 
the redangle "BSi ihall be et^ual to the iquare of On. For> let 
the diameter through the pomt of conta!^ meet the circle of 
curvature again in ;, join Be ; and, the angle £«B being equal 
to BET or ER.O, the triangles EBe, EOR. are fimilar, £B is to 
Ee as £0 is to ER., and the redangle KEB is equal to tfaa 
•eftangle OEf. Bat E< is equal to the parameter of the diame- 
ter through £, by the firft property 01 the circle of curvaturd 
in the laft article : therefore the lenangle OEe (or REB) is e- 
qual to twice the fquare of 0<9, and the rectangle R.£^ is equal 
to the fquare of O*. When EB pafles through the focus, ER. 
is eqaal to half the tranfverfe axis j therefore the chord of the 
circle of curvature that pafles through the focus, the diameter 
conjugate to that which pafles through the point of contafl, 
and the tranfyeife axis of the figure are in continued proportion* 
it appears Ukewile/that when the fedicm is an ellipfe, if tho 
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circle of curvature at E meet Oa in d^ the iqnare of Ei Ihall 
be equal to twice the fquare of Oa \ therefore cJ is to Oa in the 
invanable ratio of the diagonal of afquare to its lide, or of the 
(quare root of two to nnit : and hencej when the point ot!coi^ 
ta£t 'E and theiemidianieter Oa are given in pofition and mag- 
nitude, the center of curvature is readily determined* 5. The 
light Une EG bang fuppofed to meet tne conic feftion in any 
two points E and G, and the tangents at thofe points to inter- 
feft each other b V, let EB be bifefted in *, join \h ; then 
t^e angle EVfi fhall be equal to the angle GEO^ or to its fup- 

Slement to two right angles ; and a circle through E, V and h. 
lall always touch the diimiieter that [>ailea through' E. For, in! 
the ellipfe and hyperbola,' if Op parallel to EG meet the tan-, 
gent EV in ^ the reftangle contauied by VE and Ep (or RO). 
Blall be equal to tbe fquare of 0<f, or to the redangle Jt-E^ ; 
and ET^ is to E& as RE is to RO. Therefore, fince OR is pa- 
isl\t\ to EV, the triangles REOi £>EV are Similar, the angle 
EVi is equal to REG, and a circle through E, V ind b touches 
£0. In the parabola, let EG be biTeded in^j and, fince EdFio.ijS. 
is to E/ as the fquare of EI is to the fquare of HI, (by art. 373.) n. 3. 
or as ue fquare of EV is to the fquare of E; ; it nillows, that 
the reftangle hZg is equil to the iquare of EV, and the angle 
EV^ e^ud to %V or GEO. Hthce when, in any conic fefti- 
on, the tangents EV, GV are given, and the dianieter through 
E is given m pofition, the point b and the center of cu^acure 
are readily determined. When any two points in a conic fe-Fia, i cS,! 
dion, as E and G, and the .tangents at tbefe pointa'EV andp.V.a.oC> 
GV, with the circle of curvature belonging to one of them, aa 
E, ai< given, the feftion is determined by bifeSing^^AaiXG*.,.^^ 
in h and ^, joining \b and V^, and making -dBeangfe JEL e- 
qual to iVE fo that EV and EL may be on oppolTte fides of 
E&.- for EL ftialLbe a diameter of the fedion, and if it inter- 
itSt Yg in O, then O ftiaU'be the, center of the figure j but if 
EL be parallel to V^, the figure i^ a parabola, .When b and j 
are on different fides of E, the figure is an hyperbola ; and 
when thefe points are on the fame fide of E, it is an hyperbola 
or ellipfe aiicording as the angle EV J i? greater or lels than 
^V. When two points E and G-of a come fedion are given, 

with 
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wkh EV the tangent at E, aryd the points B and D where the 
circlea of curvature at E and GmeetEG, the tangent GV is de- 
termined, by drawing from G to the tangent EV a right line 
GV fo that GV may be to EV in the fubduplicate ratio of GD 

Fie. i55.to EB. For if HI the tangent at H meet GV the tangent at 
G in **, H* and HI fliall' be eq,ual ; ap<i if the circle of curva- 
ture at G meet EG in D, GD fluU be to EB as the %uaVe of 
G( is to the fquare of EI, (by art. 373.) or as the Iquare of GV 

Fio. I59.rs to the fquare of EV. 6- Let EB be the chord of the circle. 

lu I..& l.of curvature that pafles through S the fociia of the conic fedl- 
onj let BX patallel to the tangent ET^meet EX perpencficufar 
to ET in X; and if XZ be perpendicular to EB in 2;, thea 
ihall EZ be equal to the parameter of the tranfverfe axis of the 
figure. ■ For let EK. Be equal to the half of this parameter ; 
Ae'n, fince EB is to E2 as the fauare of EB to rfie fquara. o£ 
£X, or as the iquare of ER. (which in this cafe is equal to half 
the tranfverfe axis of the figure), to the fquare ot EN, and, 
confequefltly, as the' tquare of O* to the fquajx of half the con- 
jugate axis, or (by the fourth property of the circle of curva- 
ture) as the reftangle &ER is to the retl'angle KER, that is,, 
as iE is to KE j. and, fince EB is equal to z^E, it follows, that 

Fi8.l58.EZ'is'equalto iEK... & the parabola, let SF perpendicular on 
s. 3^ the tangent at E meet it in P,. and , A be the vertex of the fi- 
gure; then EB Ihall be to E2^ as the fquaieofSE to the fquare 
of SP, or as SE is to S A ; and lince ^ ia equal to- 4SE, (art^ 

Fio.i^9..37l.) EZis eqdal to 4,SA. Hence, when the focus S> point 

B^ !■.& Lofcotitajft E, the tangent ET, and' EB- the chord of the circle. 

' . bf'cnrVacuEe through S are given, the principal parameter of the 

J^ure is teadily. detetmined; or,when the reff are .giiven,, the 
--ttfrteyof-^rvature is eafily founds 7. t-et S and f\x the two 
■ fid vithen the feftion is an ellipfe or hyperbola \ let ON paral- 
lel to the tangent ET from the center O meet EN peiyendicu*- 
lar to ET in N j let C be the center of the circle of curvature 
at E; join'SG and /N : then ftiall the angU: ESC be equal to. 
EN/T FoF, the retSangle CEN ia equal to the Iquare of Od,. 
(by the fcurth property ,J the fquare of Oa is equal to the red- 
angte contained by SE and /£ i therefore CE is to SE as /E. 
k to EN :. afit^. fincc the an^e SEC is equal to /EN,^ the tri- 
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angles SEC, NE/" are iimilar, and the angle ES'C is equat vo 
KE/^ Hence the center of curvature at £ 13 readily found 
when the two foci are given. 8. If EQ^ be taken upon ES, 
^at chord of the .circle of curvature which pafles through the 
focus S, equal to one fourth part of EB ; then SQ^ , SE and the 
tjanfvevle axis of the le^ttoa ihaU be in continued proportion. 
For, fince the reftangleRE^ is' equal to the tedangle contain- 
ed by SE and /£, SE is to EQ^(Qr one half of Eb) as lER. ■ 
is to /E ; from which it followa, that SQ_is to- SE as SE is to 
2ER-, which is equal go the tranfveife axis of the ftgure.- iHeoce, 
when the focus S, the point of contaft E and tangent ET with 
EB that chord of the circle ofcnrvature which pafles the fixus- 
are given, lee EQ_be one fourth part of EB, draw SP perpendi- 
cular to ET in P, let ?r bife^ SE in r, let PO be taken upoi> 
Pr (the fame or the coutrary way from P with Pr according as 
EQ^ is lefs or greatcF than ES) equal ca one half of the third 
propoitional to SQ^and SEj and O fliall be the center of the 
nguie. Accoiding as EQ^is greater or lefe ebui ES' the figure 
is an hyperbola or ellipfe; and, when EQ^is equal to ES, ic isFiG^ijS.- 
a. parabola, the vertex of which is determined by making the 11.3' 
angle PSA equal to PSE and PA perpendicular' to SA in A- 
. 376. Cor. X. The variation- of curvature at any point of aFict l6<X. 
conic feSioD, is always as the tangent- of she angle contained 
by the diameter that pafles through the point of contaA, and the 
perpendicular to the curve at the fame point. Thus the varia- 
tion of curvature at E is as the tangent of the angle GEO, EG 
bemg a perpendicular to the curve, and £0 a diameter. For i£~ 
the tangent at G interfeA rhe tangent ET in- V, and h be the- 
center of curvature, the angle £V£ ihall be equal to GEO, or 
to its fupplement to two right angles^ by the bfth property o£ 
the circle of curvature demonftrated in the lait aiticle.- Thc- 
variation of curvature at E is a&the tangent of the* angla EVB,. 
' oj of £VZr, (becaufe the tangent of the latter angle is alway»' 
one half of the tangent of the former ■ ) and, coniequently, aa- 
tbe tangent of the angle GEO.. Hence the variation of coiva— 
ture vauiihes at the extremities of either axis,, and is greateft 
when the acute angle contained by the diameter OE and the- 
tai^^.£X ia leaiL. Wheathe fe^ioai^a paiaboIaaiuLS ii tfaeFxari^&- 
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focus, the angle GEQ.is equal to GES ; and the variation is as 
the tangent of the angle contained by the right line drawn from 
the point of contact to the focus and the perpendicular to the 
curve. Hence, when the point of contaft E^ the tangent EV, 
with the curvature at E and its variation are giveti, the parabola 
is determined : For, BE and EV being given, bifed EB in ^, join 
V^, make the angle fi£b equal to /<¥£, and let Eb meet the arcle 
of curvatnre in b \ take ES upon Eb equal to one fourth part 
of Eb : and S ihall be the fok:us of the parabola. If EB meet 
the axis of the parabola in N, and EL be perpendicular to the 
axis in L, the variation of curvature ihall be as the tangent of . 
the angle ENL, or as the ordinate EL diredlly and the para- 
meter of the axis inverfely. The meafure of the angle of^con- 
ta£t contained by the parabola and circle of curvature at any 
point E, is as EL the ordinate to the axis dire^Uy and the cube 
of SE the diftance of E from the focus inverfely. 
Fi«.l62* 377- Coil. XI. When EB does not meet with the curve FK, 
but is its afymptote, any circle being defcribed touching ET in. 
E, a greater circle Ibali always pals between it and the curve' 
EM ; and the greater this circle is, the clofer ihall its contact 
be with the curve EM. For, iince the curve FK produced* 
pafles without any circle E(^ how great foever that can be de- 
fcribed through £^ EM muu always pais benvixt EK and the' 
tangent ET. This is the cafe in which the curvature is laid to 
be infinitely little (being lefs than that of any circle) or the 
lay of curvature infinitely great. The point E in the curve, 
HME is a point of contrary Bexure when the two hyperbolic 
branches of the curve FK proceed along the afymptote EB on 
different iides of it and with oppofite direftions, as in the com- 
mon hyperbola. But when thefe branches are on the fame fide 
of the afymptote and proceed along it with oppofite direftions, 
E is a culpid of the firft kind^' when they proceed with the 
fame direaion on diiferent fides of the afymptote, the curve 
EM has its concavity turned th« fame way on both fides of E ; 
when thofe branches proceed along the afymptote on the fame 
lide of it and with the fame direilion, E is a cufpid of the fe- 
cond kind : and in all thofe cafes the curvature at E is lefs than 
that of any circle. Of the firft cafe we have an example in the 
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Tertex of the cubic parabola, wherein the cube of ET being e- 
qual to the folid contaioed by TM and a given fquare, the rect- 
angle contained by TK and ET muft be equal to this gtvea ,' ' 
fquare, and the curve FK is a common hyperbola that has ' 
EB and £T for its afyiuptotes. The curvature is of the fame 
.kind at the vertex of any parabola wherein TM is as any power 
of ET whofe exponent exceeds 1, for FK in all cfaofe caies is 
an hyperbola of which EB is an afymptote. 

378. Cor. XIL When the curve FK pafles through E, noFio.ids. 
circle otn be defcribed through E fo fmall but a lefs circle ftiall 
{>als between it and the curve EM ; and the lefs this circle is, 
the clofer ihall its cootaSt with EM be. For, fmce the curve 
FK peHes within any circle that can be defcribed tl)^ugh E 
oa. the fame lide of ET, the arch EM of the curve EMH is 
always within ER the arch of any circle ERB. In this cafe, 
becaufe the curvature furpafles that of any circle, it is faid to be 
infinitely great, or the ray of curvature to be infinitely Uttle. 
.When FK palles through E, it always touches EB there, and 
if it has a coutioued curvature at E, the curve HME has a cufpid 
of the firft kind at E ; if FK has a pomt of contrary flexure at 
E of any kind, HME has likewife a point of contrary flexure 
at £ } ir FK has a cufpid of the firft kind at E, HME has its 
concavity turned the feme way on both fides of E ; and if FK 
have a cufpid of the fecond kind at E, HME ihall have a cufpid 
of the fame kind there ; and in all thofe cafes the curvature of 
' HME at E furpafles that of any circle, of whatever kind the 
curvature of FKE at E be. Of^ the fixfl, we have an example 
at the vertex or cuf^ud of the femicubical parabola, in which the 
cube of ET being equal to the folid contained by the fquare of 
TM and an invariable right line, the fquare of TK is equal to 
the redangle contained by ET and the fame invariable right 
line ^ and therefore FK is a common parabola that touches EB 
in E. When FKB interfeds EB in two points neither of which 
coincide with E, then £ is not a cufpid, but a point where two 
arches of the curve HME touch each othei chat are both cond- 
nued CD each fide of E. Of this kind there are no points in the 
^es of any order beneath the fourth, as there are do points o£ : 



,y Google 



3iO Of the Curvature of tines, ■' Book I. 

■contrary flexure, -or cufpids, in the lines of any order beneath 
the third. ' 

FtG. 163. 37p. Cor. XUI. Suppofe now that EMH is any line of the 
third order; let ET the tangent 8t-E meet-the curve in A, EG 
^uy right line through £ meet k in the points E, O and g, and 
TM parallel to EG meet it in M, m and ni : then, if EB be ta- 
Jten upon fiG on the concave lide of the arch EM, fo that the 
reiftangle AEB be to the rectangle GEg| as the folid contained 
by AT and the fquare of ET is to the Tidid contained by TM, 
1m and Tm, a circle defcribed upon' the chord EB fo as -to 
touch ET Ihall be the circle of curvature at E.' For thcfe ftj- 
lids are in an invariable ratio to each other when ETT and EG 
are giv^in pofuion and TM is alwas parallel to EG, by the 
properties of the lines of the third order ; and, lince the rett- 
,angle MTK is fuppofed equrf to the fqwareof ET, it follows^ 
that the re^angle ATK is to the ¥e<3aagle mTm in the fame 
invariable ratio : Therefore the c^rve FKB (hall meet EG ia 
B fo that the redangte ABB ftiaU be to GE^ in the fame ra- 
lio. In all the Hues of this order the curvature at the confine 
of contrary flexure is left than the curvature of any circle, or 

Fig. 16443 of that kind which was defcribed in cor. n. For when E 
a. I. is at this confine, the tangent ET meets the curve in -the poinc 
E only-; the cube of ET is to the folid contained by TM, 
Tot and Tm in an invariable ratio : therefore the reaangle 
£TK is to r»Tm in the fame ratio ; -cOniequently EG is an a- 
fymptote of the curve FK in this cafe, and (by cor. ii.) the 

FiG.l64.curvature at E islcfs than that of any circle. It is the contra- 
il. 0. ry when E is a cufpid in any line of this order : for the curva- 
ture at the cufpid is always greater than that of any circle, or 
is of the kind defcribed in the laft -corollary ; becaufe^ in this 
cafe, while T approaches to the cufjHd E, the ratio of^ ET to 
T»» may become greater than any given ratio ; confequently, 
the ratio ot Tm to TK may likewiie become greater than any 
given ratio, and when m cornea to ^, K. mull come to E : there- 
fore the curve FK. pafles through E, and the curvature at the 
cufpid E is greater than that of^uiy circle, by the l&A corolU- 

Fi-G. l63.ry. In thefe lines the variation of curvature is found by deter- 
mining the tangent of the curve FKB at B when GET is a right 

angle J 
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angle ; and it ifl eafy to iheiv, that if GR.' aud gr toucfa the 
curve at G and ;, and meet £A in A. and r, sefp^ively.; and 
if BV the taogeut of FKB .meet EA in V -^ then EV.fliall^be. 
to EA as the redat^e R£r is to the fun), or- di^reoce, of ^e< 
redangle RAr and tbeiquare of EA.. ■ * ",' 

580. Cor. XIV. When EMH U a geometrical carve, BKFFig.149' 
is hkewife geometrical, fmce TM, TE aod.TK. are in coounu- & 130. 
ed proportioi J and lioce the. point B ia determined bythein- 
terfeftioti of a geoitiecrical cgfre with the' right line EB, it fol- 
lows, that, when .'the :aoglc B^T^ given; the. curve in which 
B 18 always found is likeiH^ife gtomctrical^ and.accordbg as 
£MH is geometrical, or mechanical, the carve in which the 
center of curvature of EMH is always found is geometrical, or 
mechanical. By this propoJidoo and the preceediog corollaries, 
the curvature of EMH and its variatioo, with the degree of 
contact of the curve' and circle of curvature, may be determi- 
Ded when EMH is geometricaL We now proceed to the the- 
orems by which thefe are determined with equal facilicy when 
it ia mechanicaL 

qSi. Let En be a common parabola, ET the tangent at E,Fx«.i55> 
£d the diameter through E, EB the parameter of this diameter, 
and let any right line Tf» parallel to Ed meet the tangent in 
T and the parabola in m. Let ef a right line givea in portion 
meet ¥J m e and Ttn in f\ then, if yn be taken upon fin fo 
that the triangle tfn be always eqnal to the redangU coauuoed 
by T/n and a given right line DG, the pcnnt n fhul be always 
found in a right line en £^ven in pofidon. For, iince the rea* 
angle contained by Tm and EB is always equal to the fi}uare of 
ET, (by the known property of the parabola,) the triangle 
^ is to the iqaaie of ET as DG is to EB. Becaufe ET uid 
ef are given in pofition, and ft is always parallel to cE, the 
jquare of ET is to the Iquare of tf always in a .given ratio ; 
confequeotly, the triangle tfn \s to the fquare of tf, and fn is 
to ef, m a gtven ratio : Therefore en is a nghc line given in po- 
fidon. And, converfely, when ET, tf and tn are given in po- 
fidon, if the ze£tangle contained by Tw and a given right une 
DG be always eqo^ to the triangle efn, the point m Ihidl be ia 
a parabola that touches ET in E fo aa to have its diameten 
S f paral- 
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mraUel to Tm, and the parameter of the diameter throng^ E 
in the Cune rado to DG aa the iqoaie of £T U to the triangle 
^- for fuppofing EB td be to DG in this ratio, the Tc&ingle 
contained t^ Tm and £B fliall be equal to the fquare of ET. 
3S1. Let the bafe AP flow uniformly, aad its fluxion be le- 
prelenced by any given i^ht line DG ; let FN the wdinace of 
the figure DfNF always meafare the fluxion of PM the ordi- 
nate of DEMP as in prop. 30. let en the tangent of «K at E 
and </* parallel to DP meet FN in » and _/; and ET the tan- 
»nt (^EM meet it in T ; then, when DP becomes equal to 
DG, fn fliall meafure the flaicioD of the ordinate Df, (by prop. 
14.) or the fecbnd fluxion of DE; and ET fliaU measure di« 
fluxion of the curve HE. 

PROP, xxxra. 

The bafe AD^eing fuP^ofedto flow uniform^, let the 

feconi fluxion of the ordinate DE be to the fluxion 

■ , of the curve HE as the fluxion of the curve is to 

concave fide of the curve equal tc xE^, the ctrcJe 
of curvature at E paU^afi through B. 

Let the redangle contained by Tm and the given ti^t Ifae- 
DG be always equal to die triangle, tfn^vii, by thelaft ar- 
dcle, thepoint m fludl be always found m a parabola Ef» that 
touches £T in E, whofe diameter through E is £^ j and the 
parameter of this ^ameter muft be equal to EB, became it is to- 
DG-aa die fquare of ET (or the rectangle contained by ySv and 
E* when' DP becomes equal to- DG) is to the triangle ejk (or 
the reiftani^ contrined by y» and one half of ^ or DG j V 
that is, as EB Is to DG. . But no parabola can ba defcribed' 
through E betwixt the curve EM and the parabola Em. For,. 
let E» be any other ^rabola defcribed through E, touching ET^ 
and having HJ for its diameter ; let TM meet this parabola in 
», andtltt reftanglc contained by Ta and DG bralways-equat 
to the tiiimgk ejxj then the point x ihall be in a-right fine tx- 
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f^wn in pofitioii, by. the laft article^ if Eb be. the pwanM)- 
ter of the diameter of E» that pailes cbroagh £, the triuigU 
tfx ihall be to the iquare of ET as DG is to Eb, lod (be- 
caufe the fquare of £T is to the triangle e^ as EB isto I}G)the 
triaogle «/« to ^ as Efi is to Eb, fo that /n is to fn ia the 
fame lado. Th^ redaagle contained by TM sad DG is alwa^ 
equal to the trilineal area ^TN, by what was iOwwn in prop. aOw 
Therefore the right Hnes TM, Tm and T» are in the fame pro- 
potdon to each other as the area ef^y the triangle ^ and the 
triaagle <fx. But, becaufe m is the tangent oftbe carve «K, 
if we fin^ole FM to move towards DE, the ^ea rf^ and ttt- 
fli^Ie efii ihall either become both ^eater or both lels than the 
tnangle efit (b^ art i&i.) accordu^ as /« is greater or Ids 
than fity or Eb is greater or lefi than EB; ccmu 



iquently, TM 
And I'm Ihall either become both greats ot both lefs than Th 
-wMle M a[:^roaches to £ ;' and therefore thi; panbola Es cao- 
JDOt pda benreen the curve £M aiKl parabola !Effi^ Id the fkrOt 
manner, no other parabola can pi^ hetwetti EM and £«; but 
-an indefinite numtwr of parabolas can be deicribed between EM 
■and any bi^r parabola Eff, aa an indefinite number c£ right 
-Jiaes: may be ^lyn tbroagh t betwixt tn and ett withm die 
-an^ nex, ' TheroEoce the curve EM and the parabola Em have 
the ftine circle of curvature, by the latter part of art. 373. and 
this circle is that which ia deu:ribed upon EB ifb as t6 toudi 
the riglu line ET, by the fame article. 

583. CoR. I. As all curves that pais through £ have th« 
fame tangent when the fiift fluxions of tfaeor ordinates are e- 
qual, the fluxion of the bale bemg given ; fo they have the 
^ame circle of curvature at E when thefecood fluxions of their 
' ordinates are ttkewile equal Thus, the motion with which 
-the baie flows being given, the pofition of the tangent depeuds 
on the motion with which the ordinate flows, and the flexure 
of die drde of curvature depends on the accderation 6t retar- 
dation of this motion. When the angle BET and the fluxion 
of the baie arc given, the ray of curvature EC is redprocally 
as the fecond fluxion of the ordinate ; becaufe EC is to E^ 
(which ia reciprocally as fn) aa ET is to DG. When the flu- 
xion of the baie is oniftant, the iblid contained by EC the ray 
Sfa of 
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^f curyatiire, DG which meafares the fluxioo of the bafe, aad 
/H that meafures the fecond fluxion of the ordhiace) is always e- 
.qual to the cube of ET which meafoies the fluxion of the curve. 
/le. i67*& the curve £R be generated from er in the iaine naann^r as EM 
is generated from «N, (that is, if the redaogle coocained by 
.DG and TH. be always equal to the area ^,) the conuA of 
EM and £^ fliali be always one degree clofei than that of ^N 
and «r. Thus, if «N and er pals through the fame point ^, - 
:EM.and,ER. Ihall.bavetbe fune tangent^ when they .have the 
,fiun% tangeoff EM and £B( have the fame curvature.; w4ien eN 
■«Dd M- have .cbe ftme curvature, thecootaift bf EM and ER. 
-.with i^dr. icoinitioo .circle of curvature io of.tbe £ime kind, 
t or tbfiy.bAyj; |lip fame variation of ciwatme, aod Co on.. 
¥1^,1664 a^Cpn/JK-iThtf.fecfflid.fliuiqn ofirhe-carwe 'HE is to the 
£t&Awiit^'S^iii^ curve as die flaxion of the bntitiate DE is to 
-Ek :. And', S being aoy ^veo point in the line Ddy if SK tie al- 
ways peipendkuw to the (ai^enc of HE in K, the floKioa of 
the p^rpepdtcular SK ft^ be to the fluxion of S£ as SK is to 
.£^, orasSE.'is to the ray-of curvattue EC ' For,'let'any'or- 
;.dinate pm meet the curve EM in m . and eN in n ; let nf pa^ 
-jftllel to the balemeec GM in 1^ and Sk be. perpendicular to the 
•tApgeocatm wk : then D/and Df Ihall be parallel to the tan- 
.'gCPU of xbe .curve H£m at E and m, refpedirely, and IhaU 
ifiifafure tbe<flu9iion8 of the arches HE and Hm, the flokioh a£ 
the bale being meafured .by DG, or ef. Let ty be pupeacOcalar 
.toiyin «; find, filKethefluxioaof D4 ismealUredby.j9r,.the 
.fluxion of Hf (or the feccmd flatidn ofthe carve H£^ ^all be 
.meafured hy fyy by an. JM. But j^ is to lie t& fn istoE^ or 
' (by this propofltlon) as ^is to Eb. : Therefore the lecood flt»- 
xion of the curve (which is meafured by j^) is to the fluxion of 
. the curve (or Hf) as the fluxion of the ordmate (or D«) ts to E^. 
This likewife appears from art. 06. becaufethe fluxion ofthe 
JquM-e of £Tj or D^ is equal to the fluxion of the fquaie of Dr, 
I>G betpl^ iavariable. Let the angle SKw bemadeet}uabtoS£T 
-or D/Gj and Kx fhril be the tangent ofthe curve K* that paC- 
.fes always dicough the interfedibns of the tangenES of HEM 
and the perpendiculars from S, by arc 211. The angle KSjk is 
-c«t'^tQ/Oi^ atai the angukr velocity of SK about &. ts equal xo 

the 
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the angular velocity of D/ about D. Therefore the fluxion cX 
SK. 13 to the fluxion of Xif as SK ia to D/; and the fluxion of 
SK is to SK as the fluxion of D/ is to D/^ that is, (by what has 
beenihewn,) as the fluxion of DE is ,to Ei. But the fluxion 
of SE is equsil to the fluxion of DE. Therefore the fluxion of 
SK is to the fluxion of S£ as SK is to £^, or as SE k to EC- . 
. 385. Cos.. III. Let S be a ^ren point in the line \)d as na 
the laft article, EV and EM any liues through E that meet 
pM parallel to SD in V and M ; let S;> pajallel to DP meet 
PM in. p, join SV and SM ; and the difference of the fecond 
fluxions 01 SM and ^M ihall be equal to the difierence of the 
.fecond fluxions of SV and pV when M and V come to E. 
For, the difference of the fquares of SV and f V is equal to'the. 
.di^rence of the Iquares of SM.and pM : /rom which ic fol- 
lows, (by art. 1^. & 99.) that, fince the firft fluxions of SV 
:.and ^V become equal, and the firft fluxuios of SM aud pM 
-.become likewife equalj when V. and M come to E,. and SV, 
■pV, SM, pM then coincide with each other, the difference of 
.the fecond fluxions of SM and pM is ta the difference of the 
fecMid fluxions of SY and pV ac that term, as the fum of 
&V and pV ia to the fiira. of SM and pM, and therefore in % 
latio of equality. When the ba£bflow9.uni&iinIy>andKV is a 
light line, the fecond fluxion of PV vaniflies \ theiefore the 
fecond fluxk» of SV is in this cafe the fame when V fees ouc 
itom E in any right line that does not coincide with £S, and 
is equal to the difference of the fecond. fluxions of SM and. 
pM at the fame term, whatever curve be delibribed by the point 
M. When £V is a circle that has its center in S,. the fecond 
fluxion of the ordinate PV is equal to the fame difference of 
the fecond fluxions of SM and pM, when M comes to E, be- 
caufe in this cafe SV has no fluxloos of any order wbatfoeve? : 
And if £« any right liti^ thsough £ given in pofition meet 
PV in u, thq fecond fluxionof SH.fhall be equal to. the fecond 
fluxion of PV, the ordinate from the circle, when V and « 
come to £.. It a[^ars Ukewife, that the fecond fluxion of SM 
is the fame when M comes to E in all lines that have the fam« 
curvature at £,. and is meafured by the difference betwixt fm 
«bkh lepiefents the fecond fluxion of D£, and a. tfaiid propoi> 

BonaL 
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tional CO SE aad DG (which reptefeots the iorariable fluxioa 
of AD \ ) becaufe the fluxion of the circular arch EV becomes 
eqoal to the fluxion c^ AD when V comes to £, and the fe- 
cond fluxion of PV the ordinite of the circle is to DG as DG 
is CO SE the radius of the circle, by this propoficion. 
Fio. 167. 586. CoK. IV. The refl remuabg as in ait.384. let EB be per- 
pendicular to the tangent ET and to AD, and, fince fy which 
meafures the fiuxioa of ET (or the Jecond fluxion of the curve 
HE) vaniihes, the flaxicm of the re&angle ccHitained by fn 
and EC (which in this cafe coinddes wim E^) Audi lilcewde 
vaui&, becaufe chat redangle is equal to the fquare of ET; 
and the fluxion of EC the ray of curvature is to the fluxion of 
/> as EC is to y^r, by prop. 3. Let «t- be a parabola that baa 
the fame curvature with «N at e, and the re£tuigle contained 
by TR. and DG be always equal to the area e/f, as in art. 383. 
Let the reaangles MTK, mTQj RTi be each equal to the 
fquare of ET, as in arL 366. and lee *Xk meet Bf the tangent 
of ^k (or of BK^ in t. Then, the fluxion of the bafe being 
conftant, the fluxion of y» fliall be reprefented by awr, or 6fifR, 
by art, 155. But, fince Tib is to TR. as T* is to T<^, 6«R 
(which meafures the fluxion oi fti) is to ^)feQ_as Tw is-to TA"; 
and therefore, as die ledangte f»TQ_is to the rectangle coo^ 
tained by TA and TQj or EB. The rcftanrie iwTQ^is equal 
to the fquare of ET, or (by this propofition) to the reSangle 
contained by y* and E/f \ confequently, the fluxion ofyft is to 
6jfcQ as yii is to aTA, and the fluxion of the ray of cBrvvcare 
EC is to 6*Q_as EC is eo aT*, or as EB is to 4T* .■ fiom which 
it follows, that the fluxicm c^ the ray of curvature is meafured by 
three halves of Qj, the fluxion of the curve being meafured by 
ET or BQ^i and that the variation of curvature, according to 
Sir Isaac Newton, (who meafures it by the ratio of the flu- 
xion of cbe ray of curvature to the fluxion of the curve,) is 
meafoied by three halves of the tangent of the angle QB/ in 
which the curve BK interfetfts the circle of curvature, as was 
obferved in arc. 36^. But, fince the curvature itfelf is recijwo- 
caliy as the ray of the circle of curvature, if we fhould therefore 
meafure its variation by the ratio of its fluxion to the floxion of 
the curve, this variation would be as the tangent of the angle QB* 

direa- 
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ditedly and the iquan of die ray of curvatnre inverfely, tnd 
would be as the meafbre of the angle of contatft contained by 
the curve and circle of curvature j becaufe, when a quantity A 
U always inverfely as another quantity B, its fluxion is as the 
fluxion of B direaly and the iquare of B inverfely. Howe- 
ver, to avoid confuiion, we have conformed to Sir Isaac 
Kewton's explication of the variadon of curvature. 

387. Cor. V. When en the tangent of rN is parallel to theFio. 165, 
bale, and the re^lan^les contained by DG and TM, and by PG 
and Titty are refpe^ively equal to the areas 0PN«, DP«e, as in 
prop. 00. then Em becomes a right -line, and- the curvature of 
KM is of the kind that is lefs than the curvature -of any circle, 
which was defcribcd in art. 377. In this caie, the fecond flu- 
xion of the ordinate DE vanimes ; and (provided the curve be 
conunued on both lidea of DE) if the number of the fluxions 
of DE of fuccellive orders that vanllh be tfi odd number, then 
E is a point of contrary flexure ; but if it i» an even number, 
E is Bot a point of that kind, as was fliewn in art. 26<5. 

s88. CoK.VL The lame things being fuppofed as in art. 384. Fi«.i6£> 
it follows fiom art. 202. & ao8. that the velocity of the angn- 
lar motion of the taagent of HEm (or of SK. about S) whea 
m fets out firom E, is l^e fame when the point n defchbes any 
carve that has the lame tangent at f, or when m defcribes any 
line that has the lame tangent and curvature at E, the fluxion 
of AD bemg given. Therefore the angular velocity of the 
tai^ent of sM at E is equal to the angular velocity of the 
tangent of the circle of curvature, or oithe ray of curvature 
about the center G, the fluxion of AD being given, becan^ the 
angular velodty of the tangent of a circle is equal to the angt>- 
lar velodty^of the ray drawn from the center to the point of 
eontad, by ait. 18. In like manner, if B be any point in the Fig. i£8. 
circle of curvature, and the ri^ht-Unes EM, BM revolve abouc 
E and B fo^that thnr interfedion M defcribe the curve HME, 
tbe angalar velocides of EM and'BM fhall be equal when M- 
comes to E. For^ fiq>pofe the arcHER c^the cirde of curva- 
toie to be witUo-EM the aich of the cutve EMH^ and, if the 
ang^ay velocity of EM about E be faSd to be lefs than the-ai»' 
golar veloeitf (^' BM-ibou Bat the- temivwheD M ccnnes to 
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E, let U be lets ia the ratio of EB to EZ, aDd (by art. 209.) 
k llull be equal to the angular velocity of 2M about % at that 
term, and theretbre lels than the velocity of />M about b at the 
£une term, b being any point betwixt B and %. Upon E/> de- 
fcribe a circle £>^ that touches ET, produce EM till it meet 
this circle in r, join hr and £M \ and, nace the arch EM is widi- 
in this circle Er^, (an. 364.) the angle MET, or E^, is always 
greater thw E^M while M deicribes EM : thefdbre the. angu- 
lar velocity of EM about E cannot be lels than the angular 
velocity of^^M about b when M comes to E; but it was fup- 
pc^ equal to the angular velocity of ZM about 2 at that 
term \ uid thde are coctradldory. In the fame manner, it is 
fliewn, that the angular velocity of EM about £ is not great- 
er than the angular velocity of BM about B when M comes to 
E, and that chefe velocities are equal likewife when EM is wicfa- 
10 the circle of curvature £R. 

3 8p. The various psoperties of the circle fuggeft various me- 
thods of determining the circle of curvature. The two follow- 
ing prcfKilitioas are deduced from the properties of this circle 
that were defciibed in the laft aracle, and lometimes £^ve more 
fimple conttrudions for detemuniog the ray of curvature thaa the 
preceecUng propofidooa. 

PROP. XXXIV. 

Let S tte any given point in the fUne of the curve 

_ ^ BL, and SP be always perpendicular prom it on LP 

Fi«.i6p. jijg tangent o/BL j let S'S perpendicular to SL meet 

LC the ray of curvature in V : and LC ftfall be 

to LV as the angular velocity of SL about S /j /*. 

the angular velocity of SP. . '. 

Let CI perpendicular to SL meet it in I, tod, fince die aiigle 
LCI is equal to SLP, it follows from what was ihewn in prop. 
18. that when L defcribes the curve BL, the angular velocdty 
of CL about C is equal to the angular velocity of IL about I, 
which i» 10 tlie vigidar velocity of SL about S as SL is to 

IL, 
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IL, (by art. ^09.) or as LV to LC But the angular velbdty 
-of CL-ftbouc G la equal ta cbe at^ular vekxricy ot' SF about ^ 
by aru;:388* - The^ore LGlis loLY as the angular velocity 
iof SL.ai>oii(s.& ja.to th^ddgular wlodty of 5P about S, or, 
fiA beingi a rigfao line givon iil; pofitioD, af the fluxion of the 
«ugle ASLi 19 to. the fiaxian of die! angle ASP. Thu may be 
demonArated lilcewifefroin art. 3S4. where it was ihewn, diat 
XJ is to SP as cbe fluxioQ of SL is to the fluxion of SP; from 
wluoh it fellows, that Li is to LiS (ol LC to LV) in the ratio 
compounded of ckat of the fliunoti of SL to the fluxieo of SP 
«adthato£SP.to.SL^ithacis^ (by^art.303..20& 2(|.'.&2ii.) 
aa the fluxicm of the angle ASL to. die fluxion of ASP. 

390. Coiul. LetLIbe tnfefted inQj aadPMbetherayof' 
the circle of the fame corvaturoiwith: DP (the line in which. P 
is always found) at F^ tben fliall SQ^, SL and aPM be in coop 
tiiiued^^c^oinanh rFor^ letP^ Bedtetai^entofDP atP.and 
6T bi' always pbrpeiidicular to PT, let PM meet LC in K; 
then, becaaft the aii^ea SPT, SLP.are equal, (art. 108. & 209.) 
jmd KPT. KLP ais right, the.angles KP&, KLS are eqaal> f, 
cucU ptitfles^thioi^;thflibnc points K,L, P, S, and thp aof^ 
iLSPiis right;. llietiEfoio^' hy:tln8 propolldoD, MP b to K^ 
6r SL,. as jtbe angulai' velodty of SP is - to the - angular velocity 
Jof ST, or as the flution of the angle ASP to the fluxion of 
lASP — ASL, becaufe the ai^lei PST, LSP are always equaL 
But SL is to LI (or aLQ^) aa the fluxion of ASP is to the fliH 
vioa' of ASLl,' The»fih:e.PM is to SLas SListo oSQ,, ot 
SQ.T SL anduPMarein-coDciflued propordon. 

391* Cor. U. When the an^ar velocity of SL ia to die 
angular velocity c^ SF in any invariable ratio, UC is to LV, 
or LI to LS, in the (ame bvari^ile ratia Thus, when AL Is 
B common parabola, and. A is the vertex, S the focus, the angle 
ASL b double of ASF aad LI is double of LS ^ which agrees 
wtdi what was.ihew&iaait.37i. When AL is die logaritl>>Fio. 17a 
mic fpiral, and S is the center of the fpiral, die angular velt^ 
city of SP is equal to the ai^lar velocity of SL, becaufe the 
angle LSP is invariabk ; therefore, in this figure, C coincides 
with V, or I with S \ and a perpendicular to SL at S intedcAs 
IjC perpendicular to die curve in die coiceE of curvature. When 
T t AL 
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F1G.169.AL is aneqmlneral hyperbola, the angular velocity ofthet«]> 
geot at L, or ot the perpeadicular SF, is equal to the angular 
velocity of SL, (by wh^ wa» fhewn at the end of arc 3 15.) 
and LC i3 equal to LV, or LI to LS; but<theyareon<m>ofite 
iides of the pomt L. When the angular velodty of SL is to 
the angular velocity of SP in an invariable ratio, the aogalu 
velociues of SP and ST are likewife in an invariable ratio; 
and PM is to PK, or SL, in the fame ratio. For «campl^ 
when AL is a circle, and S is in the dicumference, PM is two 
tlurds of SI* In this cale P is in an e^ycloid that is defcti* 
bed by a ptnnt in the circomference of « circle While it revolves 
on an equal circle •, and M is in an epicycloid of the lame kind> 

F10.171. 39i> Cor. III. Let A£ be a rig^ line given m pofidon, 
8 A a peipendiculfli to it in A fixim the nvcn potoc S ^ and kt 
any otker right line fttnu S meet » ia M ; kt th»- at^fb ASL 
iie always to the at^fle ASM in any invariable ntio euvcfied 
by that of « ta unit ^ and, SA, SM being the -twa firft tennft 
of a geometrical pn^jrcffion, letSL beequ^ todieceimofdus 
{>rog^eirion whofe place in the'feries is dcnckted by « + i i ^fy 
more generally^ let SL betaSAi.a8ihe'pbweE.cf SM, whoft 
^ponent is any positive numbenx, is. to the fai^e power ofSA : 
then the angle SLP (con^ned by. SL and the tai^ent ac L) 
fiull be equal to the angle SMA; die rtrr of curvature LC fliall 
betoLVaaff isto&-..-<-i ^ and,if SBbctoSAasn— i is to 
»+ 1^ the variadon of cmvaturt ac L fiiall beiU AM (fire&ljr 
And as SB inved^y. For, let cliclefrdefciibed &on ihe cendir 
S tbrot^ M and L mea SA iA F and /^ and, the pdGts.F, / 
zemaiiung fixed while M and L are fuppofed uv proceed in the 
line8.AM and AL, the fluxion of the arch FM fliaU be to the 
fluxion of y L in the rado compounded of that of SM to SL 
and that of the fluxion of the angle ASM to the fluxion of 
ASL, for of unit to n\) the floxioa' of SM is to the flukian 
of SL in the &me ratio, by art. 167. confetjuently^ the fluxion 
of SL is to the fluxion of SM as the fluxicm of the arch /L 
is to the fluxion of FM. Therefore die angle SL? is e^ial to 
SMA,byprop.l6. andif SP beperp«KlicuIarto LP,theaog^ 
ASL fhan be to ASP in the invanabie ratio of * to « — i; 
The Bttxion of the angle ASL is to die fluxioa of ASP, and 

. (by 
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(by Ais propofidon) the nf of coiratiBre L£ is to LV, in the 
£une ratio. The fluxion of the lay of curvature LC is to the 
fluxion of LV as » is to «-.— 1, (art 04.) the fliurion of LV 
is to die fluxion of SL in the nuo coinpoanded of that of 
11+ I to « and that of LV to SL, (becaufe LV is to SL as 

SM is CO 5A, or M the povn of SL whole expcnent is i -f » 

ta to the fame power of SA ; ) and dw floxbn of SL is to the 

floxion of the oirve AL as LP is to SL, or AM to SM. Theie- 

€ott the fluxioD c^ the ray of cnivattire LC is to the fluxiixi of 

ChecQive AL as AM is tx> SB; and the variation of curvature 

(as it is underftood by Sir Isaac NEtt^roKv and was expluoed 

in nt. ^6^') ia as AM directly and SB tnverfely. Hence, the 

variadooof^Lnirvatnre at L in any given figure of this kind is as 

the tangent of the angle contained by SL and the perpendicular 

CO the curve, and in any of thoie ngures is to the variation at 

iho' pCMnt in the parabola where the ngbt Ime from the facus Wf 

terfeds the curve in an angle ^iial to SLP, as SA is to 5SB. 

In the Icsaridunic fpiral AL the fluxionof the ray of curvature Pxo. 17a 

is to the fluxion of the curve as SC is to SL, or LP is to SP ; 

and, ccnfequeody, in the iavamble ratio of the. t&ogent of the 

angle LSP to the radius. Therefcre the variation of. curvature 

in tins figure is invariable, (as appears likewiie fiom art. 370.) 

and -is £0 die variauon of curvature at the poiot of a parabola 

wberedbe right line from the focus interfeMits the curve in an 

aqgle>equ^ to the ^ven angle SLP as i is to 3. 

• 393. <j0x. TV. If wefuOTitBteafemLdrcle AMS inthetdacepiG.iya. 

of die i^bt line AE ia the conilru£tioD of the laft article it 

will ^pear in the .fiunc Tnannei that the angle LSP is etj^ual to 

ASM, (SP bebg DOW the lame way fix>m SL that SM is from 

SA,) that theray of curvature LC is to LV as n is to 0+1, 

and that (SM being produced till it meet Aw peipendicolar to 

SA mn» and SB >beiiig taken to SA as n-^i is to n — -i) 

die variaucHi of curvature at any point L is as Am directly and 

SB invcrfely, and in any 0yen ^ure of this kind is as AM or 

the tangent contained by SL and ue perpendicular to the curve. 

394. CoK. V. If any curve AM be lubttituted ibr the rightFiG.173. 
Vtat AM in cor. 3. die lefl of the conftruAion remtumog, it will 
T c 2 appear 
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^fpeior in' Kke Biamikc that ib& an^ %P concuied ^ SL and 
LPdiecangieiicof ALfluU be equal to the angle SMX cootaia* 
tA by SM and the t^apgeot df AM. Iict lAc-, IX be the rays of 
curvatBTCflt M and L, tel(>ed»vety ; letSi^SVpenpeadiculu'ta 
8M and S£< rtiebtJdioie ^y^ ki M aad T ^ and Let cr be to KH at -u* 
nitisto*.* thenLCfhallbe,tQLy asMf i>to.,Mr. Thedemop- 
ftrAt<in is eafily dfe^uc'ed fiomtht equality c^" thd aflglts SLP^ 
SMTj by t^a piopetitiaa: ThUsj if AM he a ccHitc fedSon, S 
the c^ter, SA half the fUtvSm^ axis, the angle A5L«qual.tD 
&ASM, tind SA, SM^ SL be in cottdooad piQjpDntOB; itfaen:AIft 
ftaUbe.aconiE&dk)aduitihallftavei£B£o£ii3ia S, and,- oi be^ 
fa^ bitf ded ki T» LjG fliali jbe to LV a» Mc tft to Mr. ; ' 

Fio>ia3. i9S' ^B* ^^ I^^ CP and SP revolve aboM the pelet C 
and- S with any angular velociius that afc to each ochcr« th» 
iavaiiable ratio of ST to GT, aa \» art. 315. Sx..^t6t imdcethe. 
M^leCPK equal to SFT and TP/ equal lioTPSy and let 9i 
meet CS in L ^ let FO ^Tpea<ficolar cd PN meet GV pcrpen- 
^eidar to GP in V, and let PG be to PV b theioTariable n* 
tioc^ ST toCT: then, if PObe theray of cnrrHOire of th» 
Une dcfcnbed by P, PO ihaU be to PG as TL is to the fum 
or dii&rence of TL aad ST accoi<dii^ to the tHfierent pofiti* 
on* of c^ {Kxncs T and L with refpKt to the pc^s C and S» 
^e demonlhatioa is deduced from propt 1 8- aiadt an. 3 lil by 
ihiS'Pio^ofition. &* SMG be an arch of a circle, die arcltSZ 
be to SM in any givoi tado, and C2 alwvys meet the right 
line SM in P, the tangent of the- line defcribed. by the pcHnt P 

. . . . ■ determined by art. 31^^ and iu carratore by djis coi^bndi- 
ou J becoufe the angnlBr velociry of P is to the aagula^ velod* 
ly df CM, or of SP, ia. tfae^ fame niren ratio. 
' 306k The foilowinff propofition is the fequel of i&e i8tb and 
jt6ih, -and is otufe 10 enquiiiea concerning the Cmvatsre of 
Ibfte that are dcffcnbed by meaBsc^nghe M^ revolving aboae 
given, poles, or of an|^es- chac'citheajrevolve-abouc fuc£ ^lei- 
M are carried along fixed lHiC8,,:in die flMmtfer explain^ by ie*^ 
tetklftxan^leftiauie pKceedBig.chapeer&oaiasL3i5».,taa)tL 

3^' ■,■■*. 
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PROP. XXXV. 

Let ^he a given poim in t^e plane of the curve HEM,Fio.i74- 
Jfiin EMaudSM, aHd:^eHthefoiHtM,indeJcri- 
bing the curve lA^W, comes to E, let the angular 
vemity o/' SM about S be. to the angular velocity of 

■ EM Jifeut E as ET is t<f ST, and the point T be 
taken upon SE produced, or between S and E, ac- 
cording as. the angular motions of SM and EM at 
that term' have the fame or contrary direffions i 
then, if ST, SE and SB Be in continued proportion, 
and B be taken upon SE on the fame fide of the point 
S with T, the circle of curvature at E Jhall pafi 
through B. 

.: For, finceSBUto SE wSEistoSTi BE istoSEasET 
is to ST, or as the angular velocity of SM about S to the an- 
gular velocity of £M about E at the term whea M comes to- 
£, by cbe fuppolitioii^ Join BM, uid the angular velocity of 
SM about S Miall be to the angular velocity of BM about By 
when M tjomea to E, as BE is to SE, by art. aoo. Therefore 
the angular velocity of EM about E is equal to the angular ve- 
locity of BM abcHit B ae that term \ and> by ait» 388. the 
circle of the fame curvature with EM at E pallea through B. 
The cppcavicy or convexity of the axch EM is towards S> acr 
cording- as the angular motions of SM and BM have the fame- 
^i contrary diredioa» while M comes to ^ in delcribing ME. 

397. Cor. I. Lee the invariable angles DEG, KSH revolve Fio. 17^ 
about the poles E and S a&er the lame manner as in an. 319. 
I-et N the interfe^lion of SK> and EI) move in any Uoe Fy^ 
and M the bterledion of SH and EG defcribe the curve EM» 
When SH coincides with SE, let N come to 0, EG to E^^ 
and let the tight Ibc Aji touch F/ in ^ make the an^le EffT 

Sual to S0A the contrary way tcom Ea that SkA is trom. Sn f 
ce SK from S wwards- T upon ST^ a thitdi pn^ttitxial co> 
STancLSE, aodti circle delcabcd. i^a the cbontEBfo- as to- 

conclk 
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touch %g (hall be the drcle of the (ame curvature with EM ac E. 
The curvature at S is detemuoed in the lame manner \ and, if 
SK touch the curve F/ at » when EG coincides with ES, then 
S fhall be a point of contrary flexnie in the curve EMS ; and, 
if F/^ has a connnued curvature at u, the curvature of EMS at 
S fliall be left than that of aay circle. Wheii die rig^t line S* 
is idelf the tangent ofFfta », and F/ has a continued corva- 
ture at n, the point E la a culpid, and die curvature ac E t» 
greater than in any circle. 

F1G.176. 35>S. CojL. II. Suppo&^at it is required to defcribe a come 
fc&ion through the points S and M, that fhall touch a given 
right.]ine E^^ at £ lb that the circle of curvature at £ fhall meet 
SE in B. Let SA be taken from S the feme way with SB, fo 
that SBjSE and SA may bein continued proportion^ letthe angle 
SE^ revolve about E ; and, when-the HoeEg comes to EM, and 
£S to E^ let SM interfea Ed in N, join AN ; let the ri^bt line 
MN revolve about the point S, and. its interferon with the 
lide EN move over the right line AN, then Ihall its inteife^ 
on with the other fide EM delcribe the conic feftion required. 

Fio<i77' 399. CoK. HI. ta the fame manner, if it is required to de- 
(cnbe ft dine of the third order through the double point S, the 
three points M, C and K fo as to touch E)f in E, and £B the 
dbord of-the-ciick'ofjCUFvature atEbe giVenj letthe point A 
be determined as in the laft problem ; let the angle S£^ revolve 
about E and a rightline MN about S, in the fame manner: 
find three pcnnts N, c and k from M, C and K as N was found 
from M intheiaft raoblem, delcrlbe a conic {eSAou through S, 
A, N, c imd k •■, and, if the interfeftion N move always in this 
conic fedion, M Ihall defcribe the Ime of the third order re- 
quired. If it be required that the iine fhall have a point of con- 
trary flexure at E, the conic feition is to be defcribed thtoi^ 
K, c and A fo as to touch SG at S. 

F1G.136. 400. CoR.rv. The five points A, B, C, S and E inacomc 
feftion being given, let it be required to determbe the circle 
of curvature at C Determine the points D, 9, h and the tan- 
gent C» as in art. 324. make the angle D^ equal to S;A the 
contrary way from D^ that ^A ia fix>m S^, and let qr meet SD 
ill r } nuke the angle Dnx equal to C0A with the like precau- 
tion. 
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tion, and let nx meet CD in x; join rx, and let it meet C3- in 
Tj let ST, SC and SB be in continued proponion, and the 
pomts B and T be on the ftmc fide of S : then a circle defcri- 
bed Hpon the chord CB fo as to touch C» (hall be the circle of 
eurratore at C There trife various conftrudiona for determi- 
ning the curvature of lines of the higher orders from this pro- 
poiition, analogous to thofe by vi'hich the tangents and alym- 
ptotes of Ikes were determined in the lafi chapter. But in- 
ftead of infilting on thefe, it wUl be more worS while lo'add 
here a propercy-ai the lines of the third order to thofe that have 
been obferved by Sir Isaac Newtoh,. Eaamer^iitear. tertii ar^ 

^i. Let A. be-any point in a line of the third onler ftomFiG.i 
whtcb tw« tangents AC, AS can be drawn to the curve in C 
and S; from any point in the carve, as P, draw right lines to 
C and S that meet the curve ^ain in M and N, refpeaively • 
join CN and 3M, aodtheioterieftionof thefe lines ttall be al- 
ways b the curve. If CN and SM be parallel to each other, 
tjiey fliall be parallel to the afymptote of an hyperbolic branch. 



ther in the curve eitbei at a finite or at an ietiRDite diflsnce ; 
And It" two other tangents Ar,, A/"can be drawn from the fame 
jjoint A to the curve m c and /I the right lines that join any of 
the poiiits o( contaa C, S, ^ and / flwU interiea each other in 
the curve. We may explain this property, with its confequcn- 
ceSj'mcu-e fully on another occalion, and ihcw how a line of 
the third order (whether it have a double point, or not) can be ' 
defcribed thrortgb- feven pcants fo-aa to touch two right lines gi- 
ven in polition at two ef thofe points ; and IhaH only obfervc 
further, to illuftrate tMa property, that it holds et any conic fc- 
irtion and.righi lin* defcribed in die fame plane : for if CA andFi«.i7Vb^. 
SA touch a cenic fediori in C and S, and from any point P dhe 
right- lines PC, PS be drawn that meet the conie feAion in M 
and N J then CN asd SM fliall always incerfetl each other ia 
■feme point of the right line AP. Of this fee Mr. Simson's 
St0. cmic. lii/.^ prop. 45. B» to return to Oie curv^iuie of lines-: 

402^ A. 
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FiG.iSo. 401* A flexible line or thread IC»A bemgappUed along the 
convexity of the curve ICtf from I to o, lei the part -aA be ex- 
tended in a right line that touches the curve in o \ then, while 
aa& extremity of the luie, or thread, remains fixed at X^ let the 
other extrenuty A move towards H, fo that ^he line may. b^ 
gradually feparated from the curve, and the part CE which is 
not applied to it be always extended in a right line that touches 
the curve \ then the point E Ihall in this ipanner trac^ a curve 
A£M that by the excellent Mr. Huygens i^ laid to be d^cri- 
bed by the evoludoa of oCI, which is itfelf called the ernkfta^ 

PROP. XXXVL 

Let the right line CE touch the C'voluta aCI in Cj *tt4 
meet the curve AEM, that is defcr^iked -.iy the.evOr 
lution of aCl, in E ; then a circle ERB defcribeH 
from the center C through the point E JhaU have thk, 
fame curvature with AEM at E : and if c he the 
center of the circle, of the fame curvature wit^ 'the 
evoluta tfCI at G, the variation of the curv4tuH 

. 0/ AEH at E Jhall be meafured by the .t,angent. of 
the angle CEf . 

Let the right line QM touch the evoluta at any point Q_ be* 
twixt C and I, and meet the ;curve AEH, the circjie EkB amf 
right line EB in M* K and N \ join CK, and, fince the right 
line QM is equal to the arch QC and right line CE (or CR) 
taken together, QM is greater than QR; confequently, the 
arch E]V1 of the curve EMH pafies without the circle £RI^ 
and it is maqifeft that no circle delcribed .through £ with a ra- 
dius iels, than CE can pais between EM and ER.. ; Bec'aufe the 
fum of QN and NC is greater than the arch QC, (art 183.) 
the fum ot QN and NE \s greater than the fum oTthe arch QC 
and ray CE, or QM j therefore NE is greater than NM ; and 
a circle defcrlbed from any point N through E, with a radius 
NE greater than :CE, paljes .without EM and EK. Therefore 
no circle can pals b^yi^eea EM wd ER.,.and lE^R. is the circle 

of 
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of the fame ctnvacDTe with EM at £, by art. ^64. la like 
manner it is fliewn, that the circle RE produced on the other 
iide of £ pailea without EA, and that no circle can be drawn 
betweea them on that £de. It is evident, that the curvature 
decreafes from E towards H, but increafes from E towards A \ 
and that the curve pailee within or without the circle of curva- 
ture, according as the curvature increafes or decreafes. The 
variation of curvature at E is ineafared by the nttio of the flt>- 
xion of the ray of curvature CE (or of the curve <>C) to the 
fluxion of the curve AE, or (beceufe the angular motion of CE 
the tangent ol eCX is equal to the angular moticMi of- fC about 
«, by art. 388.) by the ratio of Cc to EC, that is, by tjie tan- 
gent of the angle (EC 

403. CoK. f. The length of the arch CC^is equal to thedii^ 
ierence of the rays of curvature MQ^and EC, when die cur- 
vature increales or decreafes continually from E to M. Henccu 
iirom any geometrical curve another may be deduced that ihali 
admit of an accurate rectification. If we fuppofe, (as in ait. 
366.) that TMK is always parallel to EC, the redangle MTK 
equal to the Iquare of ET, and BY the tangent of BKF at B 
to meet TE in Y, then fhall EY, EC and one third part of Ce 
the ray of curvature of the evoluta dCI be in continued pro- 
portion. For, (by an. 386.) when K fets out ftom B, the fli^ 
xion of TK is to the fluxion of the ray of curvature EC as a is 
to 3 \ confequendy, BE is to EY as aCr is to 3 EC : hoc BE 
b equal to aEC, (by prop. 3a.) therefore EV is to EC as EC 
is to one third part of Cr j and if Br perpeodicolar to the curve 
BK.F meet ET in r, Cc fliall be equal to three foarths of Er. 
Thus the curve BKF, by which the curvature of EMH and 
its variadon were determined in prop. 3a. and its corollaries, 
ferves likewife for determining the curvature of the evoluta itCL 

404. CoR. II. Hence a ready way is deduced for finding the 
center of curvature of the line by whole evoliHion any conic 
fedion is defcribed. Let £ be any point in a conic {e£tion, EO aFig. l60r 
diameter through E, h the center of curvature at E ; let &Y pa- 
rallel to the tangent ET meet EO in Y : take he equal to 3^Y 

upon Y^ produced from ^, and c fliall be the center of curva- 
ture of the line by whcfe evoluncn the conic fedioa EMH i« 
U u delcn* 
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4eicribed. For the triangles V£^, E^Y are (imilar, (by the 
5ch property of the circle of curvature, art. 375,) and VE is to 
£& as £^ is to ^Y, and c is the center of curvature belonging 
to the point b of the evoluta, by the laft corollary. When K ' 
is in the extremity of either axis, ^Y and confequently be va- 
niih, the evoluta has a cui^d where the curvature is fuch as 

Fig. 171. was defcribed in art. 378. In like maoner, in art. 391. let CY 
parallel to the tangent LP meet LS in Y, let Cc be to CY as 
n-\' I is to n — i, and c fhall be the center of curvature of 
the line oCa by whofe evolution LA may be defcribed. And 
by a llmilar conllrudion the center c is determiDed in art. ^^•^ 
43J. But to proceed now to conlider Ibme of the ufetiil pro- 

iFxG.iSi-hlems that have a dependence oa the curvature of lines : Whea 
a circle moves upon a given right line ib as always to touch 
this right line and apply the i>arcs of its circumference fucce^ 
lively to it, any given point in the circumference defcribes a 
Cfchid. Let IV be the given right line, and C the given point 
in the circumference of the circle KCL touch that right line 
iirft in I, and again in i after delcribing the curve ICAi while 
the circle makes a compleat revolution \ bifed Ii in B, and let 
BA perpendicular to I( meet the curve in A j then ICAi ia the 
cyclcHd, \i its bafe, AB its axis, and AMB the generating circle. 
If the circle proceed ftill in die fame manner along the right 
line IV, the fame gjven point of the circumference will de- 
Icribe an equal and linular figure in every revolution of the ge- 
nerating circle \ from which it is obvious, that this figure is not 
of tboK that are called geometrical, which can never meet a 
light line in more than a certain definite number of points; for 
it may be continued till it meet the bafe I/, or any right line 
parallel to 1/ betwixt Ii and hhy in any afiignable number of 
points. It has however feveral remarkable properties, uiefiil 
in philofophy; (bme of which we Ihall briefiy demonftrate. 
I. Any ot^nate from the cycloid, as CP, perpendicular to the 
axis in P that meets the femicircle AMB in M is equal to the 
fum of the arch AM and of its right fine MP. For, let the 
generating circle KCL touch the hue in K when the point that 
defcribes the cycloid comes to C ; then, fince the arch KC or 
SM is eqwd to the right line KI, and the lemicircle £MA 
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to.BI, (by the defcriprion,) BK, or MC, is equal to the arch 
CL, or AM ; and CP is equal to the fam of the arch AM and 
its right fine MP. a. The tangent of the cycloid at C is pa- 
ralKl to the chord AM. For, lee O be the center of the fe- 
micircie AMB, join OM ; and, fince the tangent of the drcle 
at M is perpendicular to OM, it follows from the fourceeath 
propofition, that the floxion of the arch AM is to the flu- 
xion of AP as OM is to PM, and the fluxion of PM to AP 
as OP is to PM ; confequently, the fluidon of CP (which is 
equal to the Turn of AM and PM) is to the fluxic»i of AP as 
BP is to PM, or PM to AP : therefore (by prop. 14.) the tan- 
gent of [he cycloid at C is parallel to the chord AM. 3. Let 
CEL parallel to BA meet A^ parallel to BI in R. ; and, lince the 
fluxion of AR (or PC) is to the fluxion of AP as PM is to 
AP, or CR, the fluxion of the area ACR is equal to the fla- 
Kion of the area A«MP, by arc. iii. Therefore thefe areas 
are always equal, and the area ACIi is equal to the femicircle 
AxMBA. The right line BI is equal to me fcrnicircumference 
AMB \ confequendy, the parallelogram B^ is quadruple of the 
femicircle, and the area ACIB is tnple of it. 4. The arch of 
the cycloid AC is double of AM the chord of the arch AxM. 
For the fluxion of the arch AC is to the fluxion of AP as AM 
is to AP, by prop. 14. and the fecond property. The righc 
lines AB, AM, AP are in continued propoitian ; coafequenuy, 
(by art. 1^. or 143.) the fluxion of the chord AM is O) the .flu- 
xion of AP as AM is to aAP. Therefore the fluxion of the 
curve AC is to the fluxion of the chord AM as aAP is to AP, 
or as 1 is to 1 ; and the arch AC is to the chqrd AM ta the 
lame rado, by ait. 33. io that the femicycloid Ad is dooUfi 
of AB the diameter of the generatbg circle. 

406. Hence, 5. the curve AEd defcribed by the evoludon 
of the femicycloid ACI is an equal femicycloid. For, upoa 
\b produced from h take ha equal to BA, defcribe the femiciccto 
hnay let hm parallel to the chord AM meet this femicircle ta 
IS, and CE the tangent at C meet A^ in L ; then, becaufe the 
angle frAM is equal to hbnu, the arch Vm is equal to the arch 
AM, and the chord hm equal to the chord AM, which is e* 
qual and parallel CO CLor LE> confequently, Enia equal and 
U u a paral- 
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panlld to 5L 01 KI, which is equal to the arch BM or am \ 
snd E^ the ordinate from E perpendicokr to ha is equal to the 
fnm of the arch ant and uf its right fine tup. Therefore, by the 
converfe of the firft property, AEii is a &m|cycloid that has ha 
for its axis and bnta for its geaerating femicircle. Hence the 
ray of curvature of the cycloid A£d at £ is equal to ^bmi, and 
the vaviadoa of curvature k meafured by the tangent of the 
angle abmj or of the angle contained by the tangent ac £ and 
the ordinate £p, by art. 402. k appeaa likewile, that a hea- 
vy body may be made to delciibe any arch of a cycloid Ea by 
fiuiwnding it from a flexible line or thread ICE equal to iahy 
chu has one end fixed at I and is applied to the convexity of 
the lemicycloid ICA fiom I to C, I^ bnng perpendicular to- 
the horizon : for £« will be defcribed by the evcdution of IC \ 
and, by an equal and flmiUr femicycloid touching \b on the o- 
ther fide ac I, a pendulum may be made to ofcillate in this fi* 
guie. 

407.. If the raoBOD of the geoeniting circle KCL upon the bafe 
IB, or of the point M in the femicixcle BMA, be uniform, and 
ks velocity be the half of that which would be genevoced by 
an uniform gravity by idling through the diameter BA,. then, o. 
the velocity of C in deforibing the {emicycloid ICA will be ^ 
qual to that whidi woiUd be acqmred by the fame gravity by 
mlii^ through BP, or by falling along the aKh of the cycloid 
IC iiom I, BA beii^ fuppofed perpendicular to the horizon^ 
For, fince the arch AC is double of the chord AM, the fluxioa 
of the atch AM is to half the fluxion of the arch AC ^or the 
velocity of M in the fefnidide ia to half the velocity of C in 
Alt icmicydloid)^ as A6 is to BM, (by prop. 1 7.) or in the fab- 
duplicate rauo of AB to BP ; asid i^e velocities acquired by ao 
amfbmi giuvity by felling through AB and BP are in die &ne 
niiio) by art. 95.. Hence, 'the time in which a heavy body de-^ 
icnbesa femicycloid ICA, or AEo, by defcendins along it by 
its. fpwricyi 15 to- the time in which it would fall tb-oogh BA 
the diameter of the eencirattng drcle by the fame gravity as the 
lemiciicnmfraencc of a circle is to-ics diamecei: For that time 
fe the iame m which tlte- point K. defcribes IB, ot the point: 
M dcicobea the ieoudjKun&toace BMA^ by an m&saa mo- 
tion 
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lion with half the velocity that would be acquired by filing 
through BA; and the time in which a body falls from B to 
A by the feme gravity isequal to the time in which it would 
defcribe BA with the fame uniform motioD, by art. 95. 

408. In general, 7. let a body defcend by its gravity from 
any point in the cycloid AEa, as H, along the curve HE<^ the 
axis hik being perpendicular to the horizon ^ let the ordinate 
&om H meet the axis ba In d\ upon the diameter da defcribe 
the femicircle dna \ and let Ep the ordinate from the body at 
any point £ always meet this femicircle in n : then fhaU the 
motion of the point n in the femicircle anb be uniform To as to- 
meafure the dme, and its velocity IhalL be equal to the half 
of that which would be acquired by falling through the tight 
line fa a third proportional to ba and da. For the chord an 
is always to the chord am in the fubduplicate ratio of da to ha^ 
and the fluxion of the chord air to the fluxion of the chord am 
(or one half of the fluxion of oE by the fourth property) in 
the fame ratio. The fluxion of the arch an is to the fluxion of 
the chord aa (by i^op. i6.) asad ist&dft, or in the fubdupli- 
cate ratio of <3t^ to dp. Therefore the fluxion of the arch an is 
to half the fluxion of <£ in the fdsdupltcate ratio of the fquare 
o£^« to the rectangle contained by ba and dp, that is, in ths^ 
fubduplicate ratio ot' fa to dp ; and the velocities acquired by;- 
tailing through fa and dp are ia the fame ratio- But the velo* 
city in the cycloid at £ is equal to that which would be acqui- 
red by felling from d through dp ; confequently, the velocity 
offl in the femicircle dna. is half of that- which would be acqui- 
red by falling through /<». Hence, the time in which the bo- 
dy E defcribes any arch of the cycloid H£ a the Ginie in. 
which the point n defcribes the aKh dn by an uniform moti- 
on with half the- velociry that would be acquired by falling: 
chiough the perpendicular fa ; and the time in which the bo- 
dy E defcends along the arch> H0 by falling from H to j, is' 
equal to the time in which the point n with the &me uniibnO'. 
motion dclcnbea the femicircle MOi which is equal to- the time- 
ki which the point mdelcribea the femiciick kftavmi&ixmly withi 
lulf the velocity acqubed by Miki^ through boy became dnof 
ata bma-Mda is to ^/^eir in the fiibcbtgncascntio oi>/ia io^«^ 
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that is, in the ratio of the velocity acquired by falling throDgh 
fa to that acquired by falling through ha. Therefore the time 
*in which a body defcends along the arch Yia from any point H 
to the lowennoft point a is equal to the time in the femicycloid 
AE<f, and is the fame where-ever the point H be in AEd from 
which it begins to defcend, which is the celebrated property of 
the cycloid difcovered by Mr. Huygens. The fame property 
may be demonftrated by Ihewing, that the power by which the 
velocity of the body in the cycloid is accelerated at E is always 
as E/j the arch from E to the lowermoft point a j and an analogous 
property is ftiewn of the epicycloid (which is defcribed by a gi- 
ven ipoint in the plane of acircle that revolves upon a circular bale) 
by Sir Isaac Newton. Produce as till it meet the circle */»<« 
n V \ and, if "Jt parallel to »E meet the cycloid in e, the arch 
HE fliall be defcribed when the motion begins from H in the 
fame time that he is defcribed when the motion begins ironi A. 
409. R.ays of light being fuppofed to ifiiie from a given point, 
and to be refleded by a given curve, fa as to make the angle of 
reflexion equal to the angle of incidence, a curve that touches all 
Fio. 1 81. the refle^ed rays is called the Catiftic by Reflexion. Let S he the 
given point from which the rays iflije, (which is therefore cal- 
led the focui of the incident rays,) SL any incident ray, PL^ 
the tangent at L, LC the ray of curvature at L, Lm the reflect- 
ed ray conftituttng tlie angle CLm equal to CLS \ then, if the 
reflected rays always touch the curve hme^ it is the cauftic by 
reflexion. Let SP perpendicular to the tangent LP meet it al- 
ways in P a point of the curve DP j let HME be the curve by 
the evolution of which DP is defcribed according to art 402. 
end let PM touch HME in M j join SM, and produce it to w, 
ib that Sm be equal to aSM : then m Ihall t« a point in the 
cauilic of the curve BL, when S is the radiating point. For, 
becaufe MP is perpendicular to the curve DP, the angle MPS 
is equal to the complement of SLP (by art, z 1 1 . &; a i a.) or to 
LSP, and SL is biftaed by MP in K; therefore Sw is to SM 
as SL is to SK, Ln is. parallel to KM the tangent of HME : 
bat the figure hmt is fimiUr to HME, and limilarly Htuated, 
(art. I as.) therefore Lm is the tangent of hme. Becaufe Ln 
is parallel to FM, dw angle nLC is equal to MPS, or LSP, or 

CLSi 
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CLS ; therefore, when SL is the incident ray, Im is the re- 
flefted ray, and w is a point in the cauftic 

4 1 o. Let L/ be taken on the refleiled ray equal to LS ; and, 
CR being perpendicular from the center of curvature on this 
ray in R, bifed: LR in q ; and qf, jR and qm Ihall be in con- 
tinued proportion. For, by art. 35)0. fq, fL and aPM are in 
continued proportion. Let CI be perpendicular to SL io I, and 
IL be bifeiSed in Q_j when S ta on the concave fide or the 
curve, and LS is greater than LQ_, PM is equal to the fum of 
PK. (or SK) and KM, and aPM is equal to the fum of /I^ and 
Lf» -J therefore fq is to qh or ^R as /L is to Lm, or as ^R is 
to qm. When S is betwixt Q^and L, iPM is equal to the dif- 
ference of Lffl and hf, and fq is to qLi as /L is to Lm, or as 
qL (or ^R) ia to qm. In like manuer it appears, that when S 
is on the convex fide of the curve, fq^ qR. (or qL) and qm are 
in continued proportion. When the incident ray is perpendi-Fi6.iS3. 
cular to the curve, the reflected ray coincides with the incident 
ray, / with S, C with R, and qm, qC, qS are in continued pro- 
ponion. In general, the rectangle fqm is equal to the fquare 
of ^R, or gL. ; and, when the incident rays are parallel, the 
point flf muft coincide with q, and Lm be equal to one half of 
LR. When LS is equal to one half of LI, and S is on the 
concave fide of the curve, / coincides with q, and the refleft- 
ed ray Ijh becomes an afymptote of the cauftic. 

41 1. Let BL be a circle as in art. 283. C the center, CB theFio.loj. 
radius that pafies through S the radiating point ^ bifef^ BC in 
q, let ^S, qC and qH be in continued proportion : and, when 
L comes to B, tn fhall come to H. When CS is lefs than one 
half of CB, the curve DP has no point of contrary flexure, and 
the cauftic has no afymptote. When CS is equal to one half 
of CB, the diameter through S is the afymptote of the cauftic. 
When CS is greater than one half of CB, but lefs than CB^ 
the cauftic meets CB produced beyond B, the part of the curve 
DP adjoining to B is convex towards S, P is a point of contra- 
ry flexure when SL is one fourth part of the chord LZ thai 
pafies through S, (as was fliewn in art. 183.) and ibe refleded 
ray is then an afymptote of the cauftic. 

413. Let SA be a right line given in pofition, «id Im fbaUFiciSi. 

be 
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be to SL as the fluxion of the angle ASL is to the fluxion of 
iASP — ASL. Hence, in all the curves conftrufted in art. 
391. £c 393. hm is to SL in an invariable ratio, becaule in 
thofe figures the angle ASL is to ASP in an invariable ratio 5 
only, in the parabola, S being the focus, the fluxion of ASL 
is equal to the fluxion of aASP, and the reflefted rays are pa- 
rallel Co each other and to the axis of the figure. 

413. When the rays that iffue from a given point are refrad- 
ed at the curve, fo that the line of the angle contained by the 
refrafted ray and the perpendicular to the curve is always to 
the tjoe of the angle contained by the incident ray and that 
perpendicular, in one conftant ratio, the curve that touches all 
F1c.l84.the refiwaed rays is called the Cau/k by Refra^ion. Let S 
be the radiating point, SL any incident ray, LK the refraded 
ray, C the center of the curvature at L, CI perpendicular from 
C on the incident ray in I, CK perpendicular on the refraded 
ray in K. ; join SC and IK ; let R.Z perpendicular to R.I meet 
CI in % j join LZ meeting SC in Q^, aiKl let QM parallel to 
RZ meet the refraded ray LR. in M : then Ihall M be in the 
cauftic For, fuppoling the refracted ray LR. to touch the cau- 
flic in any point M, and LT parallel to CI to meet SC in T, 
and the point L in defcnbing the curve BL to move towaids 
i ; then the angular velocity of SI about S ihall be to the an- 
gular velocity of MR about M in the ratio compounded of 
the dired rauo of the fluxion of CI to the fluxion of CR (or 
the Kttio of CI to CR, by an. 17. the ratio of CI the fine of 
the angle of incidence to CR the fine of the angle of refraiSli- 
on being fuppofed invariable) and of the inverfe ratio of SI to 
RM. The angular velocity of SL about S is to the ar^ular 
velocity of ML about M (by art. ao8. & loi^ >a the direft 
ratio of LI to LR (or of CZ to CR, becaule the triangles 
CZR, LIR are fimilar) and the inverfe ratio of SL to LM. 
Therefore LM is to r!m as the re&angle contained by CI and 
SL is to the le^angle cc»itaiiied by SI and CZ, or (becade 
SI is to SL aa CI is to LT) as LT is to CZ, or L-Q^to ZQ^i 
■CCHifequentlf , QM and ZR are parallel, and the point M was 
rightly determined. When the incident rays are parallel, let 
QBparaUelxo tbc& rays.thrQugh the center of curracure meet 

LZ 
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JJZi ID Qj and QM parallel to RZ Oiall meet the refraded ray 

LB. in the cauftic ac M. When the incident ray becomes per-FiG. 185* 

peacUcular to the relra^ng curve, that is, when L comes to 

S, the angular velocity of SL is to the angular velocity of ML 

as MB is to SB \ therefore the cauftlc meets SC in M fo that 

CM is to BM in the ratio compounded of the given ratio, of 

CK (the fine of refraction) to CI (the fine of incidence) and 

of that of SC to SB : and when the incident rays are parallel^ 

CM is to BM as the line of refradion ia to the iine of incidence. 

414. Defcribe the circle LICV upon the diameter LC, letFio.i84> 
CV parallel to the incidem ray SI meet this circle in V ; and 

■R.Z> Ihall always pafs through V, the center of curvature C 
and intidefft ray SL being given. Therefore the point M is de- 
termined by applying CR. m this circle lb that it may be to CI 
in the given ratio of the fine of refraction to the line of bci- 
dence, joining VR. that meets CI perpendicular from C to the 
incident lay m "Ly joining VL that meets SC in Q_, and draw- 
Jog QM parallel to VR.. When L2 is parallel to SC, the re- 
fra<!fted ray is the afymptote of the cauftic. 

415. Let BL be a circle, and, the incident rays being ruppo-FiG.iS6. 
fed parallel, let the cauftic touch the refrafted ray LM in M a 

point of the circle ; then, becaufe LR is equal to B.M, LQ^ 
and CI are bifeCted in 2 and I : and, the triangles CRZ, LRJ 
bnng limilar, it follows, that CZ, or one half of CI, is to CR. 
as LI is to LR. Therefore, if the invariable ratio of the line 
of incidence to the line of refraction \x exprefled by that of I 
to R, the fquare of I Ihall be to the Iquare of iR as the Iquaie 
of LI to the fquare of LR, and 4RR — II Ihall be to II aa 
the di^rence of the fquares of LR and LI, or of CE and CR^ 
is to the fquare of LI j confequently, 3RR u to H — RR as 
the lijuare of the radius CL is to the fquare of LI, or CV : 
And m this manner Sir Isaac Hewton determines the poll* 
uon of the ray that, after a reftaCtion at L, a reflexion at M* 
and a fecond refraction at G, defines the interior nunhow \ for, 
the rays incident about L being refraCted fo as to touch the caa- 
Aic near to M, a point in the circle BLM, and being thence re- 
flected, ihey will emerge nearly parallel at G. If it be requi-FiG. 1B7. 
red that the rays refracted about L lliould tie reflected at I in 
Xx the 
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Che circle nearly parallel to each other } then, by an. 41 1 . 
MK moft be equal to W^ or one half of L&, Tf^vaxxfi be 
one half of L2, C2j one half of 21, and therefore equal to 
ooe t^d part of d. But LI U to LR. as CZ is to CR., or 
88 I istojR, andpB^ — Tib to II — RR. aa the Iqaate oF 
CI iato thelquareof LIj therefore 8R.R. is to II — RR. as 
the fqnare of the radios CL is to the ^uare of LI, ot CV ^ 
*nd hence the ray is determined which after a refra3ion at Ly 
two reflexions at / and G, and a fecond re&adion at H, de- 
fines the eiterior rainbow ; for, if Gm be one fourth part of 
GH, or of U^ the tays leSeAed at G IhslI touch a caoftic 
formed by this lecond reflexion at vty and emei^e ^rallel after 
their retradion at H. 

416. Of the various problems that depend on the cunratore 
of lines, none are more ufefiil in Jihilofophy than thc^e which 
relate to the centripetal and centrifugal forces. In this dofbine 
It is fuppoled, that a body at reft never moves of itfelf, and that 
ft body in motion never changes the velodty or dire^on of its 
notion of idelf j but that every motion woiud condnoe unifoim 
and its direction redilineal unleft fome external force or reh- 
fiance a£3ed it. Hence, when a body at reft always tends to 
move, or when the velocity of any re^lineal motion is acce- 
lerated continually, or when the direction of a modon is con- 
tinually varied and a curve line defcribed, thefe are fuppofed to 
proceed equally from the influence of fome power that a^ in- 
ceffimtly ; which may be meafared either by the prefliire of the 

auielcent body againft the ohftacle that hinders it to move in 
le firft cafe, or by the acceleration of the modon in the fecond, 
or by the flexure of the curve defcribed in the third cafe, due 
regard being had to the time in which thefe ef&ds are produced, 
■ftnd the ether circumftancea, according to the principles of me- 
' chanics. Ef&£b of the power of gravity of each kmd fall un- 
'derour conftantobfervation near the furfaceof the earth; for 
the fame power which renders bodies heavy while they are at 
ieft, accelerates them when they defcend perpendicularly, and 
bends their motion into a curve line when they are projeaed in 
any other direction than that of their gravity. But we have 
accefi to judge of the powtrs that aA on the celeftial bodies 

by 
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by tSSteta of the laft kind (mly; and it is of theie cUefly wfi 
are to treat here. 

417. As the velocity of a variable motioa is meafured by the 
fpace which would be defcribed by ic in a given time if it was 
continued uniibrmly ibr that tinje^ (art. 4. j. & 6.) and not by 
the fpace that is atnaally defcribed by the variable motion in 
that rime ; fo the power by which the re^ineal morion of a 
given body is conunually accelerated or retarded is meafored 
by the increment or decrement of the velocity that would be 
generated by that power in a given time, . if its adion, or tnflu- 
ence, was conrinued nniformly for that rime, and not by the ii^ 
crement or decrement of the velodty that is adually generated 
if the aS&aa. of the power varies. The fluxion of the velocity 
is mea£)red in the &me manner as was expluned in art 70. 
Hierefore the power that accelerates or retards ti redilineal 
morion is always meafured by riie fluxion of the velocity of the 
moricHij or (becaofe the velodty is itlelf the iirft fluxion of 
the fpace) by the fecond fluxion of the Qmcc defcribed by the 
morion, the time bring fuppo&d to flow uniformly. Thus, 
when a given body aicends, or defcends, in the right line that 
ia in the diredion of ita gravity, in fpaces void of refilhuice, the 
power that accelerates or retards its morion at any tenn of the 
time (that is, the accelerating force of its gravity) is meafured 
by the fluxion of the velocity ; and if the velocity increaie or 
decreaie uniformly io that its fluxion be conflant, the gravity 
Qiuft be fuMKrfed uniform. If the body defcend, or dcend, in 
a medium that rdifts its morion, the power that accelerates or 
retards its velocity Tthat is, the difierence of the gravity and 
refinance when the Dody defcends, and their fum when it ai- 
^ends) is fiill meafured by the fluxion of the velocity, or the 
iecond fluxitnofthe^jacethaeis defcribed by the morion, the 
tinie being fiiroofed to flow unifbtmly. 

418. Snppole the right line Di^ to move parallel to itfelf a-Fie.188, 
long the given line AO with an nnifonn morioi, and the gr^ 

viry to iSt always in the t^eSion D^; then the body will d&- 
Icend in this line "Dd in the fiune manner as if the line was qui- 
efcent and the gravity at^d in ita dire£Hon. Tlurefore the 
gravity will be ftill meafiiced by the fluxion of the velocity 
X X a with 
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with ^diich the body defcends in the right line "Ddf or by the 
fecond floxioD of DE the fpace defcribed by it in this line> that 
is, by the fecood fluxioa of the ordioace of the curve traced by 
the body on the immoveable plane hOoHj the time for t}K right 
Une AD which flows in the wne manner as the dme) b«i^ up- 
p(rfed to flow uniformly. 

419. When a curve is deicribed by a gravity that zSU in pa- 
zallel Uoes, its &rce is as the fquare of the velocity of the bo- 
dy diie^y and that chord of the circle of curvature which paf- 
ie0 through the body in the diredion of the gravity inverlely. 
For, the lame things bdng (ii^^fed as in the laft article, let the 
velocity of the point D or the fluxion of AD be reprefented by 
a given Une DG, let GH parallel to the ordinate DE^meet the 
tai%ent £T in T; and the fluxion of the curve FE, vp: the ve- 
locity of the body in delcritong it, Ihall be meafured by £T, 
by prop. 14. Let the circle oicorviUiire at E meet £<i in B, 
and the fecond fluxion of DE Ihall be meafured by a right line 
that ia a third j)roporaonal to [£B and ET, by prop. 33. There- 
fore the gravity, which is meafured by the teccxid fluxion of 
DE, b as the fquaie of ET direiSly and £B inverfely, that is, 
as die Iquare of the velocity diredly and die chord of the circle 
of curvature which pailea through E in the (Ure£Uon of the gra- 
rity inverlely. 

410. This may be further illoftrated, if it feem neceflary, in 
the following manner. If the gravity iSt uniformly and in pa- 
lallel Imes opon a body that fets out nom E in the diredion ET, 
«nd bend its courle mto the curve ER^ and the right lines TR, 
Vx in the direSion of the gravity meet ET in T and V, and 
meet the cnrve in R. and x, Vx Ihall be to TR. as the Iqaare of 
EV is to the Iquare of ET, by what was fliewn in art oc. con- 
iequently, the redangle contained by Vx and an invariable right 
line is equal to the Iquare of EV, and the curve £xR ia a pa- 
rabola. And it may be Ihewn converiely, from art. 354. that 
when a parabola ExR. is defcribed by a gravity that aSt& always 
in a dtreaion parallel to the axis of the figure, then, DG being 
given, TR. is invariable ; and, confequendy, the gravity is n- 
niform. Let WEh be any curve line that touches the paiaboU 
ExR. aad has the iiune curvature with it at E j then, if the powei 

by 
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by which EH is deicribed a£b always in the fame dire£HoD as 
the uniform gravicy by which the parabola ER. is delcribed, and 
the velocities at E in EH and ER be equal, the gravity in the 
carve AEH at E muft be equal to the uniform gravity in the pa- 
rabola ER. For, if the gravity in EH at E be (aid to be great- 
er than the aniibrm gravity in the parabola ER, let it be great- 
er in the ratio of TZ to TR \ and let EZ be a parabola defcri- 
bed through £ and % that has the fame tangent ET and diame- 
ter E^ with the parabola ER at E, Then the ^vity in the 
curve EH at E ihall be equal to the uniform gravity in the pa- 
rabola EZ ; and, if the variable gravity in EH be fuppofed' firft 
to increafe while the body moves from E to H, TZ fliall be al- 
ways lefs than TH, becaufe a fpace defcribed by a power that 
ails uniformly muft be lels than the fpace which is defcribed ia 
the lame time when that power continually increafes ^om the 
beginning of the time. But TR is always lefs than TZ ; there- 
fore the parabola EZ pafles between the curve EH and parabo- 
la ER. But EH and ER were fuppofed to have the fame cur- 
vature at E ^ confequently, no parabola can pafs between them, 
by art. yj\. And thefe being contraditSory, it follows, that, 
when the gravity in EH incr^cs from E to H, the gravity at 
£ in EH cannot be greater than the unifonn gravity in the pa- 
rabola ER. If die gravity in EH be fuppofed to decreafe from 
£ to H, let a parabola E» be delcribed dirough any point -a be- 
tween K. and Z, fo as to have the fame tangent ana diameter ac 
£ with ER and EZ \ then, fmce the gravity in EH at E is e- 
qual to the uniform gravity in the [urabola EZ, (by the fuppo- 
Htioq) it moft be greater than the uniform gravity in the pai^io- 
la Ea which is greater than the unifonn gravity m ER. There- 
fore the part ot the parabola Etf that is adjoinit% to £ paf&s 
between the curve EH and parabola ER \ and (by art. 371.) 
ER has not the liune curvature with EH, againfi the fiq>pofiti- 
on. In like manner it may be fhewo, that the gravity in EH 
' at £ is not lefs than the un^orm gravity in the parabola ER. 
Therefore they are equal to each other. Let the common circle 
of curvature meet Et^ in B, and TR, ET and EB Oukll be in 
continued proportion, by art. 371. and TR is as the fquare of 
ET diredly and EB invetfely. Thetefotc the gravity m EH 
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at E is aa the fquare of the velocity at E (which is meafured by 
ET, 1>G being given) diredly and as the chord of the circle 
of curvature through E in the direftion of the gravity inverie* 
ly ; for the uniform gravity in the parabola ER. is meafured by 
aTR, by art. 74. & 75. 

411. When the velocity and diredioa of the motion and the 
force and diredion of the gravity at E are given, the curvature 
at E is given. For, let ET be the f^e that would be deicribed 
in a given time by the modon at £ continued uniformly, let 
TR^be equal to the fpace defcribed in the fame time by a body 
falline &om E in the right line Yd when the gravity at E ia coo- 
tinned uniformly ; dien £B the chord of the circle of curvature 
ihall be a third prc^oruonal to TR and ET \ and, iince the 
angle BET is given, the center and ray of curvature are given. 
The curvature therefore of EH at £ depends only on the force 
and diredion of the gravity at £, the velocity and (UreAion of 
the projection at E being given^ and not on the fubfequenc va- 
riadons of the gravity. When the force and direction of the 
gravity with the velocity at E are given, EB is determined,'and 
die ray of curvature is reciprocally as the iine of the angle BET. 

412. Let EH be now defiuibed by a centripetal force direS- 
ed towards a given point S in the nght line EB : and let ER. 
be the parabola that would be delcnbed by the lame centripe- 
tal force at £ condnued uniformly in a direction always paral- 
lel to £B : then the contact of the curve EH (chat is defcri- 
bed with a variable centripetal force direfted towards S) with 
^e parabola ER (that is defcribed with the centripetal force in 
EH at E continued uniformly from that term) fliall be clofer 
than the contad of EH with a parabola that is defcribed by 
a greater or lefs force condnued uniformly in the fame dire- 
£hon. Therefore the curve EH and parabola ER have the 
fame curvature at E. From which it follows, that the centri- 
petal force in the curve EH at E direded towards any point S 
18 as the fquare of the velocity of the modon at E direnly and 
EB the chord of the circle ^ curvature that paHea through S 
the center of the forces inverfely. 

423. -Let SE be produced till it meetthe right line AD given 
in pofition ; and, if AD be fuppofed to flow uniformly, the cen- 
tripetal 
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tripetal force ihall be meafured by the fecond fluxion of the or- 
dinate DE, if the center S to which thia force ia direfted be 
any where in the right line EB produced from E on the concave 
fide of the curve ; becaufe the fecond fluxion of DE confidered 
u the ordbate from the carve EH is equal to the fecond fluxi- 
on of DE confidered as the ordinate from the parabola ER that 
has the fame curvature with EH at E, by art. 383. In the lame 
manner it appears, that, if the curve EH be defcribed by a cen- 
trifugal force direded to any point io the right line £B produ- 
ced from £ on the convex fide of the curve, thia force fhall be 
Ukewife meafured by the fecond fluxion of the fame ordinate. 

414. Since the fquare of ET is equal to the re6langle' coq-Fig. 185^ 
tained by TR. and EB, ic follows, that the velocities at any two 
points of curve lines are to each other in the ratio compound- 
ed of the fubduplicate ratio of the ceiuripetal forces at thefe 
points, and the (ubduplicate ratio of the chords of thedrclesof 
curvature which pafs through thefe points and the centers of 
the forces. When the gravity is given, the velocities are in the 
fubdaplicate ratio of thefe chol'ds. Therefore the velocity at 
any point E ia to the velocity of a body that defcribes a circle a- 
bout S iu a void at the fame diflance SE by the fame centripetEil 
force b the fubduplicate ratio of EB to iSE, becaufe the chord 
of the circle that pafles through the center is its diameter and is 
equd CO iSE \ confequently, if SP be always perpendicular &om 
S on the tangent ET, the velocity in the curve EH at E fhall 
be to the velocity in fuch a circle m the fubduplicate ratio of 
the angular velocity of SE about S to the angular velocity of 
SP about S \ becaufe, by ait 389. thefe angular velocities' are 
to each other m the ratio of EB to 2SE. 'Ilius, for example,, 
the velocity in a parabola, when it is described by a centr^ietal 
force direded towarda the focus, is to the velocity in a circle 
that is defcribed by the fame centripetal force at uie fame di- 
ftance in the fubduplicate ratio of a to i ; becaufe, if A be the 
vertex of the parabola, the angle ASE is alwaya double of ASP. 
In the logarithmic fpiral theie velocities are always equal, be- 
caufe the angular velocities of SE and SP are equal in it, by arc. 
340. In all the figures conftruAed in art. 35)2. & 393. thefe 
velodtles are to eaca other iivan bvariable ratio whea the cen- 
tripetal 
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Fie.i7i.mpetal force iadirefted towards S, viz. in the fubduplicate ra- 

& 172. tio of ff to — I in thofe of arc 392. aad in the fabduplicate 

ratio of » to ff + ' i° '^hofe of art. 393. becaufe the angular 

velocities of SL and SP about S are to each othei in the fame 

invariable ratio as the angles ASL, ASP in ehofe figures. 

Fig. 158. 425. When a conic fedion is defcribed by a centripetal force 
direded towards any point S in the plane of the fedion, let Oa 
the femidiameter parallel to the tangent at E meet S£ in R ; 
and the velocity in the feftion at K ihall be to the velocity in 
a circle defcribed in a void at the J^me diftance S£ by the lame 
centripetal force as Oi^ is to a mean piopoitional betwixt SE 
and RE. For, by the founh property of the circle of curva- 
ture demonftrated mart. 375. the redangle R-E^ (£/■ being one 
half of EB) is equal to the fquare of 0<», and £B is to oSE as 
the fquare of Oa is to the rectangle R£S. When the center 
of the forces coincides with O the center of the figure, the ve- 
locity in the conic fe<3ion is to the velocity in the circle as Oa 
to 0£ \ becaufe, in this cafe> SE and R£ coincide with OE. 
When S is in the focus of the feiUon, thefe velocities are to 
each other in the ratio of Oa to a mean proporuonal between 
the diftance SE and half the tranfverfe axisof^the figure, (which 
in this cafe is equal to RE,) or m the fubduplicate ratio of the 
diftance of the revolving body from'the other focus to half the 
tranfverfe axis ^ and thele velocities are equal at the extremity 
of the fhorter axis in theellipfe. 

416. The velocity and direction of the morion and the cen- 
tripetal force at any given point £, with the cenrer O of the co- 
nic fedion, towards which the force is fuppofed to be direfted, 
being given^ the feiflion is determined that can be defcribed by 
fucb 8 centripetal force. For, if Tr be equal to the Ipace 
that a body falling from E in the right line OE would defcribe 
by its gravity at E continued uniformly in the fame time that 
Ex would be defcribed by the morion in the curve at E con- 
tinued uniformly, 3 third proportional to Tr and ET fhall be 
equal to the parameter of the diameter that pafles through E ; 
therefore the femidiameter Oa parallel to ET is given in pofition 
.and magnitude, and the conjugate femidiameter OE being like- 
wife given, the conic lei£Uon is deteimined. 

417. When 
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417. When the conic feftion is defcribed by a centripetalFia.ifJi- 
force that ia direSed towards the focus S, let Tx be the Ipace 

that would be defcribed by a body falling irom E in the right 
Kne ES with the gravity at E continued uniformly, in the lame 
rime that ET would be defcribed by the motion of the body at 
E conrinued unifonnly in the tangent; let EB be to ET as ET 
is to Tx, and EQ^be equal to one fourth part of EB : then a 
third proponional to SQ^ and SE ihall be equal to the tranfverfe 
axis ot the figure. Let SP be perpendicular from S on the taii- 
geot ET in P, bifefl SE in r, join Pr, let the point O be taken 
opon the right line Pr (the fame or the contrary way from P 
with r according as ES is greater or lefs than EQ_) fo that PO 
may be equal to one half of the tranfverfe axis, and O ihall be 
the center of the figure, by what was Ihewn in art. 37 j. Wheti 
EQ^ is equal to ES, the figure is a parabola, the vertex of which 
is determined in that article \ when EQ^is lefs than ES, the fi- 
gure is an ellipfe ; and when EQ^is greater than E^, it is an 
hyperbola. It appears likewife, that, when the centripetal force 
and velocityat E with the diftance SE are given, the tranfverfe 
axis is given, whatever the direftion of the motion at E (or die 
angle SET) maybe. 

418. Let EH be any curve defcribed by acentripetal force di-Fio.i8j|. 
reded towards S ; lei the force at E be leprefented by the right 

line EK, and KV be perpendicular to the tangent ET in v j 
then EV ftall reprefent the fisrce by which the velocity of a bo- 
dy is accelerated in a void if it is proje£ted from E towards T, 
or retarded if it is projeded towai^s t ; and KV fliall reprefent 
the force by which its courfe is intte£ted from the tangent ET, 
or E>. Becaufe KV is to EK as Eb is to the ray of curvature 
EC, and EK is as the fquare of the velocity at E diredly and E6 
inverfely, it follows, that KV is as the fquare of the velocity 
at E direftly and the ray of curvature EC inverfely, and that 
the curvature of EH at E depends on the velocity at E and tha 
force KV only. Hence, if the force EV be increaftd or diml.^ 
niflied by any new force that afts in the direftion of the tan- 
gent, and is in any affignable ratio to the force EK, but the 
torce KV remain, the curvature at E of the arch EH defcribed 
by the body fhall remain the fame as if that new force had not 

y y *aed. 
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a£led. If we fuppofe the fame curve to be delcribed by a ceo- 
tripecal force direfted towards any other point yj and the velo- 
city at E to be the iame as formerly, let KA and S/ parallel to 
the tangent Ef meet /£ in K and /, and Qd be perpen<UcHlatto 
/E in 3, then the centripetal force towards y ihall be to the 
centripetal force that was directed towards S m the former cafe 
as E^ is to £^, (art. 411.) that is, as EA is to EK., (becaule the 
angle liEf is equal to E^t^) or as £/ is to ES. 

43y. It follows from what ia ihewn in the laft article, that, 
when a body defcribes any curve EH by a centripetal Ibrce (U- 
re^ed towards S, in a medium the reliitance of which is in aa 
aflignable ratio to the centripetal force, this force is ftill at £ 
as the fquare of the velocity directly and the chord of the circle 
of curvature that jpafles through S inveriely. For the refiftance, 
affects the force EV only which Is in the direction of the tan- 
gent or of the motion of the body, and the velocity in the curve 
IS accelerated or retarded in this cafe by the dlfierence or fum 
of the force EV and the refiftance ; but the force KV that is 
perpendicular to the tangent (upon wluch the curvature of EH 
at £ depends) remains the fame as when the motion is in a void \ 
and, fioce the curvature of EH at E is the fame in the medium 
as in the void when the velocity and centripetal force at E are 
the fame, it follows, that the centripetal force at E in the me- 
dium as well as in a void is as the fquare of the velocity at £ 
dire^ly and Ei* inverfely. The velocity in the curve at £ in 
the medium is to the velocity in a circle defciibed in a void by. 
the fame centripetal force at the fame diftance, in the fame ra- 
tio as if the ctirve'was defcribed in a void by a centripetal force 
dire6ted to the iame center S, that is, in the fubduplicate ratio 
of the angular velodty of SE to the angular velocity of SP a- 
bouc S, by art. 424. Therefore what has been fliewn in the. 
preceedlng articles on this fubjedt is to be extended equally to 
both cafes \ and for this reafon we chofe firft to Ihew how the. 
veloi:ity in the curve is compared with the velocity in a circle 
delcribed by the fame centripetal force at the fame diflance, be- 
fore we fliould enquire into the variations of the velocity and 
centripetal force in a given iigure, which are difierent in a me* 
(Uam from what they arq in a ipace void of refiftance. Tbus„ 

'if 
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if a logarithmic ftriral, for example, be defcribed either in a me- 
diam or in a void by a force dire£led to the center S, the velo- 
city is always equal to the velocity in a circle delcribed in a 
void at the fame diltaace by the fame centripetal force : And 
in any of the figures conftrufted in art. 3pi. & ^^^ thele ve- 
lodties are in an invariable ratio when S is the center of the 
Sirces. 

430. It follows, that the centripetal forces at E dire^ed to- 
wards a ^ven point; S by which the fame curve £H can be de- 
fcribed in a medium and in a void, are to each other in the du- 
plicate ratio of the velocity at E in the medium to the velocity 
at the fame point in a void j becaufe the dhord of curvature is 
the fame in both cafes. 

431. Another theorem by which the centripetal ibrces mayFio. 166. 
be difcovered follows from what was fhewn in art. 38 c. Let 

EV a circle defcribed from the center S meet PM in v j and 
the fecond fluxion of PM fhall be equal to the diiference of 
the lecond fluxions of SM and PV when the points M and V 
fet out together from E. Therefore, if we fuppofe that while 
the body M defcribes the curve HEM by a force directed to- 
wards Of another body V revolves in the circle EV, the uni- 
form angular velociry of SV about S being equal to the angulat 
velocity of SM about S when M feta out from E, and that a 
third body L defcends or afcends in the right line SE fo that SL 
is always equal to SM ; then the centripetal force of M in the 
curve HEM at £ fhall tie equal to the difierence of the centri- 
petal force by which V is retained in the circle EV and of the 
force by which the morion of L is accelerated or retarded ac 
E in the right line SE. For the centripetal ferce in the circle 
EV is mealured by the fecond fluxion of PV when V feta out 
fi'om E, AD being fuppofed to flow uniformly, by art. 423. 
and the force by which the morion of L is accelerated or re- 
tarded in the right line SE is meafured by the fecond fluxion of 
SL, or SM, when L comes to E, by art. 41 8- Therefore the 
difference of thofe forces is meafurea by the difference of thefe 
fecond fluxions of PV and SM, or the fecond fluxion of PM, 
and, confequently, is equal to the centripetal force in HEM ac 
E, by arc. 413. The centripetal force in the circle EV is e- 
Y y a qual 
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qual to Che centrifugal force that arifes from the motion of n>- 
utioa io the fiime circle, or m the cuTt e EM at £, jince (by 
the fuppofition) the angular velocities of SM and SV are equal 
when M and V fet out trom E. And hence it appears, that the 
force which accelerates or retards the velocity of L at E in the 
light line £S (which is fomedmes called the paracentric velo- 
city of M at E) is equal to the difference betwixt the centripe- 
tal torce in EM at E and the cencrifiigal force in the circle EV, 
and not to the difference betwixt the ceotripecal force in EM 
Fis. I50.at E and twice the centrifugal force iu the circle EV, It fol- 
lows from this, chat, when two curve lines EM, tm are delcri- 
bed by centripetal forces dirc6)ed towards S, and SM is always 
equal to Sfs, ±e difference of thele forces at E and e muft he 
equal to the difference of the centripetal forces in the circles 
EV, e^ the angular velocities of S v and Sv being refpedtve- 
ly equal to the angular velociries of SM and Sm when M and 
« fee out from E and t. And, if the velocity in the drcle EV 
be to the velocity in the circle ct> as G is to F, the difference 
of the forces in EM and tm at E and t fhall be to cfae force la 
the circle EV as the difference of the Iquares of G and. F is to 
the Square of G. 

4^2. When a circle is defcribed by a centripewl force that 
is directed towards its center, the motion is uniform \ for, the 
direction of the centripetal force being always perpendicular to 
the ungenc, it nekber accelerates nor retards the velocity of the 
body, and has no other effect but to bend its courfe continual- 
ly from the tangent inss the circle. The centripetal forces are 
as the fquares of the velocities directly and the diameters of the 
circles inverfely, by arc. 473. or (becaufe the velocities are as 
the diameters direftly and the times in which the revoludons 
•re completed inverfely) as the diameters drre31y and the 
(quaree of the periodic times inverfely. If rays be fuppofed to 
be drawn always from the ccncers to the revolving homes, the 
centripeul forces lhall be Itkewife in the laria compounded oi* 
the ratio of the angular veloeicies of thofe rays {(X of the an- 
gular velocities ofthe tangents at the bodies) and the ratio of 
Sic velocities of the revolving bodies. Thus, when the circles 
«ie defixibed in equal periodic times,, or the aoguiax veloddes 
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of thofe rays «re equal, the velocities and the centripetal forces 
are as the dilbtDces of the revolving bodies from the centers 
of the circles. When the fquares of the periodic times are as 
the cubes ot the lays ot the circles, and, confequeDtly, the ve- 
locities in the fubduplicate ratio of thefe rays inverfely, the 
centripetal forces are reciprocally as . the fquares of the rays. 
When the periodic times are as the iquares of the rays, or the 
relocities reciprocally as the rays, the centripetal forces are re- 
ciprocally as the cubes of the rays. In general, when the ve- 
locities are reciprocally as aoy power of the rays whole expo 
nent is w, the centripetal forces are reciprocally as the power 
of thofe rays whofe exponent is iw-J- i : And, coaveriely, 
when the centripetal forces are redprocally as the power of the 
rays whofe exponent is », the velocities arc reciprocally as the 
power of the rays whofe exponent is one half of m — i. 

433. The velocity in a circle is to the velocity that would 
be acquired by falling in a right line from the circumference to 
the center, by the fame centripetal force with which the circle 
is defcribed continued uniformly, as the radius is to theiide of 
the infcribed Iquare, or as unit is to the fquare root of two. 
Ijct S be the center, SA the radius of the circle, and fuppofe theFio.ipi- 
centripetal force at A to continue to atlit upon the body uniform- 
ly and in parallel lines \ then Ihall it defcribe a parabola AR. 
that has the fame curvature with the circle at A, or that has its 
focus in the point F, if SA be bifefted in F, (by art. 411. & 371.) . 
Let GA be equal to Ai'', and it is known that the velocity in thi» 
parabola at A is equal to the velocity that would be acquired by 
falling with the fame uniform centripetal force from G to A ; and 
therefore is to the velocity that would be acquired by falling 
from A to S with the lame centripetal &rce in the fubdupHcate 
ratio of GA to AS, (arL 05.) or of i to 1 ; and, finee the velo- 
city in the circle is luppoted equal to the velocity in the parabo- 
la in A, it muil be to the velocity acqufred by falling from A 
CO S in the fame rario of i to the Iquare root of 3. Hence iJie 
periodic time in a cijcte is to the time ia which a body would 
Fall direftly from the circumference to the center by the fame 
Rravity, as the circumference of the drcle b to the lide of the 
mfcnbed fquaze. Id geaeraT, tc appeazs in the £ime luamier, 

tbac 
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that the velocity in any curve at E ig equal to the velocity that 
would be acquired in a void by falling dlrettly through one 
fourth part of the chord of the circle ot curvature EB, by the 
gravity at E continued uniformly ^ or that ££ is always double 
of the fpace in falling through which the velocity at E would 
be generated in a void by the gravity at E continued unifomily. 
Fig. 21. 434< It was Ihewn in art. 95. thai^ when a motion is uni^rm- 
ly accelerated, that is, when the force that accelerates it is con- 
ftant, if a/ be the fpace defcribed by the motion and the tri- 
angular area ADE be always equal to the reiftangle ae contain- 
lEd by A^ and the invariable right line af, the time of the mod- 
on ihall be reprefented by the bale AD, and the velocity by 
DE. The force that acceleratea the motion is as IH the flu- 
xion of the velocity dire^ly and EI the fluxion of the time iit> 
verfely, (by art. 1 14. or 41^.) and therefore may be reprelent- 
ed by 3 right line ah chat is to the invariable neht line of as 
IH is to EI, or DE to AD, oc as the fquare ot DE is to the 
reftangle ADE which is equal to twice the redangle^i/; con- 
fequencly, the fquare of DE which meafures the velocity at D 
is equal to twice the rectangle had contained by ha which raeai- 
flires the centripetal force and ad the fpace defcribed from the 
beginnmg of the motion ; and the fluxion of the fquare of the 
Velocity is meafured by the double rectangle contained by ha 
and die right line which meafures the fluxion of the fpace. 
Fio.ipi'Hence, if a body be fuppofed to fall in the right line a^ by s 
centripetal fotce lu the direction aS that at any diftance SO is 
meafured by the ordinate QN, the fluxion of the fquare of the 
Velocity at (^ Ihall be meafured by twice the reAangle conuin- 
ed by QN and the right line which meafures the fluxion of (iQ_: 
but thia redangle meafures the fluxion of the area <>QN(/, by 
prop. 3. thereiore the fquare of the velocity acquired by falling 
fiom a to (^ is meafured by twice die area <»QN(i, by art. 14. 
This, if it was neceflary, might be demonftiated in the fame 
manner as the third propofltion, from this principle, which is o- 
nalogous to the flrft axiom, That when a morion is accelerated 
by a centripetal force that increafes conrinually, the velodry ge- 
nerated by it while a raven fpace is defcribed, is greater thaa 
the velocity wluch wotud have been generated if uie accelera- 
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ting force had not mcreafed, but concinued uoifoim. It is like- 
wile obvious, that tl:' oQ^ was a column of an homogeneous 
fluid, and the gravitation of any particle at the diftance SQ^ wa» 
reprefented by the ordinate QN, the preffure of the fluid at Q 
would be as the area oQ^d, or as the fquare of the velocity 
that would be acquired by falling from a to<X 

435. Let the velocity in the curve AE at A De equal to that 
which would be acquired by falling from <9 to A in the right 
line aS, fo that its Iquare may be reprefented by twice the area 
aAD^j let SE be equal to SQ^and the centripetal force at E 
be fuppofed equal to the centripetal force at Q_ which is repre- 
fented by the ordinate QN j let EK. be equal to QN, and KV" 
be perpendicular to the tangent EP in V : then me force by. 
which the motion in the curve at E is accelerated fhall be re-' 
prefented by EV, and the fluxion of the fquare of the velocity. 
at E by twice the redangle contained by EV and the right line 
which meafures the fluxion of the curve AEl, by the laft ar- 
ticle : But this re<^angle is equal to the redangle contained by 
EK, ot QN, and the right line which meafures the fluxion of 
*Q_, becaufe (by prop. 17.) the fluxion of the curve AE is to 
the fluxion ofoQ^as EK. is to EV: therefore the fluxion of the 
Cjuare of the velocity at E is meafured by twice die fluxion oS 
the area nQNt/^ and the fquare of the velocity at E is meafu- 
red by idQKi^. The fquare of the farae velocity i* meafured 
by twice the reftangle contained by QN and :JEB, (byan.433.) 
or by the rectangle contained by QN and Ek j confequently, th© 
redangle contained by QN and Eb is double of the area aC^irf.- 
and hence, when the centripetal force at E, cv Q^, is known, 
and the law according to which this lurce varies in different di- 
ftances, Eb Is found by the quadrature of the area ^QNi^. Let' 
the fquare of the right line QR. be equal to twice the area 
oQNfl, that QR. may reprefent the velocity at E j then QN, 
QR. and Eh (ball be in continued proportion ; and, the fluxion 
of the fquare of QR. being equal to twice the fluxion of the a- 
rea rfQN^, the fluxion of QR. ftiali be to the fluxion of aO as 
C^ is to QKy or as QR. is to £^ ; that is, the fluxicm of QR. 
which represents the velocity at E is to the fluxion of a(^y or 
Stf^SE, aa QR. is tpEi' half of the chord Efi. 

436. Lee 
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436. Let the ordinate AD reprefent the centripeul force at 
the diftance SA, and the velocity in a circle defcribed about the 
center S at the dtllance SA with the centripetal force AD ihall 
be to the velocity acquired by fiiUing from a to Q_in the fub- 
duplicate ratio 01 the triangle SAD to the area sQNi^ by art. 
433. & 434. And when a body is projeded upwards from A to 
the right line ha with a velocity equal to that in the circle, it 
will juft rife to the point a^ and return again from thence, if the 
area hXiad be equal to the triangle SAD. When the centripe- 
tal force is reciprocally as any power of the diftance whole ex- 
popent is any number m greater than unit, there is a limit which 
always exceeds the area bX>da how great foever the height A* 
may be, by art. 2173. &: 325. and this limit is to the rectangle 
SAD (or twice the triangle SAD) as unit is to m — I. Hence, 
if a body be proie<^d upwards from A in the right line ha with 
a velocity that is to the velocity in a circle delcribed at the di- 
ftance SA with the centripetal force AD in the fubduplicate, ra- 
tio of 2 to m — I, or in any greater ratio, the body will rife 
for ever in the right line A<>, and never return again to A. If 
the velocity of a body that moves in the right line Si>, or in any 
curve AE, be at any point A to the velocity in a circle at the 
diftance SA in the lubdupUcate ratio of a to m — 1, its velo- 
city will be always to the velocity in a circle at the fame di- 
ftance from S the center of the forces in the fame rado, becauie 
the rario of the triangle SAD to the limit of the area KQda 
continued upwards from A is always the fame where-ever the 
point A be uken in the right line Sd. This velocity that is ne- 
ceflary to carry ofFa body fcr ever in the right line ha is great- 
er or lefs cban the velocity in a circle at the fame diftance ac- 
cording as 1 is greater or lefs than m — i, that is, according 
as f» is lefs or greater than 3 \ and thefe velocities are equal 
when m iaequal to 3. When a body is projeAed v/ith this ve- 
locity in any other direftion than that of its gravity, E^ is to 
SE as 1 is to tn—' i, by art. 43^. when m is lefs than 3, the 
body rifes for ever iu one of thole parabolic figures that were 
conftrutted in art 39a. (Figj. i^i.) when m is greater than ?, 
h approaches to the center till it tall into it in one of the n- 
guies that were conftrufted ia ate 3^3. (Fig. j/a.) Fiift, let 
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f» be lefs than 3, let L be any point in the trajeflory, LP theFio. 1 
tangent, SP perpendicular to LP in P, and lee » be to unit as 
a ia to the excels of 3 above w ; let the angle LSA be made 
on the fame fide of LS with LSP, and in the fame ratio to LSP 
as is CO unit j let SA be to SL as the power of SP whofe ex- 
ponent is » ia to the' iame power of SL : then fhall A be the 
.^ts of the figure, or the point where the tangent becomes pef 
{Kndicular to the ray drawn from the center of the forces to the 
point of contact Lee AM be a right line perpendicular to SA^ 
and the trajeSory AL may be conftru£led by this right Hne 
AM, as in art. 392> by drawing SM from S to any point in this 
right line, making always the angle ASL to ASM as » is to u- 
nit, and SL to SA as the power Oi SM whole exponent is is 
to the fame power of SA. The demembration is no more than 
the converfe of what was fhewn in that article. For, fuppoling 
L to be any point in the trajeftory, A the apfis where SL and 
SP coincide^ and, fince the velocity at L is always to the ve- 
locity in a arcle defcribed at the fame diftance by the fame cen- 
tripetal force in the fubduplicate ratio of 2 to m — i, by what 
has been (hewn, it fellows, (by ait. 414.) that the fluxion of the 
angle ASL is to the fluxion of the angle ASP, and the angle 
ASL to ASP (art. 33.) as 1 is to m — i j fo that ASL moft 
be to PSL as 1 is to 3 — m, or s to unit \ conlequently, if 
we foppofe AM to be perpendicular to SA, aud the angle ASM 
to be to ASL as 3 — m is to 1, the angles ASM, PSL flu^ 
be equal, and SP to SA as SL is to SM. Let the arches fLt, 
iS defcribed from the center S through L and F meet SA m / 
and ky and the fluxion of SL ihall ht to the fluxioa of SP aa 
the fluxioa ofthe arch /Lis to the fluxioa of iP, {by art. lit. 
and 201.} that is in the ratio compounded of that of SL to SP 
and that of a to « — i : from which it follows, {by the coa- 
Terle of ait. 167.) that SP is to SA (or SL to SM^ as tfae 
power of SL whole expooeat b one half of «— i la to the 
fame power of SA, ot that SL is 'to S A as the powez of SM 
whofe exponent is n is to the fame power of SA : and that the 
crajedory is confiruded ia the maimer we have defcribed from 
arc. 3pi. Becaufe the velocity of prtMeAion at A is g;reatet 
than che velocity by winch a circle is defcribed at the fame di- 
7> z fiance 
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ftance with the fame centripetal force, the body begins to re- 
cede from the center at the apfls A, and it goes off in a parabo- 
lic curve by the conftruiiion ; When ta is equal to a, for ex- 
ample, the angle ASL is double of ASM, SA, SM and SL are 
in continued proportion, and AL is a common parabola that has 
its focus in S the center of the forces. Becaute ASM never a- 
mounts to a right angle, ASL is to a right one in a ratio that is 
always lels than that of i to 3 — w, or that of » to unit : but 
if we Ihould fuppoie (as is ufual) the body to go off" to infinity 
in the trajedory AL, the angle ASL defcribed by the ray SL 
fliall be to a right angle in that ratio; or, if the excels of 3 a- 

bove m be exprefied by the fraction i, the body will go off in 
a number of revolutions denoted by {s. Thus, if the centripe- 
tal force be reciprocally as the power of the diftance whofe ex- 
ponent is 1 iVi , and the velocity of the projeftion. at A be to 
the velocity in a circle defcribed at the fame diftance with the 
fame centripetal force in the lubdupltcate ratio of 200 to ipy, 
the body will go off in 50 revolutions. If m be fuppofed 
fiicceffively equal to 1 7, a and a^, and the velocity of the 
projedion be to the velocity in a circle at the fame diflance in 
the fubduplicate ratio of the number 4 to i, a or 3, the body 
will gooff in y, ;, or one revolution, refpedively. The bo- 
dy goes off in an hyperbolic curve when the ratio of thofe ve- 
locities is greater than the fubduplicate ratio of 1 to m ~— j ; 
and when the ratio of thofe velocities is lefs, the body revolves 
continually about S within certain limits. 
Fig. 172. 437. When m is greater than 3, and the velocity of prqje- 
&ion at L is to the velocity in a circle defcribed by the fame 
centripetal force at the fame diftance in the fubduplicate ratio 
of 2 to m — I, let » be to unit as 2 is to the excefs of m a- 
tx>ve 3, make the angle LSA in the fame ratio to LSP as n is to 
unit, but on the oppofite fide of SL ; let SA be to SL as the 
power of SL whofe exponent is « is to the fame power of SP; 
and A fliall be the aplis of the trajedory. Upon the diameter 
SA defcribe a femicircle SMA, and by it the curve AL is to be 
confiruded (as tn art. ^^i-) by drawing any right line a8.SM 
CO the femicircle, makbg always the angle ASL to ASM as n 
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is to unit, and SL to SA as the power of SM whofe exponent 
is » is to the fame power of SA : The demonftration is Jimtlar 
to that in the laft article. When the centripetal force is reci- 
procally as the fourth power of the diftance, m is equal to 4 : 
and if the velocity of the projection be to the velocity in a circle 
at the fame diftance as the fquare root of 2 is to the fquare root 
of 3, then tt is equal to 2, the angle ASL is double of ASM, 
the right lines SA, SM and SL are in continued proportion, and 
the trajectory AL is an epicycloid thac is defcribed by a poin» 
ia the circumference of a circle while it revolves upon an equal 
circle, as we have fliewn elfewhere. When m is equal to 5, 
1. is to « — I as I to 1 ; and if the velocity of the projeftion 
be to the velocity in the circle as i to the (quare root of a, » 
is equal to unit, and the iemicircle itfelf is the trajeflory. When 
m is equal to 7, 1 is to m — i as i to 3 ; andf if the velocity 
of the projection be to the velocity in the circle as i to the 
fquare root of 3, s Ihall be equal to ^, or ASL fiiall be one 
half of ASM, SL (hall be a mean proportional betwixt SA and 
SM, and the trajectory is the fame figure that is called the 
Umaifiata by the celebrated Mr. Beilnoulli. It is manifeft 
that the body falls always into the center S in a number of re- 
volutioris from the apfis A denoted by is, or by 1 ^ if the fra- 

aion - be equal to the excefs of m above 3. Thus, if m be 

equal to 3 t5«, and the velocity of projedion at A be to the ve- 
locity in the circle at A in the liibduplicate ratio of 200 to 201, 
the body will fall into the center after jo revolutions j and the 
number of fuch revolutions is inverfely as the excefs of m above 
3. The fame conftruClisns of the trajectories in this and the 
preceecUng anicle were given long ago, Dtfcrift. euro. par. 2. 
prop. ai. 

438. When m is equal to 3, and the velocity of the proje-FiclJl. 
ftion is equal to the velocity by which a circle is defcribed at 
the fame diftance with the lame centripetal force, the angular 
velocity of SE is equal to the angular velocity of SP j there- 
fore the angles ESP, SPE are invariable, and the trajectory is 
the logarithmic fpiral in which the body will approach to the 
center S, or recede from it, according as the diieCtion of the 
Zi z 3 pro- 



3^4 Of ctntri^tal Fotces. Book I. 

pic^e&ion forms an acute or an obcufe angle with the lay drawn 
to the center S. 

439. When m is equal to unit, or feis, there b 00 aflignable 
Ipace which the area hX>d» may not exceed by producit^ At* 
upwards, (by arc 31^.) and a body projeAed upwards from A 
wtU return agwi how great foever the velocky of the pn^e- 

Fio.l^l'f^ionniay be. If we fuppofe a centrifugal force to be always dt> 
reeled from the point S that is inverlely as the power of the 
diftance whofe exponent is any number m lefs than unit, and a 
body to be proJeSed at any point L with the velocity which ic 
wotud acquire Dy this centrifugal force in moving from S to L> 
or that is to the velocity in a circle defcribed at the (ame di- 
ftarice by a centripetal force equal to this centrifugal force ia 
the fubduplicate ratio of 2 to i — ct, the trajectory will be 
conftru^led by the right line AM in the fame manner as in arc. 
434S. only, in this caw> ff is a fradion that is to unit as a is to 
3 — f». Thus, if the centrifugal force be invariable, and the 
ratio of thefe velodties be that of the fquare root of 1 to unit^ 
the trajectory will be conftruded by taking the angle ASL aU 
ways equal to two thirds of the angle ASM and SL equal to 
the firll of two mean proportionals betwixt SM and S A ; for in' 
tlus cafe * is CO unit as 2 is to 3. If the ceotrifo^ force be 
as the diftance, n is equal to |, ASL is one half of ASM, SL 
is a mean proportional betwixt SM and SA, and the traje^ory 
is an equilateral hyperbola that has ks center in S. In aft 
thofe cafes the'trajedory has an afymptoce that palles throuj^ 
S and conftitutes with SA an angle wmch is to a tight one a» 
a is to the excels of 3 above m. 

440. It may be of ofe, to avoid miltakes that may arife ia 
enquiries of this kind, and in other cafes where iecond fiuxbns 
are introduced, to reflect here on what was fhewn concerning 
thefe fluxions above, in art. 74. 97. and b feveral other places. 

Fio.iQI.The centripetal force in the curve AEM ac E is moil com- 
monly meafuied by TM the fubtenfe of the an^le of contaft 
at £ when the tangent £T is fuppc^ed to be dmunifhed infi* 
nitely, the dme in which the arch EM is defciibed being ^- 
veo; diat is, by Tr when ET which reprefents the velocity 
at £ i8 of « 6aite magnicade (fts we always fuppofe it) and 

Er 
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£r is a parabola of the fame curvature at E with AEM : becaufe 
Tf 18 the fpace which the body would defcribe by the gravity 
at E continued uniformly, in the fame tune that the body would 
defcribe £T by iu motitm at £ cononued unifonnly io the tan- 
gent. If there&re we fuppofe C^N (which reiwefeots tiie cei^ 
tripetal force at the diftance SQ^, or SE) to be equal to Tr, the 
^uare of the velocity at £ will be reprefented by the re^aogle 
contuned by Efi (or lE^) and <^, becaufe the fquare of ET 
is equal to the reaangle contained by EB and Tr. And, fince 
the fquare of the velocity that is acqiured by falling thrdugh 
YJb with the fame gravity QN continued umformly, is repre- 
fented by twice the redangle contained by Ei and QN, (art. 
434.) it ihould follow, that the velocity in the curve at E is 
equal to the velocity that would be acquired in falling through 
E^ by the gravity at £ continued anitormly ; whereas it has 
been ihewn, (art. 433-) that thefe velocities are not equal, but 
are to each other in the fubdi^catc ratio of i to 2. fai the iame 
manner, the velocity in a circle at the diftance SE would be 
found equal to the velocity that is acquked by failing through 
the radius £S with the ^vity at £ condnned uniformly; where- 
as we found thia velocity to be greater than the velocity in the 
circle in the tubdaplicate raoo of 3 to i .■ The error ariJes &ota 
the fuppoiing the gravity, when the body descends m the rig^C ' 
£ne ES, or <9Q^, to be meafured by the fluxioa of the velocity 
of the body, or the fecond fluxion of the fpace delcribed by i^. 
and at the lame time by the rig^ Bne Tf .' ror thefe {■[^lofition*' 
are incoaiiftent, becaule it is aTr, and not Tr,. that meafures- 
the fecood fliixion of the ipace defciibed by the body while ic 
delcerida in the vight line tfO with a motion uniformly accele- 
rated, as has been fhewn by feveral difiercnt methods in art. 74* 
75. 97. & 354 The gravity is meafured by the increment of 
the velocity that is generated in a given time when the gravity 
is invariable (and, confequently, the velocity increales uniform- 
ly,) OF by the dif&rence of the fpaces that would be de&ribed 
ia the given tkne by the velocities at the beginning and end oT 
that time conunued unifonnly : but Tr is equal to the half of 
thb difference onlli^ bein^ equal to the excels of the fpace thac 
k defbiibcd in the fame given dme when the motion is aoifbnn- 
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ly accelerated above the fpace that would have been defcribed 
if the motion had continued uniform from the beginning of that 
time. Therefore, in order to avoid fuf^fidons that are incor*- 
iifleoc, C^ whicih roeafnres the centripetal force at Q^, oi £, 
-rouft be iuppofed equal to iTr , the velociry at E in the curve 
13 to be reprefented by a mean proportional betwixc yQN and 
£B, or QN and £^, and the velocity in a circle at the dtftance 
SE by a mean proportional betwixc QN and the radiua SE. 
The example we have delcribed may ferve to fhew how miftakes 
^iChis kind have fometimea arifen in the application of this me- 
~thod, and how they may be avoided. 

441 . When a circle is defcribed by a centripetal force direA- 
«d towards its center, the motion in the circle, the angular mo- 
rion of the ray drawn from the center to the revolving body, 
.the motion w'ah which the area flows that is defcribed by this 
ray, sod the ai^ular motion of the tangent at ihe body are all 
uniform. In other cafes, the area delcribed by the ray SE 
^awn from the center of the forces S to the revolving body 
ftiU flaws uniformly and nieafures the dme ; but the velocity 
4C toy point £ is inverfely as SP the perpendicular from S on 
the tai^ent ET, the angular velocity of the ray SE about S is 
invetlely as the fquare of SE, and the angular velocity of the 
tangent (or of the perpendicular SF about S) is inverfely as 
the re^langle contained by SP and the ray ot curvature at £. 
Sir Isaac Newton's demonllration of this may be reprdented 
fiG. I5)3i" the following manner. When a body moves in a right line 
£T with an uniform modon, it defcribes equal fpaces on that 
line in any equal tirhes ; and if a ray be fuppoled to be drawn 
^ways from the body to a piven point S that is not in that 
right line, this ray Ihall deicnbe equal areas about S in any ^ 
qual times, Elem. 35. I . A force that a£ls upon the body at 
My point £ diretSed towards S has no e&A on the magnitude 
■of the area delcribed in a given time by the ri^t Ibe drawn 
always from the body to S : it may acoeloate or retard the 
motion of the body 1 but the area defcribed about S is of the 
iame magnitude as if no fiich force had ailed- upon it. For, 
let ET be to EK as the velocity of the body in the direiHon 
JET is to the velocity that would be produced by the new im- 

poUe 
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polfe in the direftion ES, complete the parallelogram EKMT, 
loin ST aiid SM, the body will now defcribe the ^agonal EM 
in the fame time that it would have defcribed the fide ET if bo 
new force had a^ted upon it at £, and the triangle SEM is e- 
qual to SET. The fame is to be faid of any fuoce^e inipolfes 
provided they be always direfted to the fame center S; they 
never afie<::t the fluxion of the area, which thereforeflows in the 
iame manner as if the body had proceeded in the tangent with 
the motion at £ continued uniformly. Ic follows from thts^FiG.ipi* 
chat if AL be the tangent at A, and the triangle SAL be equal 
to the triangle SET, then AL and ET would be defcribed in 
equal times by the morions at A ond-E continued uniformly. 
Therefore, if SX be perpendicular to AL in X^ the velocity at 
A fliall be to the velocity at E as AL is to ET, or as SP is to 
SX ; that is, the velocity in any given figure is always inverfe- 
ly as the perpendicular froin the center of the forces on the 
tangent. :...'■'■ 

441. This may be likewife demonftrated fiom -art. 435. where 
it was fhewn, that if the fquare of QR. be equal to twice phe 
area iK^Sdy Ga that QR. may reprefent the velocity at E, the 
fluxion of QR. ftisll be to the fluxion of aQ^as QR. is to E&< 
The fluxion of SP is to the fluxion of SE, or SQj as SP is- . ; 
to iMy by art. 3S4. and the velocity- with which SQ^decreafes 
is equal to the velocity with which (jQ^incrtafea j therefore the 
velocity with which SP decreafes is to that with which QR in- 
creaTes as SP is to QR j and the fluxion of the re<^angle con- 
tained by QR and SP vanifhes, by prop. 3. confequently, this 
re&angle is invariable, and QR. which meafures riie velocity at 
E is inveifely as the perpendicular SP. Becaufe the area defcri- 
bed about S flows uaiformly and meafut-es the time, the angu- 
lar velocity of SE about S is reciprocally as the Iquare of the 
dilitance SE, by art. 110. and if the fc&or ESI be equal to theFiG.32. 
area ESH, the ledor ESI will be generated by SE if its aa- n. 3. 
gular morion about S be coDtinoed uniibimly in the' fiime time- : '^ '' 
that the area ESH is defcribed by the ray drawn from S to 
the body while it moves in the arch EH. The angular ve-Fi6. ipu 
locity of the tangent at E, or of the perpendicular SP, is to 
the angular velocity of SE as SE is to Ekj and is iuveiiely as 

the 
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the reftaogle SYhy or the reAangle cootaiaed by SP and the 
ray of curvature EC 

443. The centripetal force at any point E ia as the fquare of 
the relociry at £ diredly, and £^ naif the chord of the circle 
of curvature that jia^ through S ioverfely, by art. 4aa. TIkic- 
fore this force is mverfely as the Iblid contained by £^ sad the 
(quare of the perpendicular SF, or {becaule E^ is to SP as the 
fluxion of the diftance SE to the iwxion of the perpendicular 
SP, by art. 384.) inverfely as a folid that is to the cube of SP 
as the fluxion of SE ia to the fluxion of SP. It is lilcewife as the 
angular velocity of SP (or of the tiuigent at E) diredly and a 
third proportional to SE and SP inverfely. The fame force may 
be meafured by the di&rence of the fecond fluxion of SE con- 
fidored aa terminated at the tangent £; and its feoond fluxion 
coofidered as terminated at the curve EH, or by the fum or 
difierence of the centrifugal force that ariies &om the motion of 
rotation (which is always inverfely as the cube of the diftance 
SE, by art. 44a. flnce the angular velocity of SE is reciproeal- 
ly as the fquare of SE) and the force by which the motion of 

FiG.i6(S.L is accelerated or retarded at E in the right line £3, as in 
an. 431. and by ieveral other theorems of this kind. 

t^iGiioi* 444- When a figure has the fame curvature and the tangents 
inclined in the fame angle to the rays drawn to the center of 
the forces at any two p(Mnts, the centripetal fc»x£s at thele 
points are reciprocally as the fquares of the diftances. For, 
fince the chord of the circle of curvature is the fame and SP is 
to SE in the fame ratio in both cafes, the fc^d contained by £B 
and the fquare of SP Is as the fquare of SEL Thus, the cen- 
tripetal forces are reciprocally as the fqtiares of the cUfhmces at 
the extremities of the fame axb in any conic fe£Uon, when the 
ceoter of the forces is any where in that axis, or in a circle at 
the extremities of the diameter that pafles throogh the center of 
the^ircea. 

Fxa.xy4< 445* Let AEM be an ellipie, and the centripetal force be 
dire^ed to the center of the figure ; then, fince £B ia equal 
to the parameter of the diameter that pafles through £, (by 
«t. 374.) the reflangle contwned by the femidiameter OE and 
£^ is equal to the fquare of the f«niconjiigate OK. The re&- 

angle 
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■ngle contained by OK and OP the perpendicular from O on 
the tangent is invariable. Therefore OE is toverfely as the io- 
ly contained by the fqnare of OP and Ei ; and the centripetal 
force is as the diftance OE. Thia is likewife eafily deduced 
from what was fhewn in the introduftion, p, 8. That, when 
the area EOM delcribed about O ^and, confequently, the time 
in which the arch EM b defcribed) is ^ven, then TM is in an 
iovariable.Tatio to the diftance OE. The velocity at E is as th« 
femidiameter OK conjugate to OE ; becaufe the perpendicular 
from O on the tangent at £ is inveilely as OK. The periodic 
time in the ellipfe is equal to the penodlc time in a circle de- 
lcribed at any diftance OE by the centripetal force at E : For, 
if the ungent Ef be fuppt^ed equal to uie circumference of a 
circle whole radius is OK, the triangle EOf fliall be equal to 
the area of the elliple, and the periodic rime in the ellipfe equal 
to the time in which Et would be defcribed by the motion ac 
E continued uniformly, by art. 441. but the velocity at E is to 
the velocity in the circle at the lame diftance as OK is to OE, 
(by art. 425.) or as Ef is to the circumference of the circle \ 
confequently, the time in £;, or the periodic time in the elli[^e, 
is equal to the periodic time in the circle. It follows, that the 
periodic times in all ellipfes «re equal (as well as in circles, 
art. 433>) when the centripetal forces are as the diftaoces. Lee . 
OE be equal to OQ^, and the velocity at any point E equal to 
die velocity that would be acquired by falling from o to Q ; 
then fiiall Oa be equal to AH the diftance betwixt the extremir 
ries of the tranfveife and Shorter axis. For, if ^ and QN re- 
prefent the centripetal forces at a and Q^, as in art. 435. the 
trapezium a<^d fliall be to the triangle OQN in the dupli- 
cate rario of the velocity at E in the empfe to the velocity m a 
drcle u the fame diftance, or as the fquare of OK to the fquare 
of OE \ and the fquare of Otf to the fquare of OE as the fum 
of the Iquares of OK and OE to the fquare of OE; coof^' 
queutly, the fquare of Otf is equal to the fum of the fquares 
of OK and OE, or to the fquare of AH. Hence, if a body. 
be projected at A in a dire£tion perpendicular to OA with the 
velocity that is acquired by falling from tf to A, and a circle 
defcribed fiom the center A with a radios equal to d* meet 
A a a OH 
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OH perpendicular to OA in H, then OA and OH IhaU be 
the two femiaxes of the trajedoiy. In the fame laaoaet it Is 
fliewn, that when a centrifugal force direded from O is as the 
dillance> an hyperbola is defcribed that has its center inO : and 
as the time of the motion is meafured by an elliptical oi circu- 
lar area when the centripetal force is as the difiance, fa it i& 
meafured by an hyperbolic area when the centrifugal force is 
as the diftance j that is, by the meafures of angles in the £}r- 
mer cafe, and by the meafures of ratios io the latter j which 
is agreeable to what was {hewn above in art 155). Sx. 407. 

Fxe. I C0> 44^' Let the center of the forces be bow io the focus S of 
any conic fedion : let the circle of carvature at E meet £S ia 
B, and fiX parallel to the tangent at E meet EX perpeodif 
colar to the ume tangent in X ; let XZ be perpenc^ular to> 
£B in Z, and XZ Ihall be equal to the parameter of the 
nanfverfe axis of the figure, by the 8th property of the drclo 
of curvature, m art. 57 c. Becaufe the triangles SEP, BEX 
are Umilar, the fquare of SP is to the fqoare of SE as the Iquare 
of EX to the fquare of EB, or as EZ is to EB ; confequent- 
ly, the Iblid contained by £B and the fquare of SP is equal 
to the folid contained by EZ and the fquare of SE. Ther&» 
fore, fince EZ is invariable in a givea figure, the centripetal 
£>rce towards S is reciprocally as the fquare of the diftance SE. 
It &)Uow8 firom what was fliewn above (art>4a4. & 427O that 
Hoc velocity in the parabola is to the velocity in a circle at the 
feme diftance as the fquare root of 1 to unit, that the velocity 
in th6 ellipfe is to the velocity in fuch a circle in a lefs ratio, 
and that the velocity in the hyperbola is to that velocity in a 

Fie.ip5;greater rario. The time in which a revolution is completed in 
an ellipfe, is e^aal to the time in which a circle is de&ribed by 
the fame centripetal force at a diftance equal to half the tranf> 
rerfe axis j &r the velocity at H the extremity of the ihorter 
txis is equal to the velocity in this circle, by art. 416. But if 
HT be fuppcAd to. be taken upon the tangent at H eqpal to the 
ciAmm&rence of that circle, the triangle HST fhall be equal to 
the area of the ellipfe, and the periodic time in the ellipfe equal 
to the time in wWch HT would be defcribed by the morion at 
H continued unifounly in the tangent, (by aiU44r.) and, con- 

isqiientLy^ 
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feqaeotly, equal to tbe periodic time in the circle delcribed at 
the diltance SH. Hence, ivhen ellipfes are defcribed by cen- 
tripetal forces that are always inveriely as the fquares of the di- 
ilances from their common focus, the Iquares of che periodic 
times are as the cubes of the tranfverfe axes or of the mean di- 
ftances. And fince the tranfverfe axis is determined when the 
velocity and centripetal force at any given point in the curve are 
given, (by art. 417O it follows, that all bodies projeAed from 
a given point in different direftions, but with equal velocities, 
complete their revolurions and return to the fame point again in 
equal times. The tranfverfe axis was determined in art. 417. 
The fliorter axes of fuch ellipfes are to each other as the per- 
pendiculars from the center of the forces on the right lines in 
which the bodies are proiefted, or as the fines of the angles 
contained by thefe right lines and the ray drawn to the center 
of the forces; bccaufe the fquare of SP is to the fquare of SE Fig. I «. 
as E2 is to EB, and (fince the tranfverfe axis with the diftance 
SE and chord of curvature EB are given) the fquare of SP is 
as the parameter EZ, or as the iquare of the fhorter axis. LetFio.ioc. 
BE be equal to SQj and the velocity in the eUipfe at E be e- - 
qual to the velocity that would be acquired by falling from a 
to Q_, and S* Ihall be equal to the tranfverfe axis of the figure. 
For, lee S-b be taken upon S<» equal to SH, and hi be the ordi- 
nate of the figure <a(iNQ_ at b \ then, becaufe the velocity at H 
in the ellipfe is equal to the velocity in a circle at the fame di- 
ftance, rhe triangle %hl fliall be equal to the area ahld^ (art. 436.) 
or to the difference of the reAangles %bl and Sad-^ confequent- 
ly, the triangle SW is e<^ual to the reftangle S*^ and aSa 19 
to Si? as hi is to ad^ that 13, as the fquare of Si3 is to the fquare 
of %h J and Sa is equal to ^%h or to the traiifveife axis of the 
figure. Therefore, if a body was projefted direftly upwards 
from E in the right line SE with its motion at E, it would rife 
to a diftance from S equal to the tranfverfe axis of the figure; 
and the motion with which a circle is defcribed would carry 
the body to a diftance from S equal to the diameter of the circle^ 
If a body begin to fall from a in the right line <»S, it will be 
carried to an equal diftance from S on the other fide and will 
thence return again to <9 in the fame rime that a levolution is 
A a a a com- 
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completed in the ellipfe AEa whofe tranfverfe axis is equal t^ 
Sa, and the time in which it falla from « to S is one fourth 
part of this time,' or of the periodic time in the ellipfe AaA, or 
of the time in which a circle is defcribed at a diftance from S 
equal to one half of Sa. If a body be projeded from A in a 
light line perpendicular to SA with the velocity that woald be 
acquired by falling from tf to A, then A ihall be an apfis of 
the figure, and Sa the.diftance of the other apfis Ihall be equal 
to ah.. When the velocity at E is to the velocity in a circle 
at the fame dillance as SE is to SP, the angular velocity of the 
ray SE is equal to the angular velocity of the ray in a circle de- 
fcribed by the fame centripetal force at the fame diftance : In 
this cafe, SE is equal to one half of the principal parameter of 
the figure, the tranfverfe axis is perpendicular to SE, the traje- 
£tory is an ellii^e, parabola or hyperbola, according as the angle 
SEP is greater, equal to, or lefs than half a right one ; and the pa- 
racentric velocity in the traieftory is always greateft at this point 
E. Becaufe the primary planets move in elltpfes tint have their 
focus in the center of the fun, fo that the areas defcribed by the 
ray drawn from any one planet to the fun b equal times are e- 
qual, and the fquares of the periodic times of the different pla- 
nets are as the cubes of their mean diftances from the fun, (as 
was obferved by the famous Kepler,) and becaufe the fame 
laws obtUD in the motions of the fateltites about the primary 
planets, Sir Isaac Newton concludes, that there is a centripe- 
tal force extended over the fyftem to all diftances direded to- 
wards the fan that decreafes in proportion as the fquare of the 
diftance from its center increafes, and that a force decreafing ia 
the fame manner is direfted towards each body in the folar Cy~ 
ftem which at equal diftances from their centers is as the matter 
in each of them. By comparing the effefts of thefe forces with 
the defcent of heavy bodies near the furface of the earth, he 
finds, that the power of gravity fo well known to us is one in- 
ftance of this general principle. The powers upon which the 
celeftial motior,s depend being thus difcovered, and reduced to 
known meafures, be then proceeds to deduce thefe motions with 
their various inequalities from their principles ; and a fuller ac- 
count of this matter U expeded from an author who has alrea- 
dy 
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dy given feveral proofs of the great progrefi he haa made in chi* 
moft ufefiil theory. 

447. Some find it difficult to conceive how a body can re. 
volve in an elliple, and, after approachbg towards the center of 
the forces in delcendlng from the higher apfis A to the lower 
apfis a> recede from it again by afceoding froni the lower apfia 
a to the higher A^ fince the centripetal force is greater at a than 
at A. There are indeed various laws of the centripetal for- 
ces, which would either caufe the body to defcend from the 
apAs continually towards the center and at length fall into it, 
or to alcend from the aplis continually and recede from the cen- 
ter for ever : but there ate other laws wluch if the centripetal 
force obferve, the body may approach to the center and recede 
from it by turns ; and of this kind is the law which obtains in 
the folar lyftem. In order to diftinguilh thoie cafes &om each 
other, we are to obferve, that when the velocity of the body 
at the higher apfis A is lefs than that which is requlfite to cany 
it in a circle aoout the center S at the fame dillance SA, the 
body mufl move in a curve that falls within that circle tbere^ 
and mufl approach towards the center ^ while it defcends, its 
velocity increafes j and if its velocity increafe in a higher pro- 
portion than that in which the velociues requifite to carry bo- 
dies in circles about S increafe, the velocity in the lower pare 
of the curve may at length exceed the velocity in a circle at the 
fame diftance, and thereby become fufficient to carry off the 
body again. In thefe cafea the velocity of the body in the or- 
bit and the velocity in a circle defcribed at the fame diAance 
may exceed each other thus by turns, the latter in the highey 
part and the former in the lower part of the orbit^ and the body 
may approach towards the center and recede from it by tarns. 
Thus, in the folar fyflem, the centripetal force incresJes as the 
fquare of the diftance from the center decreafes, and the vdocitY 
that is requilite to carry a body in a circle about the center in- 
creafes only in the fubduplicate ratio in which the dillance de- 
creafes, art. 43 a. but the velocity in the orbit increafes in a high- 
er proportion while the diftance decreales, (byaTt.441.) fothat 
though the former exceeds the latter at the higher apfis A, the 
latter by iQcreafing in a higher propotuoa bec(»ne8 equal to it 
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at the mean diftance SH and exceeds it b its turn at the lower 
aplis a ; and thus the body couftantly revolves from one apiis 
to the other. This is further illuftrated, by comparing the cen- 
tripetal force in the orbit with the centrifugal force that arifes 
ftom the circular morion of the body about S : for this centri- 
fugal force increafes always in proportion as the cube of the 
diflance from the center decreafes, and confequeutly in a high- 
er proportion than the centripetal force ; fo that each of thefe 
forces .prevails in its turn, the centripetal force in the higher 
part, and the centrifugal force in the lower part of the orbit. 

448. In general, a body may ap[Ht>ach towards the center S 
and recede from it by turns when the velocities that are requi- 
Jite to carry bodies in circles about S increafe in a lefa proporti- 
on than that in which the diftances decreafe. But if the centri- 
petal force be fucb, that thefe velocities increafe in the fame pro- 
poruon in which the diftances decreafe, a body cannot revolve a- 
Dout the center S in this manner \ if it begin to approach towards 
the center S when it proceeds from the apfis A, it will approach 
continually to the center till it fall into it j or if it begin to re- 
cede 6rom S when it fets out &om the apHs a, it muft recede 
from the center to greater and greater diftances for ever. For, 
}hould we fuppofe the body to defcend in this cafe from the 
higher apfia A to the lower apHs a, lince the velocity in the 
orbit at A would be to the velocity at a as Sa is co SA, (by 
an. 441.) that is, (by the fuppo^doI^) as the velocin' in the 
chx:le at the diftance SA is to the velocity in the circle at the 
diftance Sa, it follows, that the velocity in the orbit at A would 
be to the velocity in a circle at the lame diftance as the veloci- 
ty in the orbit at a is to the velocity in a circle at the diftance 
Sa ; and that, lince the velocity in the orbit at A is lefs thaa 
the velocity in a circle at the diftance SA, the velocity in the 
orbic at a would likewife be lefs than the velocity in a circle 
at the diftance Sa ; fo that the body would continue to ap- 
proach to the center after it comes to a. In the fame man- 
ner, if the velocity at a in the orbit exceed the velocity in a 
circle at the ^ftance Sa, the velocity in the orbit at A would 
likewife exceed the velocity in a circle at the diftance SA, and 
the body would continue to recede from S after it comes to A. 

Wbea 



,v Google 



Chap. XI. Ofcentri^et^i Forces. 375- 

"When the centripetal force is reciprocally as the ciibe of tho 
■diftance from S, the velocities that are requifite to carry bodiea 
in circles about S increafe in the fame proportion that the di- 
ftances from S decreafe, by art. 431. thereibre the body after 
it proceeds from the apfis (unlcls it move in a circle) mail ap- 
proach continually to die center or recede from k for ever, and 
the figure can have no more than one apfis. When the centri- 
petal force is reciprocally as any higher power of the diftance, 
she velociues that are requifite to carry bodies in circles about 
S increafe in a higher proportion than that in which the diftances 
decreafe J confequently, the body after it fees out from the apfis 
either approaches conumially to the center till it fall into it, or 
recedes from it for ever. Thus it was fliewn in art. 440. ttiatj 
when the centripetal force b reciprocally as a power of the di- 
ftance whofe exponent is any number that exceeds 3 by any 

fraftion ", if it be prcjeifted at A with a velocity that is to 

the velocity in a circle at the diftance SA tn the fubdaidicate 
ratio of ii to 15+ I, it will fall into the center in a number 
of revoluttona denoted by \s. But when the centripetal force 
is reciprocally as a power of the diftance whofe exponent is Icfi 
than 3, the velocity in the traje^ry increafes while the diftance 
decreaies in a higher proportion than the velocity in circlea d»r 
Ibrtbed by the fame centripetal forces, by art. 441. and in thc^ 
cafes the body may approach to the center and recede iesxi it 
by turns. 

449. In general) the velocity b any orbit becomes eqml toFie. lOt. 
the velocity in a circle described at the fame diftance by the fame 
centripetal force when the angle ESP is a maximum^ or whe^ 
the angle contained by the tangent and ray drawn to the center 
of the forces is a mmimamj by arL 414. or fuppofmg (as in artk 
435.) that the centripetal force at any diftance SQ^ (or S£) i* 
moiiiired by the ordinate QN, and that the velocity at A is 
that wbkh would be acquired by fttUing from # to A, whea 
the area aQ^d becomes equal to die triangle SQN; that isy 
tf the centripetal force be redpeocally as the power of the di- 
ftance whofe exponent is in, when the rectangle SQN is to the 
ie^ang;k,S<i^asii9to3-— m, oswbentlw power « So whoia 

expo- 
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exponent is « — t is to the fame power of SE in that ratio. 
Let a be the other apfw of the trajedory, and, SG being made 
equal to Sa, let GF reprefent the centripetal furce at the diftance 
SG, (oi Sa,) and SA ihall be to SG, in general, in the fubda- 
plicate ratio of the area oGVd to the area dADe/, (by art. 435. 
ec 44^J that ia, in the prefent fuppofitioD, in the fubduplicaie 
rado of che difference betwixt the re£laagles SGF and Sad 
to the difibrence of the rectangles SAD and Sad. The angu- 
lar velocity of the ray SE in the trajeCtory becomes equal to 
the angular velocity in a circle defcnbed by the fame centripe- 
tal force at the fame dlftance, and the paracentric velocity is 
greater, to general, when the velocity in the curve isto the ve- 
locity, in a circle at the fame diftance as SE is to SP, or when 
SE is to SA in the fubduplicate ratio of the area ahDd to 

Fl«. 1 5j6. the triangle SQN. Thus, forexamjrfe, if the centripetal force be 
the lame in all diftances, the velocity iii the trajetfory becomes 
equal to the velocity in a circle when SE is two thirds of Sa ; 
And Sa (or SG) is to S A in the fubduplicate ratio of eiG to d A, 
from which it follows, that, if oA be bilected in K and a circle 
defctibed through K from the center S meet AL perpendicular 
to SA in L, then Sa fhall be equal to the fum of KA and AL j 
ftod A is the higher 01 lower apfis according as SA is greater or 
lets than this kan '-, but when SA is equal to this fum, a circle 
is. defcnbed about the center S: When the cube of SE is 
double of the folid contained by jA and the fquare of SA, the 
angular velocity of the ray SE is equal to the angular velod- 
' Cy of a ray in a circle that is de&ribed at the lame diftance by 
the fame centripetal force, and die paracentric velocity is then 
greateftatE. 

Fic.iOi* 4i°* 1° the logfflithmic Ipiral, SP is to SE in an invariable 
ratio, £^ is equal to SE, and the centripetal force towards S 
is invetfely as the cube of SE, by art. 443. In the reciprocal 
or hyperbolic ftiral (defcnbed in art 344.) ST is invariable; 
from which it follows, that the fluxion of SP is to the fluxion 
of SE as the cube of ST co the cube of ET, or the cube of 
SP to the cube of S£^ and that SP is to Eh in the fame ratio ; 
confequently, the centripetal force towards S is inveriely as the 
cube of the diftance SE* The <xnu:ipetal forces obleive the 

fame 



,y Google 



Chap. XI. Of centripetal Foreef. 377 

iknie law when the fquare of SE U to the fquare of SP as the 
ium or difference of any given fpace and the fquare of SE is co 
a given fijuare. The conftraftion of the figures which have this 
property is given, Harmon, menfar. p. ^i. 2aA Phtiof.Tranf.n. ^ij,¥to*iy\% 
When any figure conftrufted \n art. 302. is deforibed by a cen- 
tripetal fclrce direded towards 5, this force is inveifely aa the 

power of the diftance SL whole exponent is 3 — j- , becaufe 

LI is to SL as » is to n — i, SP to SL as SA is to SM, 
and, confequeotly, SP always as the power of SL whole expo- 
nent 13 I - — ^. When any of the figarea conftnjfted in arLFio< 171- 
3^3. are defcribed by a force direSed towards S, SP is as the 
power of SL whofe exponent is i + — j LI is to SL in an io- 
variable ratio, and the force u reciprocally as the power of SL 
whofe exponent is 3 + j- : And this is the coaverfe of what 

was fliewn above in art. 436. & 437* 

451. Let AM be any curve Uite that can be defcnbed by aFxciTS* 
force that is as the power of the diftance whofe exponent is any 
numbers, let thesngle ASLbe to ASM a8ffi-)-3 istoi, ana 
SL be CO SA as the power of SM whofe exponent is oac half 
of fB 4- 3 is to the fame power of SA ; then die carve AL may 
be delcnbed by a centnpecal force direded towards S, chat is^ 

as the power of the diftance SL lA^fe exponent is ~A— —3. 

The demoi^ration may be deduced nom-ut. 3^ bat will a^ 
pear more eafily afterwarde. Thus, if fs be fuppofed fuccef- 
iively equal to 2, I, |, o, '—^^ -^i* the curve AL may be 
delcnbed by a centripetal ferce directed towards S chat b in- 
verfely as vie power of die diftance whofe exponent is af^ 3, 
Itj It» It> >ti re^£Hvely. The point A is an apfis com- 
mon to AM and AL. If B be the other apfis of AM and U 
the other apfis of AL, the angle ASD muft bete ASBasM+j 
is to 2, bydieconftraaion: Therefore, if M — 3 befiippoled 

equal to ffi, and K — 3 equal to -4;. ^ 3, die itDg^e ASD 

B b b ^ Aafl 
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flwll be to ASB in the fabdafdicitte ratio of M to K. And this 
is agreeable to what \s Ihewo by Sir Isaac Newton of the 
motion of the apfides (Frincip. lib. i. prop. 43. ex. a.) when the 
excentricicy of the orbit is fuppofed incompaiably little, which 
cafe only he has conlidered. 
F16. 1 p6. 451. Suppofe now that the revolvbg body delcribes any tn- 
je£lory A£M in a medium that refifla its mouon. Let the cen- 
tripetal force at £ by which the curve would be delcribed in 
ft void be to the centripetal &rce at £ by which it is defcri- 
bed in the mediom aa any given invariable right line S<> is to 
S2, then the refinance at £ fliall be inverfely as a Ipace that is 
to ^e i^uare of SF the perpendicular irom S on the tangent as 
the floxioQ of the corve A£ is to the fluxion of SZ ; and the 
denlicy of the medium (fappofing the refiftance to be as the den* - 
fity of the medium and (quare of the velocity together) fliall 
be reciprocally as a right line that b to S2, in the fame ratio. 
For, let the velocity at £ in the void be reprefented by £/ and 
the centripetal force by £i, the velocity at £ in the medium 
by £L and the centripetal force by £K, the re^fiance by £R, 
and, the fluxion of the curve being reprefrated by £N, let NV 
be perpendicular to the ungent in V that £¥ may repre&nt the 
fluxion of the ray S£. When the dire^oo of the modon at 
£ is in the right line £T that forms an acute angle with the 
ray S£, the velocity is accelerated by a force that is to the 
centripetal force EK. as £V 13 to EN me fluxic»i of the curvey 
and is at the fame rime retarded by the refiilance ER. j the Te6t'- 
ftogle comained by lEN and the difference of thefe two ibicea 
(that is, the exceu of the rectangle aKEV above the it&aaglc 
aKER.) meafures the fluxion of the fquare of EL, by art. 424. 
and the fluxion of the folid contained by Sa and the fquare of £L 
u meafured by the folid conuined by Sa and aK£V — iNER. 
But the fquare of £L is to the ^uare of £/ as EK is to Ejb 
(by art. 42$-) or as iS2 is to S<i; and the folid contained by 
Btf and the Iquare of EL is alwap equal to the folid contained 
t)y S2 and the fquare of £/; confequently, theit fluxions are 
equal, and the felid contained by Sa and aKEV — iNER. is 
equal to the fluxion of the fi>lid contained by SZ and the fquare 
Of £/ .* but this fluuon onfifta of two parts, the &>Ud contain- 
ed 
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ed by SZ and the fpace which meafares the fluxion of the 
f(\axit of £/, (that i^, the folid contained by 5Z, lE/fc and %y, 
by art. 435. or the foUd contained by S^, aEK and EV, fince 
SZ is to Sa as EK ia to E^) and the folid contained by the 
JJloare of E/ and the fluxion of S2. From which it appears, 
that this lafi folid, is equal to the folid contained by Sd, sNE 
and ER j but that the fluxion of SZ is negative) or that SZ 
mull decrede while the body qjproacbea to S in the aich EM 
and the ray 5£ decreales. Therefore, if Zx tneafure the flt^ 
xion of SZ, the reSan^e contained by iSa and EN ihall be 
to the Iquare of E/ as Zji: is to ER. that ineafures the reliftance 
at E ^ and, because E/ that meafures the velocity in a void at 
£ is always inverfely as SF, it follows, that the reliftance at E 
is diredly as %z the right line which ineafures the fluxion of 
SZ and inverfely as the folid cont^ned by the (qaare of SP 
and EN the right line that meafures the flunon of the curve 
A& When the diredion of the modon at £ is in the right line 
£/ that forms an obtnfe angle with the ray SE, the veloci^ la 
retarded by a force that is to the centripetal force EK as EV is 
to EN, and at the fame rime by the reuftance ER ^ and it will 
appear in the fame inaoiier, that the refiftance £R is dire£Uy as 
Zs: and inverfely as the folid 'contained by the fquare 01 SP 
and EN, but that in this cafe SZ muft decrea& while the ray 
SE increafes and the body recedes &om the center. Nor can a 
body move in the trajetftory, either by proceeding hoai £ to 
wards M or towards A, unleis SZ begm to decrea£e from the 
moment when the body fets out &om E. If the area ASE be 
fuppded to flow uniformly, the fluxion o£ die carve AE HmM 
cdncide with the velocity by which it is defi:ribed b a void 
(by art. 441.) fo that we may %)pofe E/ equal to EN; and 
flS<9 Ihall be to EN as Zs is to ER, or the refiftance ihall be 
always as the redangle contained by the right lines that mea- 
furethe fluxions of the curve AE andof SZ; and this ctuncidea 
with prop. 13. par. 1. Defcript. carv. 

4C3. Becaufe ER is to Zjs as the fquare of E/ is to the reft- 

angfe contained by aSd and EN, and the fquare of EL is to 

the fquare of E/ as SZ is to So, ER ia to Zs as the Iquare of 

£Xi to the ledaogle ccmtained by SZ and EN. Therefore the 

B b b 3 deoficy 
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denfity (which is as ER direftly and the (quare of EL inverfe- 
ly) is as 2s diredly and the redangle contained by SZ and 
EN inverfely; confeqaendy, if the carve AEM be extended 
into a right line and the ordinate at £ be always equal to S2, 
the denfity at E fliall be always inverfely as the fubtaogent of 
this figure. 

454. Let AEM be any trajectory that can be delcribed in a 
void by a centripetal force that is inverfely aa any power of the 
diftance SE, and let it be delcribed in a mei^um by a centric 
petal force that is likewife inverfely as fome power of the iee- 
Aance SE ^ let ST perpeDdictilar to SE meet die tangent in T, 
and the denfity at E (hall be always inverfely as the tangent 
ET. For let E* and EK be inverfely as the powers of^the 
diftance whofe exponents are n and m refpe£tiveLy \ then SZ 
Ihall be always as the power of the diftance,^hofe exponent is 
n — my and Za the fluxion of SZ fhalVbe to. the fluxion of 
SE in the rado compounded of that of SZ to SE and that o£ 
0— IS to unit, by art. 16;?- therefore the denfity fhall be in:* 
Terfely as a rig^t line that is to SE as the fluxion of the curve 
AE is DO the fluxion of the ray SE, that is inyer&ly as the tan- 
gent ET. 

4;55. The refHtance at E is to the centripetal force in the mer- 
dium at E aa the ie<^angU contakied by one half of E^ and Zs 
is to the rei^angle contained by EN and SZ> or (becaufe E$ 
ifl to SP as the fluxion of SE to the fluxion of SP, by atx. 384^) 
in the ratio compounded of the ratios of SP to, iSZ,. of P£ to 
SE and of Z2 to the. fluxion of SP. Foe eiEample, if the tra- 
jeftory be the logarithmic fpiral, and EK. the centripetal force in 
the medium be inverfely as the {>ower of the diftance SE whole 
exponent \%n%\ then, Jioce YX is inverfely as the cube of the 
diftance SE, SZ maft be as the power of SP whofe exponent is- 
3 — f»,. the fluxion of SZ muft be to the fluxion of SP in the 
latio compounded of that of SZ to SP and that of 3 — m to 
unit, by art. 167. and the redftance to the centripetal force in 
the ratio compounded t^ that of }?£ to SE and that of 3 — m- 
to.uoit.. The body cannot defcend towards the center S in this 
j^ral luilefa 3 be greater than m \ and if it afcend in the fpi- 
nl^ nt muft.Be gi^atei than 3, becaufe SZ muft decreaie in both 

cale^. 
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cftfes, and becaufe SE is to SF in an invariable ratio. The 

denfity of the medium is inverfely as ET or the diftance from 

S ; as is fliewn by Sir Isaac Newton, Priitcip. lib. a. prop. 15. 

and by Mr. Beknoulli, Mem. de f Mad. Royale des Sciences 

171 1. If we fuppofe the trajedory to be one of thofe COD-Fic.170. 

ftrufted in art. 391.01 3513, and r befoppofed equal to 5 i.«^'7*' 

in the former, or to 3 + i- in the latter, SZ will be as the 

power of the diHance whofe exponent is r — m (by art. 4J1.) 
and SP as the power of the diftance whole exponent is one half 
off — I. Therefore (by art. 167.) the refmance at any point 
L ihall be to the centripetal force at L in the ratio compounded 
©f that of LP to SL and that of r — m to r — i. The bo- 
dy cannot, approach to S in any of thofe figures unlefs r be 
grei^i than m^ and it cannot recede from S in any of them un- 
fefs r be lefa than ct. The refiflance and denfity vanifh at the 
flpfis A in thefe figures, or in any of thofe that can be defcribcd 
in a- void by a force that is as any power of the diftance. Ic 
was ihewn above, (arc 429. ). that the ratio of the velocity in 
ehe curve to the velocity in a drcle defcribed in a void atthe 
lame diftance by the fiune centripetal force is always the Gune 83 
when the curve is defcribed in a void. 

456. Ifthe centripetal force aSm parallel lines, let ADper-FiG.ip7* 
pendicular to thofe lines Bow uniformly^ and let DZ be now 
to 3 given right line Dis as EK, which meafures the centripetal 
force in the medium at E, is to EA that meafurea the centripetal 
£>rce in the void at E or the fecond fluxion of the ordinate 
DE (by art. 41 8.) and, the reft rsRiaining, the refiftance ER. 
will be to Zz as EN is to aDts. If the centripetal force in the 
medium be fuppofed unifonn, the re£langle contained' by DZ 
and 'Ek muft be invariable, and the fluxion of CZ to the flu- 
xion of EA (or the third fluxion of the ordinate DE] as DZ is 
to Ejfe, (hy prop. 3.). or as the reftangle contained by EK and 
Do is to the Iquare of Ejb Therefore the refiftaoce ER. is to 
the gravity EK as the re6langle contained' by the right lines 
that meafure the fluxion of the curve AE and the third duxion 
of! the ordinate DE is to twice the iqoare of EA that meafures 

tbb. 
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the fecond fluxion of the fame ordioate. The velocity at E in 
the medium is to the velocity at E in the void m the fubdupU- 
cate ratio of EK to EA^ and the denlity of the medium at E la 
reciprocally as a rig;ht Ime that is to Eifc as the fluxion of the 
curve ia to the fluxion of E^fe, or as the right line that roeafares 
. die tlurd floxioD of the ordinate DE diredly and the re£tai^e 
contained by the right lines that meafure the fluxion of the curve 
and the fecond fluxion of DE inverfely. By thele theorems 
the reliftance and denlity of the medium may be computed when 
the nature of the curve is known \ but they may be reprefented 
geometrically in the following general manner. 

Fio.i4p. 4J7, Suppofe, as in art 366. that the reAangle MTK is al- 
& I jo. Ways equal to the ^uare of ET, that BV the tangent of the 
curve BKJF at B meeta ET the tangent of EM in V j then, if 
the curve be defcribed by an uniform gravity that a^s always 
ia lines parallel to EB, m a medium whofe reflftance is as its 
denlity and the fquare of the velocity of the body together, the 
refifboce at E fhall be to the gravity as 3EB is to 4EV, and 
the denfity of the medium (half be always inverfely as the tan- 
gent EV. But if the reliftance be fuppoled to be as the denfity 
and velocity tc^ether, let the angle Ev« be made eqnal to £Bv 
on the fame fide of EV, and Va meet EB in u\ then the den- 

FiG.ii&fity Ihall beinvezfely as v^ Let the 6gure, for example, be 
any conic fe£tioa, O the center, EG a chord in the direction 
of the gravity \ let the angle EOi be made equal to GET and 
0;b meet EG in jb, and the refifbnce fhall be to the ^vity as 
30jb is to 2OE ; and if the tangent at E meet the lemidiameter 
that bife£b EG in V, the denfity fhall be inverfely as EV : 
fer, fince the triangles EV^, <XX are fimilar (by the cth pro- 
perty of the circle of curvature, art. 375.) E^ is to EV as Ok 

FiG.lj4.toOE. When the fe^lion is a circle, Ok becomes per^odicu- 
lar to E^. When the fe£Hon is an hyperbola and EB is paral- 
lel to one of the alymptotes, the tangents BV and ET interfed: 
each other in that afymptote at V, and the refiftance is to the 
gravity as 3EV is to lAV. When the tangent in any figure 
Becomes perpendicular to EB the direction in which the gravity 
afts, the ratio of the reliftance to half the gravity is thefame 
ratio whkh Sit Isaac Nbwion calls the index ofcbe variation 

of 



,y Google 



Chap. XI. 'Denjity of the Medium. 383 

of curvatare, or the ratio of the fluxion of the ray of corvatare 
to the fluxion of the curve. Id computing the refiftance of the 
mediam from the fecond and third fluxions of the ordinate^ 01 
the right lines that reprefent them, regard muft be had to what 
waa ftiewD of thefe fluxions in chap. 4. and art. ^^^. in order 
to avoid iniftakes lilte to thofe defcribed in art. 44a 

4j8. When the gravity aAs in parallel lines, and is eitherFie. 198* 
uniform or varies as any power of the diftance &oni a given 
plane GH, and AEH is any irajet^ory that could be delcribed 
in a void by a force that is alfo b9 any power of the diftance 
from GH, the denflty of the medium at E is always inveifely 
as the tangent ET terminated by the point of contan E and by 
GH in T. The demonftration is fimilar to that of ait. 454. 

459. Let AEH be any trajectory delcribed in a vdd, or 'm a 
medium that has no re(iflance, by a force that ads always in 
right lines (as £M) perpen^cular to GH and in the plane of 
the trajeiStory. Upon EQ_that is parallel to GH take QN 
fo as always, to reprefent the force at the diftance CX^(or EM) 
from GH^let AD reprefent the force at the diftance CA, and 
the velocity at A be fuch as would be acquired by falling from a 
to A with an uniform gravity equal to AD ; complete the refit- 
angle ADda ^ and the velocity at E ihatl be to the velocity at 
A m the fubdupUcate ratio of the area a<^J>d to the redtangle 
aD. Let AK and £P parallel to GH and equal to each other 
reprefent the conftant fluxion of Q£ \ let KI and PR. meet the 
tangents AI and ER in I and B. ; let is^ be to aA aa the fquate 
of AK to the fqnare of AT, and bg parallel to AD meet "Dd m 
g : then ER. fhall be to AI as the velocity at E to the velo- 
city at A, or in the fubduplicate ratio of tfQN^ to oD ; con* 
fequently, PR is to EP, or the fluxion of the ordinate EM to 
the fluxion of the bafe CM, in the fubduplicate ratio of the 
area ^QNI!^ to the refitangle a£\ and hence the coniliu£tion 
of thefe trajefitories maybe deduced when the law of the force 
is given. For example, when the force is inverfely as the cube 
of the diftaiice from GH, the trajedory is a cooic fetation. 
When the force i» as the <Uftance from GH, let A be the apiisFxo. 199. 
of the trajeftory ; take QE always in the fime ratio to the 
arch AL whole cofioe i& CQ^(CA bebg radius) as ^A is to 
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one half of CA \ then E Ihall be in the trajeflory, and the bo- 
dy- will move from A to the right line CH always in the 

Fig. ipS-feme time. When the force is inverfely as the fquare of the 
diftance from GH, if O be equal to aCA, the trajedory is a 
femicubical parabola that has its cufpis at H lb that CH is to a 
mean proportional betwixt CA and fli- as a is to 3 ^ and the 
.cube of EM is equal to the fcUd contained by the fquare of 
HM and .a third proportional to ab and \ C A. It is conftrud- 
ed by the area of die circle wheo Qb is lefs than aCA^ and 
by an hyperbolic area when Ch is greater than 2CA. In ge- 
Deral, QE is always as the time in which e body would de- 
fcribe AQ_by falling from A to Q^ by the fame forces dired- 
ed towards C. 

Fig. 198. 460. The fme of the angle MER is to tlic fine of CAI in the 
fame ratio, when the velocity at A with the diftance AQ^ of the 
parallels AK and QE is given, and the force perpendicular to 
GH or QE is the fame at the Gime diftance from QE. For AI 
is to AK as the radius to the line of the angle AIK, or CAI, 
aoA ER. is to EP as the radius to the fine ot the angle MER; 
confequently, the'fme of the angle MER is to the fine of CAI 
fu AI to £R, or in the fubduplicate ratio of dD to the area 
aC^d \ but this ratio remains the fame, in all the different po- 
fitions of the tangent AI : therefore, when a ray of light psllea 
through any given medium that ads upon it in parallel lines per- 
pendicular to the planes that terminate the medium, the fine of 
the angle of reframon is to the fine of the angle of incidence 
in aa invariable ratio, and the velocity with which the ray e- 
mergeS' at £ is to the velocity of its incidence ac A in the inverle 
■ratio ; as Sit Isaac Newton has ffaewn in a ditierent matt- 

Fia.aoo.-ner, prop. 94, & 9^. lib. i, frincip. If we fuppofe the ray to 
move from -E towards A> flnd the^ngle MER to be increafed 
dll its fine he to.the.radius in the fubdaplicace ratio of aO to 
4>(^df, the angle-CAI will become a,ri^t one, or A will be the 
flplTs of the trajedory, and the -ray will be tefleded &om A 
ib as, after returning to the jight line £Q< at ;, to emerge in 
an angle equal to the angle of inddence mER. 

461. When the body is projofted from A in a right line AI 
«hac u act in the pltine ACH, the force being fttU peipendi- 

culaz 
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cul» toCH, let AI reprefent the velodty of the projeSion, and 
IV parallel to CH meet a plane AKB that is perpendicular to 
CH iaV; and the fame traje6tor7 wjll be described as when the 
body is [vojeded in the plane AKBwith die yelocicy AY, and 
gravitates towards C by a force that varies in the fame manner 
as the force towards the axis CH, while the plane AKBC is at 
the fame ume carried along CH with the velocity IV. 

461. Hitherto we have fuppoled die forces to act in right lines 
chat meet in one given pomt, or are perpendicular to one givoi 
right line. Let ua now fnf^fe'that centripetal forces are di- 
reded towards any number of- fixed points, and that the force 
towards each is always the fame at the fame diilance irom it; 
then if a body move Irom A to E, the velocity at E ifliall be theFio.aoi. 
lame whether it move in apycurveline A2i£ or in the chord 
AE, if the velocity at -A -be the fame in both cafes. For by 
what was ihewo io an. 43 «. the increment or decrement of the 
velocity generated by the force direfted towards any one cen- 
ter C 18 the fame whether the body move in a curve or in a 
right line from A to E, if it fet out from A with the fame velo- 
city ; and when any number of forces direfted towards feveral 
centers sSt upon the body, the iquare of the velocity at E is 
meafared by the aggregate of the lame areas, whether the body 
moveia the curve AZE or chord AE. 

463. Let AZE be fnch a furface that when a body is placed 
upon It the aftioss of all the centers towards which it is attract- 
ed ballance each odier, and the body is fufbdned by the furface fa 
as to move neither way ; then if a body attracted towards thole 
centers in the fame manner move in any line that meets this 
furface in A aadE, its velocities at thefe points fhall be equal ^ 
and if a body-move from any given point with a given velocity 
and arrive at this &r&ce, its velocity when it comes to this fur- 
face will be always the fame. Hence the proper refolution is 
deduced of a.projeft. for a perpetual movement mentioned by a 
celebrated Author. A loadftone at A is fuppoled to have a mf-PlOtSOl* 
iicieat force to t^g up a heavy body along the plane FA frx)m 
F to B, whence the body is fuppofed to defcend by its gravity 
^long the curve BEF till it reEurn to its firll place F) and thus 
to rife along the plane FA and defcend along the curve BEF 
C c c continually 
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continually. But fuppo^ng BZE to be the furface upon which 
if a bodywas placed the ftttra<^ion of iheloadAone and the gra- 
vity of me body would ballance each other, this furface mall 
meet BEF at (bme point E betwixt A sod F^ and the body maSt 
ftop in defcending along AEF at the point £. See Wilkin* 
Jkhtbera. mag. BooklL Oaap. 13. 

Fie.aoi. 464. Let h.'ZS. be a trajectory defcribed by fences directed 
towards the centers C and S, the Iquare of the velocity at A be 
reprrfented by the reAang^e dp, and the forcea at A towards 
C and S by the ordinates AD and Kd perpendicular to CA and 
SA, refpettively; let CQ^^snd Sq be taken upon CA and SA re- 
jpe^ively equal to CE and SE, and the ordmates QN, qn al- 
ways reprefent the forces towaids C and S at the Diftances CE 
and SE i then if the fquare of V be eqaal to twice the ag- 
gregate of the areas aD, AQND and iCjnd joined wkh theit 
proper figns, V fliall meafore the velocity at E. And in the 
fame manner V is determined when there are more centen that' 
attra^ the body. Let EH be taken upon EC, and EL upcxi ES 
refpefiively equal to QN and qn, complete the parallelogram 
EHKL, then the force at E that refults from the attraftion of 
the feveral centers fhall a£t in the ^re<%on £K and be meafuT' 
ed by EK. Let the drcle of curvature at E meet EK in B, H- 
ieSt £B in ^, and the reftan^le ^EK fiiall be equal to the iquare 
of V V, by art. 440. And if KR parallel to the tangent at E 
meet any other chord of the circle of curvature, aa ED, in R, 
and ED be bifeded in d^ the redangle (JER Oiall be equal co 
the fquare of V \ for the angle ERK is equal to EBD, EB to 
Ed as ER to EK., and the reftangle //ER equal to AEK. 
Hence, if KP be perpendicular to the tangent at E in P, the 
rectangle cont^ned by KP and the ray of curvature is eqaal to 
the fquare of V- and if KR meetTE (that ia drawn from E to 
any fixed point T) in x, the reftangle contdned by E« and half 
. t^ie chord of curvature that pailes through T fhall be equal to 
the fquare of V. 

Fig. 103. 465. Let T be any fixed point, TC the bafe of the figure, 
and TA perpendicular to tC; let EM the ordinate from E 
meet the bafe in M and EN parallel to the bafe meet TA in N ; 
let KH parallel to TA meet EM in H; then the time being al- 
ways 
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Vays fuppofed to flow uniformly, and the Stixtoa of the curve 
being reprefented by V which raeafurcs the velocity at E, the 
fecond flmcion of the ordinate ihall be always meafqred by 
KH, and the fecond fluxion of the bale by EH, orKL: That ts, 
if while E defcribea the trajeftory, EM and EN be always 
perpendicular to TC and TA in M and N, the powers by which 
the motions of the points M and N are accelerated or retarded 
Ihall be meafured by EL and EH. For let Ef be taken upon the 
tangent equal to V, and fl parallel to TA meet EN in I, that 
£f, EI and If may meaftire the fltikidns of the curve bale and 
ordinate, refpeiftively. Let rtmeafure the fecond fluxion of the 
ordinate, and fuppoling O to be the center of curvature, let Om 
be perpendicular to EM in m ; and KP bebg perpendicular to 
E>, lee P« be perpendicular to EN iti a. Then the fecond flu- 
xion of the curve (or the power that accelerates tiie mouon of 
E) fliall be meafured by EP. ^The redaMle contained by OE 
and T^ is eqtial to that which Is contained by Om and Er, and 
Tbecaufe the fluuons of thofe reftangles are equal, and while 
C£ increafes Om and It decreafe) the rectangle cont^ned by EI 
and Ef is equal to the fiim of the two re<£tanMes containea by 
Om and EP, and by OE and ft. By the latt article KP ia tp 
Ef (or Vj^as Ef is to OE; and the fum of KH and PsJ is to KP 
as EI to fe* ; therefore the Sum of the two reftangles contain- 
ed by OE and KH, and by OE and Pz, is equal to the rectangle 
contained by EI and Ef, or to the fum of the two rettangles 
contained by OE and tt and by Om and EP \ but (b'ecaafe of 
the fimilar triangles OmE and PzE^ the reftangle contained by 
OE and Pz is equal to that which is contained oy Oni and EPi 
confequently, the rectangle contuned by OE and KH is equal 
to the reftangle contained by OE and ti, and KH is equal to 
ft which was fuppofed to nieafure the fecond fluxion of the or- 
dinate EM. In the fame manner it appears that KL, or EH^ 
meafures the fecond fluxion of the bde TM. Thts theorem 
holds, not only when the angle MTN is right, but when MTN, 
TME and T^JE are any given angles, providing KL# parallel 
to TC meet EM in L, and KH parallel to TA meet EN in H ; 
for KH will always meafure the fecond fluxion of TN, and KL 
the fecond fluxion of TM. 

C c c a 466. Thi* 
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466. Hiis principle however, thac when the ibrce which r&- 
fults &om the accraaion of all the centers is meaiored by £K, 
and is refolved into the forces EH and £L parallel to TA and 
tC refpedively, the fecond tluxbns of the ordinate EM and 
We TM are meafured by EH and EL lefpeftively, may be ad- 
mitted without this Proo£ Foi if we lefolve the motioa at E 
in the dire^ion & into a motioo EI in a right line parallel to 
TC, and a motion £« ^allel to TA, we may conceive the bo- 
dy to delcKid in the nghc line EN with a velocity £1 thac is 
accelerated by the force EH, while the right line £N moves 
paraUel to irfelf along TA with a velocity Ej that is retarded 
by the force EX; and thus it may appear (as in art. 41S.) chat 
the force EH meafures the iecond Huxion of EN, and the force 
EL the fecond fluxion of EM. The pofition of EH and EL 
■ferve likewife to ihew whether thele fecond fluxions are to be 
conlidered as affirmative or negative : thus when TM decreafes 
and EM increafes, and EK is wittun the anele MEN, the fe- 
cond fluuoin of TM and EM are to be both conHdered as ne- 
gative; but if£K be within the angle iEN, thelecond fliudoo 
of £M is to be confidered as poficive. 

467. This principle beii^ admitted, feveral of the theorems 
in the preceedbg arricles may be readily demonftrated &om iL 

, Thus if the force £K-be direded towards any fixed point thac is 
any where in the right line EM, EK will coincide with EL, b> 
thac EH will vaniih ; confequently the centripetal force will be 
meafured by the .fecond fl^xioa of the ordinate EM when TM 
itows uniformly, as in arc 423. ' When the force ia direded 
Wizards the fixed point T, the area defcribed about T flows 
wniformly, or the fluxion of the area CTE is invariable ; for the 
ajea CTE is half the fum of the areas CME and CTNE, the 
iJuxions of which are meafured by the reftanglcs IM and »N, by 
prop.4, The fluxion of the reftangle IM is meafured by the fum 
of the reftaogles HM and ti, and the fluxion of /N by the fum of 
the rectangles LN and I;, by prop. 3. But while CM and ME 
increafe, EN and \t decreafe ; confequently the fecMid fluxion 
of the area CTE (or the fluxion of the fum of the reftangles IM 
and fN) is meafured by the excels of HM and 1/ above LN and 
I(, that is, by the excefe of HM above LN, or of KM above KN. 

Buc 
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But when EK. pafles through T, this excels vanillies, and the 
area defcribed about T flows unifomilyj which is the firft pro- 
polition of th& firft book of Sir Isaac Newton's principles, 
and was demooftraced after bis method above in art. 441. and 
in a manner that ditfers little firoin Mr. Herman's in art. 441. 
468. In general it appears that the fecond fluxion of the area 
CTEis meafuredby theexcefsof thereftangleKMaboveKN, 
or (if EK. meet TA m V) by the reftangle contained by KL 
and TV; and the fluxion of the area CTE increafes or decrea- 
fes according as EK is on the fide of ET towards wjiich the bo* 
dy movesj or on the oppofite fide. ^The theorem in art. 431.FiG.103* 
may be likewife made mure general; for let Eff be a circle a&- D. 2> 
■ fcribed about the center T, and the uniform angular velocity of 
T« be equal to the angular velocity of TE whife E moves in the 
trajedory. Let up parallel to TE meet the trajeftory in x, and 
meet Tp perpeodicular to TE in f : and let e move in the ri^t 
line TE fo that Tf be always equal to T* .• then (by art. 385.) 
the fecond fluxion of Te (or Tk) fcall be equal to the difference 
of the fecond fluxions oipx and pit when x and n fet.out toge- 
ther from E. But if Kji be perpendicular to TE in r, Ejf fliall 
meafure the lecond fluxion 01 ^ at that term ; and the force by 
which the circle Ew ia defcribed about T, is meafured by the 
fecond fluxion of pa at the fame term, by art. 411. From 
which k follows, that the force by which the motion of « is 
accelerated or retarded, when it fets out from E, is.equal to the 
difference of the force Ey and the force by which the circle E« 
is 4elcribed about T, or the centrifugal force that aiiles from 
the circulatory motion of E about T. Of this principle, fee 
the Laws of the Moon's motion according togravityj. p. 6< & 66. 
46J). We fuppoled the trajeftory defcribed by E to "be in one 
plane in art. 466 Sc 46y, But fimilar conclufions are eaiily de- 
duced when the traje^ory rD< Is not in one plane. In this ca(eFic.204* 
let CE be the orthographic projeftion of the trajedory on the 
plane CTA, or eE be always perpendicular from the trajetilory 
to CTA in E, and EK be the projeftion of the right line ek 
which reprefents the force that refults from the a6tion of the 
feveral centers upon the body at e with its direction. Then the 
fecood fluxions of EM and EN Iball be meafured by £L and 

EHi 



,y Google 



390 Of Gravitstion Book f. 

EH; and the iecond fluxion of «E, the diftance of the body 
from the plane CTA ftiall be meafured by the difference of the 
perpendiculars *K and tfE. From .which it follows, that when 
s trajectory is described by a force that is direded towards a 
fixed point T, and another force that is always perpen(Hcular 
to the plane CTA, the aiea defcribed by TE about T on this 
plane flows unifonnly. 
Fia. 104. 470. Let a body let out from a given point D with a given 
velocity, and firft let the trajeftory be defcribed in the plane 
CTA. Let the force at D that refults from the atcraiftion of the 
feveral centers be reprefented by IX and be refolved into D/ 
and D* parallel to TA and TC, refpeaively. Let DF and DG 
be perpendicular to TC and TA in F and G ; upon which pro- 
duced take li^ equal to D/, and Gg equal to Db. Let Mm and 
Kff be taken m the fame manner upon EM and EK always equal 
to EH and EL, refpeftively. Let the velocity at D in the di- 
tedton DG parallel to CT be fuch as would be acquired by a 
body falling from B to F with an uniform gravity equal to die 
'force Vf\ and let the velocity at D in the diredtioa parallel to 
TA be filch as would be acquired in the fame manner by a body 
felfing from A to G with an uniform gravity equal to the force 
Gg-y or, in general, let thele velctcities be luch as that half the 
Iquare of each may be meafured by the rei^angles F^ and Goy 
accordbg co art. 434. Suppofe liltewife that while the body 
moves from D to E, TM decreafes, but that EM increafes, and 
that EK &lls within die angle MEN. Then the fquare of the 
velocity of M (or of the fluxion of the bafe TM) fliall be mea- 
fured by aBMw/^, and die fquare of the velodty of N (or of 
the fluxion of the ordinate EM) by iGj — aGN^. For let 
M^ meafure the velocity of M, or die fluxion of CM, and the 
"fluxion of this velocity (or fecond flukion of CM) being mea- 
fured by EH or M« (by art. 465.) it follows that the fluxion 
of die fquare of Mgr is equal to the fluxion of aBM>»/^, and that 
the fquare of Mj is equal to iBMmft. In the fame manner the 
iqnare of the velocity of N is meafured by 2Ga — 2GN«^. 
And die fluxion of the bafe TM is to the fluxion of the ordinate 
;EM in the fubduplicate ratio of the area BM«/"* to Ga — GN»^. 
When the trajeaory cDe is not in the plane CTA, the motions 
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at D and E are each to be relblved into three motions in the d(- 
ledions parallel to CT, TA, and that which is perpendicular 
to CTA; the forces at D and E are each to be refoWed likewife 
into three forces m thefe directions; and the fluxions of TM, 
ME and E« are to be determined in the fame maniier as the flu- 
xions of TM and ME in the ibrmer cafe. 

471. There arifes hence a fimple enough conftruSion of the 
trajeftory that would be defcribed b_y the moon about the earth, 
i^ the gravity towards the fun being inverfely as the iquaie of dw 
diftance, the gravity towards the eaixh varied in the Gune propo^ 
tion as the diftaoce from its center, and we fliould abftra£k trom 
the curvature of the earth's orbit during a revolution of the 
moon \ which we ihall fubjoin, becaufe it ferves to illuArate fbme 
parts of the theory of the moon's motion. For though the gra- 
vity towards the eanh be not as the diAance from ita center, 
bot inverfely as the Iquare of that difl:ance \ yet wbenthe orbit 
of the moon is fuppofed to approach nearly to a circle, fome of 
the effects of the folar adion deduced nom theie fuppofition^ 
will nearly coincide, and the trajectory is more eafily determi- 
ned in the former cafe than in the latter. Let S reprefent thcFie. 105. 
fim, T the earth, CADB the orbit of the moon about tlK earth, 
C and D the quadratures, A the conjnndion, B the oppofitiou, 
E the moon's place in this orbit ac any time, and EN a perpen-* 
dicular from EunST thatjoins the centers of the fun and earth. 
If the fun a6led on the earth and moon with equal forces, and 
in parallel lines, they would fall equally towards the fun in pa- 
rallel lines, atul the folar aSion would not difiarb the motion of 
the moon and eanh about their common center of gravity, or the 
motion of the moon about the earth, when the motion is all re- 
ferred to the moon, as is ufuaL But fince the fun a6la with great- 
er force upon the moon at A than upon the earth at T, and up- 
on the eanh at T with more force than upon the moon at B ; 
it follows that, if the eanh and moon fell towards the fon, the 
moon would fall more than the eanh towards the fun in the 
former cafe, and the earth more than the moon in the latter ; 
io that their cUftance fi-om each other would increale by the ii»- 
equality of the folur a^on in both ca&s. If the moon fell ei- 
ther from C or D towuds the fim, and the earth &om T, theiz 

diftaoce 
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. diftance from each other woald decreale by thetr falling m right 
Hnes that meet io the lame center S. And it is obvious that the 
aSion-of'the-run muft diminiOi the force by which chey tend 
lowards^ each other where ic would increale their dtft^ce if 
tfaey fetl towards the fun, that is at A and B^ but muft iacreafe 
that force where it would caufe them to approach to each other, 
that is at C and D. 

471. Let ST reprefent the gravity of the earth towards the 
fim,aiid-if S/ be taken upon SE in the fame proporaon to ST 
as die fquare of ST is to the fquare of SE, S/' will reprefent 
die gravity of the moon at Etowards the fuu. Let j^ [Mrallel 
to ET meet ST in g, and the force S/ being refolved into Sr 
(which afta at E in a right line parallel to TS) and fg which 
ads in the diredion ET, Sir Isaac Newton negle&s the part 
ST of the forrt S^, becaufe it is equal to the gravity of the 
earth towards the fun, and adls in a parallel line \ and, becaole 
of the vaft dilbmce of the fun, he confiders jg as equal to ET, 
(the rather that as/i* exceeds ET when £ is in the part of the 
moon's orbit CAD, it is lefs than ET in the part DBC, and the 
excefa in the fdnner is nearly equal to the defe£l in the latter 
cafe when the angle CTE is the fame j) and, S/ being fuppc^ed 
CO meet CD in jb, bf is nearly double of Eb, and Tr nearly 
equal to 3TN. If TN be to N» as the fquare of ST is to the 
iquare ofTN, the mean value of Tg- will be more nearly equal 
to 3TN -{- 10 N«; and a conftru£tion of the trajectory may be 
derived from the preceediug anicles upon this iuppolition like- 
wife : but as this conftruftton is more complex, we Ihall fnp- 
po& here (with Sir Isaac Newton) that T|- is equal to 3TK; 
^i that the trajectory may be fuppofed to be defcribed by 
. di e fe three forces, the gravity of the moon towards the earth, 
. a^force.dire&d towards the earth that is to the gravity of the 
. earth towards the fun as ET the ^ftance of the earth and moon 
is to ST the diftance of the earth and fun, and a third force Etb 
that ads in a right line parallel to TS, which is to the fecond 
force as 3TN is to ET. Let G reprefent the gravity of the 
moon towards the earth at the diftance TC, V the force ^ 
which the folar a^on adds to this gravity when the .moon is in 
, quadrature to the fiio at C^ S the periodic time of the earth a- 
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boat the fuD^ ^ the periodic time of the moon about the earth, 
/ the time in which a circle would be delcribed' about T st the 
diftance TC by G + V the whole force at C towards T, and 1 
the time in which a drde would be defcribed at the £uiie di* 
fiance by the force G mly. Then by art. 43 a. G die gravity 
of the moon towards the earth is Co the gravity of the earth to- 
wards the fun in the ratio compounded of the ratio of TC to 
ST and of SS to 11 : and the gravity of the earth towards the 
fun is to y as ST is to TC ; coOTequently GistoVaaSSisto 
IL By the iame article, 11 is to // as G + V is to G; and 
therefore SS is to / / as G + V is to V. This being premifed, 
the trajedory that would be defcribed by die moon, if the gra- 
vity towards the eartl^was varied in the lame prq>oruon as the 
diuance and we fiiould abftradt &om the angular motion of 
the right line TS, may be conftrudsd in the following man- 
ner. 

473. Firft let the moon be fiippofed to fet out fiom L in anyFie.ao(K. 
diremon L<Z that is in die phme LTS ; let the velodty of the 
motion be rqireieiUied by LZ and be refblved into LY parallel 
to CT and Y2 parallel to TS; and let LF and IXi be peipen- 
^cular to TC and TA in F and G. Upon the right line TC 
take TB the diftance from T by idling from which to F 2 velo- 
city would be acquired at F equal to LY, and TA the diftance 
by falling &om which to G m the rigl» line AG a velocity 
would be acquired at G equal to Y2. From the center T de- 
&ribe the circle BH^ meetmg FL in H, and the circle ALs 
meedng GL in I, and join TH and TL llien In order to con^ 
flrud the trajedory draw any right line TP meeting the circle 
BH^ in P, dnw TQ.fo ^^^ ^c angle ITQjnay be always to 
the ai^le HTP in the fubduplicate ratio of G — 2V to G + V, 
and let TQjneet the cirele ALs in (^ Then PM a right line 
liiroagh P parallel to TA fhall always interfeft QN a right line 
through Q_paralldto BT in E a pomt of the trajedory: And 
the ark LE of tUs trajedory fhall be defcribed in the fiune rime 
that the ark HP is delcribed by a body revolvbg nith an uni- 
form morion in the circle BPi by a force that is to G + V a» 
TB is to TC This cooftruftion is deduced &om art. 470* 
fiom wluch it follows that if Bb reprefeoc the whole iotct at 
D d d B to- 
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B towards T and Tb meet PM m «, Aa the force at A to- 
wards T and Ta meet QJ^ in », the fluxion of the bafe TM 
fliall be to the fluxion oi the ordinate ME (or TN) in the fub- 
doplicate ratio of the trapeiium BMwib to the trapezium ANsa, 
that is, in the rado compounded of that of PM to ON and of 
die fubdopUcate rado of^the forces at equal diftance afiom T in 
the right lines TC and TS or of /G+V to /G-iV. The 
fluxion of the angle HTP is to the fluxioU' of ITQ. in the rado 
compounded of that of the fluxion ofTM to the floKion ofTN 
and of that of QN to PM. Therefore the fl uxion of th e angle 
HTP is to the fluxion of ITQ^as /G+V to /G-iV; and 
thefe angles themfelves are in the fame rado by art. 14. WheiKe 
the conftruadon ia manifeft. We fuppofe V to be le6 than G 
in this coolhufUon. If V was equal to G, the trajedory would 
be the iaine that vraa conftru£ted in art. 4^9. when the gravity 
was fuppoicd to a£l in right lines perpendicnlai to a g^ven right 
line and to be as the difunce from it. If V was greater than G, 
the confttuftion woold depend 00 the logarithms, or on hypecr 
bolic areas, but it would be of no ufe fox our prefent purpofe 
to de£:ribe that cale. 

474. The fluxion of TM is to the fluxion of HP, or the ve- 
locity of the point M to the velocity of P, as PM to TB \ bue 
the velocity of M is as PMf therefore the velocity of P is aa TB, 
fo that its modon is uniform and is the'£une with whieh-cbe circle 
BHP is dcfcribed by a force diretfted toward T that is to G + V 
as TB is to TC The modon of Q^is likewife unifomi and 
is the lame with which the circle IQA is de&nbed when the 
centripetal force is dire(Aed towards T and is to G — iV as^ 
TA to TC And the arch LE is defcribed in the trajedory in 
the lame time that F with its uniform modon defcribes HP, or 
Q_defcribe8 IQ. Let TK be taken upon TA in the fame ratio 
to TN as 3V 13 to G + V. The gravity at E towards T is to 
G as ET to TC, by our fuppofition j the force added by the 
folar aflion at E is to V in the fame ratio ; and the fiim of thefe 
forces is to G+ V in that ratio likewife. The third fi»ce Efe 
(defcribed in art. 472.) is to V as 3TN to TC, and to G + "*" 
as TK to TC; therefore the force Ejfe is to the fum of die other 
two forces as TK to ET j confcquenily the force that refults 
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from the three forces aSs in the dtre^n £K and is to G+ T 
as EK to TC 

475. Let Pr be perpen dicalar to I'A in r, upcm rP take rR. 
to QN as Z^— aV is to /GTV7 Jom TR, and let & be per- 
pendicular to TR. fixxn E; then & fliall be Ae cangeot of the 
trae£loiy at £, and the velocity at E Ihall be to the conftaot 
velocity of P as TR is to TB. For the fluxion of TM is to 
the fluxion of TN as PM (or Tr) to rR (by what was fhewn 
in art. 473.) and to die fluxion of the cuive LE as Tr to TR; 
therefore the tangent intnfeda EN in an angle equal to RTr, 
(by prop. 14.) and is perpendicular to TR. The velocity at E 
is to the velodty of M as TR to Tr; the velocity of M is toi 
the velocity of P as Tr to TP; confequendy the velodty at E 
ia to ^he conftant velocity of P as TR to TB. 

476. Let the body now fet out from any point L in a ri^Fxe*aOy. 
line ly that is not in the plane LTS, and its motion being r&- 
prefenied by L/"let it be refolved into a motion /X in a ^ie£ti- 

on perpendicular to the plane LTS and a moaon Xi2 in that 
plane, and let the latter be refolved as above into two motions 
in the diredions LY and YZ reprefented by ihefe right Hues. 
Then the reft of die conllrudion oeing the fame as in art. 473. 
let the motion f% be fuch as a body would acquire by falluig 
from D to T by the force that ads in the line of the quadratures 
BT: Let a arcle Hd defcribed from the center T widi the 
radius TD meet TP in X^ from which let XV be perpend 
cular to TH in V j and the point E bdng determined as in 
ait. 473. if E« be perpentUcular to the plane LTS at E and 
equal to XV, e Audi be a point in the trajedory. When the 
body iets ont fiom any point that is not in the plane LTS; 
the points of the traje^ory are detemuned by a flmilar con- 
fimoion. The^mt L is one c^ the nodes of the trajeSory, 
or of the points wheteinitinterfeds the plane LTS; and fince 
XV vanimes when HP becomes equal to afemicircle or to any 
multiple of a -iemidrcle, by the conftru^on, it follows that 
the revolving body returns to the plane LTS every time the 
point P comes to the right line HTfc; or that E becomes a node 
of the trajeftory, and TE tht line of the nodesy when HP be- 
comes equal to a femicircle or to any multiple of a fenucircle. 
I> d d 1 477' ^ 
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477. If a reAaogle DG be defcribed fo as to to touch the 
drcle ha m the o[^fite points A and a, and the circle B^ in 
the oppofite pdncs B and by it a^ars from the conibnfHoa 
diat the curve defcribed by the point E ^which is the [m^jedioa 
of the tiaje^ory on the plane LTS) will touch the feur (ides 
of this redtngle in every revolution. The points in which it 
touches the fides G%y Da that are perpendicular to B£ more 
backwards, and the points in which it touches the fides d(? and 
gP that are peipendicuUr to Ao move forwards, till they come 
to the angles G and D. The angles HTP, ITQ^and PTQ^in- 
creafe uniformly; and when PTQ_becomes equal to a right one 
if TP falls upon TA, the pdnt E will pafs through T, and the 
revolving body will pafi above T at a diftance that is to TD as 
the fine of the angle ATH is to the radius. Thus if H coincide 
Flo.aoS'With B, Of the body fct ou t from the plan e LTS at the q uadra- 
tore B, and the excels of /G+V above /G— iV be to /G+v 
as unit is to any integer number »t, the angle PTQ^will be to 
BTP in the fame ratio, FTQ^ will become a right angle aftc* 
TP has defcribed as many right ones as there are units in m, 
the point E will then pais through T, and the perpendicular £« 
will be equal toTD. The points in which the curve defcribed 
by E touch Gg and Dd ^wWch are in this cafe the nodes of die 
trajeftory, or the points m which it interfefts the plane LTS) 
in this ume move with a retrograde rhotion from B to G 
and ^ to i>. ' Aiter this the motion c^ E becomes retrograde, 
the motion of the points where the curve LE touches Gg and 
IM (or of the nodes of the trajeftory) becomes ^re£t ; but the 
motion of the points where it couches AG and g2> is then re- 
fcrograde, and has always the fame direfiion with the morion of 
E. And when TP has defcribed as niany right angles as there 
are nnits in 4^;, the revolving body returns to B with its firH 
velocity and direftion. The inclination of the plane of the tra- 
jefitery firfl increafes, till it become perpepdicular to the plane 
iJtS when TP has defcribed as many right angles as there are 
units in m; thereafter it decreafes and returns to its firft ma- 
gnitude in an equal time. The revolurions in this trajeftory 
from any quadrature to the fublequent quadrature on the fame 
fide of T are compleated in times equal to each other and to 
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the time in which the point (^revolves in the circle hah^ % 
force that is to G — aV as TA is to TC The revolutions 
&om any conjunction to the fublequenc conjunction are com- 
pleated in the fame time that P revolves in the circle B6 by a 
force that is to G-j- V as TB is to TC; and thefe times are to 
each other in the fubduplicate ratio of G-|- V to G-;— -aV. 
What has been observed in this article holds only upon the 
(bppofition that the right line TS has no motion about the 
points T or S, and that the force towards T is as the diftance ; 
for when TS revolves about either of thofe points, as in the 
cafe of the fecondary planets, the nodes move backwards m e* 
very revolution, the mcltnadon of the plane iocreafes and de- 
cteiues within narrower limits, and the other t&A» of the for- 
ces j^ and T^ are different. 

47S. It appears from the conftru£lion likewife that w4iai V 
is much iefs than G, H coincides widi B, and TA is nearly &- 
qual to TB, the diftance TE is leaft not &r fiom the ofitants 
before the fyzygies, when TE bilefts the angle BTA, and Is 
greateft after the other oCtants when TE bifeCls AT^. After Ibme 
revolutions the figure of the trajeftory differs litde from an el- 
lipfe that has its tranfverie axis in the latter and the ccMijugate 
axis in the former pofition; for if the angle QTP was inva- 
riable, TA equal to TB, and QN parallel to BT interfered 
PM parallel to AT always in E (as in this conftruCHon,) the 
curve defcribed by E would be an ellipfe whofe tranfverfe aids 
would bifeCt the angles AT^ and ^TB. The tides produced 
in the ocean by the inequality of the gravitation of the yftvtt 
tovinrds the moon rife to the greatefl heights about the fame 
oftants; of this fee the latter part of Coroi ao. Prop.66» lib.h 
Princip, 

47p. Suppofe that the body fets out from the node and qua-Fie,2o8> 
drature B in a right line perpendicular to TB, and the reft re- 
maining as in ait. 476. it is manifeft from the conftniCtion that 
the body will return to this node again, when the ray TP after 
complearing a revolution about T returns to the fituation TB; 
in which time the ray TQ^defcribes an angle that is to four 
right ones in the fubduplicate ratio of G — aV to G + V. 
Therefore if the angle BTj be confticuted on that fide of TB 
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which is towards the opp ofitioD a in the &me ratio to font 
right oneaaa the excefi oi v'G-^V above /g— iV is to ^G+V, 
and T; meet the circle ha in q, then qe be drawn parallel to 
TB and meet Be parallel to AT ia e, the point e ihall be the 
node of the craje^ory after this revolution ofP, and the angle 
BTe will fliew how far the line of the nodes has moved bads- 
wuds during this Tevoltidoo. Let the motion at B be refol- 
ved lutofL perpendicular xo the plane BTS {wluch reprefcnts 
the eclipcick) and Bz parallel to TA, and it the motion at B be 
given, =ot B/* (which reprefents this motion) be invariable, the 
modoa fi2 wiU vary in the iiune ratio as the coiiue of the an^e 
fBZ which ia the inclination of the plane TB/" to the ecliptic. 
But the right line TA by falling along which this motion 
would be acquired varies in the fame propoidon as this morion, 
Be is equal to the /ine of the angle BTf die radius being Tq or 
TA, and the angle WTq is given when the rauo of G to V is 
given; confequently Be varies in the fame rado as the coiine of 
the iiKlinauon/fi2; that is the tangent of the angle BTe is as 
Che coiine of the inclination ; and when V is much lefs than G, 
the angle BTe varies nearly in the fame proportion. Therefore 
when the velocity at B with the ratio of G to V are given, the 
angle TB^is right and V h much lefs than G, the retrograde 
morion of the node during this revolution is nearly as the co- 
fine oftheintlinationaf the plane. 

480. In order to eftimate nom tlus conflm<^ion what ought 
to be the morion of the nodes of the moon nearly, we muft 
fa[^fe this trajedory to be as near to a circle u .pofBble, and 
the body to revolve in it in the fame tune that the moon re- 
volves about die earth. Firft let the line of the nodes be in 
ijuadrature to the fun about the middle of the month, and the 
inclination of the plane be fuppofed -incomparably fmallj then 
F16. lOp TA being fuppoicd equal to TB (that the orbit may be nearly 
'ciroular) and TB equd to TC, let the time in which the body E 
revolves from the quadrature in TB to the fubfequent quadrature 
in the 'right line Tb be equal to the time in which the moon 
revolves betwixt thele quadratures. Then Hnce XV vaniihes 
when HP becomes equal to a femicircle, it follows that £ re- 
,volve8 from the node in TB to the fubfequent node » in the time 
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P makes half a revolution about T in the circle BJ ; but E re- 
volves from the quadrature in TB to thefubfequent (quadrature in 
T* in the time Qjnakea half a revolution about T m the drcle 
A/>; and lince the direft motion of the node while E proceeds 
frofn the light line T« to the quadrature in the right line tb is 
fb exceeding fmall that tt may be negledled (as will appear bet- 
ter afterwards,) it follows that the mean motion of the node ia 
to the mean moucn of the moon in this month as the dil&rence 
of the times in which Q and P revolve about T is to the time 
i n whic h Q^ revolve s aBo ut T, that is as the difference of 
•iG+V and /G— iV is to VG-t^V- Let S and L (as in art 473.) 
reprefent the periodic times of the earth about the fun and of 
the moon about the earth; then fmce /is equal to the time in 
which P revolves about T in the circle Bt by the force G -+• V, 
and L is equal to die time in- which Q_reTolvea about X, 



// wiU be to LL as G — aV to G + V. But by art.4y3. 
SS is to // as G + V is to Vj comequently SS is to LL 
as G — aV is to V 5 and G + V is to G — aV ; 



SS 4- jLL is to SS. ITierefore when the incIiiMttda; of the^ 
orbit is incomparably fmall, and the «bit nearly dfcoUr, ibt 
mean motion of the node u to the mean motion of tbe'moon tn 
the month when the lin e of the no des is in quadrat ure to the fun 
nearlyastheexcefeof »/SS+3tL above S is to/SS+3LL; And 
if there are 2139 revolutions of the moon to the flars in i6o. 
lidereal years (and conlequently SS to LL in- the duplicate, ratio 
of tbefe Dombers) this proponioa is that of t to 120,647; 
By the principles laid down in the excellent treadfe concern- 
ing the kms of the mooris motion aceording tognniiiy, this pro- 
portion is about that of i to 120^639. If we would compare 
It with the.ratio that refults from Sir Isaac Newton's metbo^ 
their difference will appear very fmall if we may adapt his me- 
thod to our prefent fuppolition in the following manner. Ic 
^pears fixim what was (hewn above (art. 4^1.) that when a 
ferce at^s upon a body in a right line perpendicular to- the di- 
redion of its motion, the deflexion of its courfe from a ri^ht 
line (or the angular velocity of the right line that is the dtre- 
dion of its modon and is idwaya the tangent of the traje^ory 
at the body) is as that force when the velocity is given, and in 
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?eoeral aa the force dire^y wd velodty inverfely. Hence 
according to his method) uw moticMi of the code when the 
IDOOD is at the coojum^on is to the inflexion of the coarie (^ 
the moon 6rom a right line there, as the force that pro- 
docea the motion of the node at the conjun^oo to the force 
that a3s upon the moon there, that is as 3V to G — aV; and 
thb inflexion of the ortnt of the moon is to the inflexion of Q_ 
in delcribing the circle A^ (which <^defcribes by the fame 
force G— iV) as the velocity of Q^is to the velodcy of the 
moon at theccnjuoAion, or to the velocity of P in the circle B^^ 
that is as yc—zV »■ to /G-fr-^j fo that, according to this me- 
thod, the modem of the node at the conjun^on A is to the 
modoQ of Qj or the mean mouon of the moon, in the ratio 
compounded of the ratio of^V to G — 2 V, and of the fubdupli- 
Otte rano_ofG— aV to G-{- V, that is in the ratio of 3Lt. 
to S i^sa+glX : According to which proportion the mean nao- 
don of the node m the month when the line of the nodes is in 
quadrature to the fun and the plane of the orbit is fuppofed al- 
moft coincident with the ecUpdc, is to die mean modon of the 
moon aa I to 120,64^. And tjiefe three proponums i^ee 
nearly, the laft of which is almoft a mean betwixt the other 
two. 

481. The mean motion of the node being determined whea 
die planes are almoft coincident, if this modon be diminilhed 
in the rado of, the cofiae of the inclinadon of the plane of the 
moon's orbit to the radius, we fhall obtfun the mean modon c^ 
the nodes of the moon in this month nearly, by art. 479. If 
we dinunilh the modon of the node that was deduced at 
the end of the laft arucle in the rado of the cofine of 
4*'^9'-3i'* (^^ inclinadon at the fy^y^ea in this month) to the 
ladius, the mean modon of the noqe m this mimth (according 
to this method) {hall be to the mean modon of the moon aa i to 
121,1013, and the mean hourly modon of the node i6"i9'" tt- 
If we dinuiufh the modon of the node deduced &om our 
conftru£don in the lame rado, the mean modon of the node 
will ben the mean modon of the moon as i to 131,20648, and 
the mean hourly modon of the node will be about 16" 19"' f. 
The fiune tuurly modon of the node by die principles that are 

pro- 
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propofed in the treadfe <^ tbt lawsof the moorfs m>tion accord- 
ing to gravity is about I'S' 19'" js. How much the mctioa of 
the node smoanta to in any of the tn^eitoriea conftruaed in 
art. 475. in a levolution or any pan of a revolunon will appear 
-tiom what follows. 

48a. Suppofing firft H to coincide with B as in art. 479. let Fig<21(x 
Tl perpendicular to TP meet TB in^ and /» parallel to AT 
meet me tangent at E (which is perpendicular to TR. by jttt. 
473.) in rty join Ta, and it fhall be the line of the nudes when 
■the revolving body comes to e after delcribing the arch of the 
trajeSory Be. For fuppofing the tangent of the traje(^ory at « 
to meet fE {the tangent of the curve defcribed by E) in my 
point 8 and tih parallel to BT to meet PM in h ; then becauie 
£> is always equal to XV, the fluxion of Ee fliall be to the flu- 
xion of TV as TV is to XV ; the fluxion of TV ia to the 
fluxion of TM as XV is to PM ; therefore the flaxion of Ee i4 
to the fluxion of TM as TV is to PM ; codequently Ee is to 
A» as TV to PM j and ha is to PM as Ee (or XV) to TV, ot 
as PM to TM, or M/ to PM ; fo that hn is equal to Wy and ht 
parallel to TA ; whence the conftru<!:tion is manifeft. When 
P/ becomes parallel to Tfi, the line of the nodes becomes pa- 
rallel to the tangent at E, or perpendicular to TR. The velo 
city at « in the trajeftory is to the conftant velocity of P in the 
fubduplicaie ratio of the fum of the fquares (rfTR and TV to 
the fquare of TB. The ratio of TA to TB ia compounded <£ 
the ratio of the velocity in the trajectory at B to the velocity 
of P, the ratio of the cofine of the iochna tion of the flaae m 
the radius, and that of /G+'V to /Q — ^y. 

483. Let mN be to QN as /G— iV to •G+V, and Wo p*- 
rallel to TF meet Pi perpendicular to TP in 0, dien the ai^le 
PTo {ball be equal to BTn which Ihews how far die line c^ 
the nodes moves ftom the quadrature while the arch B« ia 
defcribed in the trajectory. For let ith meet AT in u, join mUy 
and let ?l meet TA in p j then fince the tangent E» is perpen- 
■dicular to TR ; PM is to Rr (or wN) as nh (or MO is to E*, 
or »N J confequently wN ia to aN as Rr to Tr, and urn is pa- 
rallel to TP. Therefore In, or Tb, is to ?o as Tp is to P^, or 
as Tl to TP, and the angle PT0 is equal to fTiv. Haace if the 
£ e e oich 
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iTcji hk be to a fe micircle as the excels of/G+V above •g— iV 
is to Vg— 2V. T^be taken upon Tk in the fame ratio to TA 
» t^G— iV to v'G+V, and /^parallel to T^ meet i/"perpendi- 
cuUr to T* in ^, the angle VTf ftiall be equal to the motion of 
cbe nodes in this trajei^ry in the time the body revolves fiom 
the Qoadiature B to the fubfequent quadrature. When TA is 
equal to TB, and the planes are almoft coincident ; this angle 
hi^f is to two right ones in the ratio compounded of che ratio 
of the excels of/G+'v above /G~^^ to v'G+V* and of that 
of the cofine oibTk to the radius nearly. 
Fio>2Il. 484. Suppofenow that the line of the nodesisinany ficuatlon 
TLat the beginning of a revolution as in art. 476. and in order 
todeterrnine the motion of the node during the revolution, take 
the arch \q backwa rds fro m I in the fame ratio to a who le circle 
as the excefs of v'G+V above /G— 2V is to /g+V, and let 
a/ parallel to BT meet LF in /, Join T/, and the trajeftory 
ihall iDcerfe£t the plane LTS in / after a compleat revolutbn of 
tht point P. For whenP returns to H, XV_v aDifli e8, a nd the 
arch defcribed by Q_i8 to a whole circle as /G— 2V to /g+V, 
by the conftruQion. Therefore when P returns to H, Q^comea 
to J, and E to the point / in the plane LTS. The an^e LT/ 
fhews how far the nodes have moved backwards in this time^ 
and is to the angle IT^ as the redangle IXjI to the fquace 01 
T/ nearly when V is much lefs than G. For let Ix be perpen- 
dicular to T/ in X, and lo parallel to AT meet ql in 0, then Lx 
ftiall be to U (or lo) as LG to TL, and \o to \q as IG to TI 
nearly, confequently Lx is to Iq as the rectangle LGI to the 
rectangle contained by.TL and TI, and- the angle LT/ to IT^ 
as the redangle LGI to the fquare of TL, nearly. Kence when- 
TA is equal to TB, V is much lefs than G, and L is taken 
upon the circle Bfr, if the ratio of V to G be given, the angle 
Ytq is given, and the motion.of the nodes (or the angle LT/) is 
as the Iquare of LG the fine of the angle LTA the diftance of 
the node from the fun^ which is agreeable to what is ibewn of 
the nodes of the moon by Sir Isaac Newton, cor. a. prop.^o. 
Jib. 3. princip. Suppofing therefore the motion of the nodes of 
the moon to vary m the duplicate rauo of the fine of their di- 
ftance &oni the fun, the annual motion of the nodes may be 

briefly 
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briefly compated from what was fhewniaatt.481.by the uTe- 
iiil [heorem in the fcholium oiprop. ^^. lib. 3. princsp. coramu- 
nicated by Mr. Machin and lince explainedfin a more general 
manner ia the iaws of the moon's motion^ 8cc p. 14. By that 
theorem, the mean motion of the fun from the node is a geo- 
metrical mean propordonal between the modon of the fun and 
the mean motion of the fun &om the node in the month whea 
the line of the nodes is in quadrature to the ftin The mean 
motion of the node in this month is to the motion of the fun, 
according to the firft proportion deduced in art. 481. in the 
compound proportion 01 1 to 131,1023, and of the mean mo- 
rion of the moon to the mean morion of the fun, or of 2139 to 
160, that is in the proportion of i to 9,oc86i j confequently 
the mean annual motion of the node is to the morion of the ftm 
(by the theorem) as i to 18,60413; which gives 19* 11' 1" fot 
the morion of the node in a fydereal year. According to the 
fccond propordon in art. 481. that was deduced from our con- 
flruftion, this motion is about 19* zi' ; by the principles that 
are laid down in the above menrioned treatiie it is i9"ai'7'' i; 
and by ailronomical obfervation it is 19* 11' 21" |. In thefe 
computations we have abibafled from the acceleration of this . 
mouon that arifes from the excefs of the iblar force on that half 
of the moon's orbit which is towards the fun above what it is 
on the other half, and from any efied the excentricity of the 
lunar orbit, ard the increafe of the inclinarion of toe plane 
while the nodes move from the quadratures to the fyzygies, 
may be fuppofed to have upon it. But this is fufficient for out 
purpofe, which is only to illuftrate &om the conftrudion of the 
trajectory (in art. 47o.) the computation of this morion fix)m 
its caufe, which amirda fo remarkable a confirmarion of the 
principle of gravity, and may on other accounts be of great ufe> 
See the laws of the moon's motion^ p. 24. 

485. In general let the body fet out from the node L as tnFio.ai2* 
an. 476. and let it be required to determine the fituarion of 
the line of the nodes when it comes to any point e in the tra- 
jedory. The tangent £r of the curve LE is peipendtculat 
to TR. by art. 475. Let the angle TPp be made equal to 
the angle ATH and ?p meet TB in p; let pa parallel to TA 
E e e 2 meet 
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nie«t Ef in ff, jtnn Tn, and the nodes fhaU be in. the righc tine 
T». wlien Ac body comes to « after defcribbig die^flpcn L« in 
the oweftory. The demonftrfition is Imrilar co that in ai t. 48a. . 
If wKfae take n upon NCt in the feme ratio to NCi_a8 v^G— iV 
is tfr, /G+V, and wtf be perpendicnl»r to Pp in 0, the angle - 
HT« will be equal to oTF, and LT0 the motion of the node 
win be either- equal to the fam or dif&rence of the an^es 
bTP and LTH. When TP beeomea pcipendiciilar to TH, 
Pp^ becomes parallel: to BT and the line of the nodes peipendir 
colar to TR, 

4t%6. In art. 479. we fappofed the body to fet out from B in 
s ngiit line perpendicular to TB. But if tt fet out from mj 
fft0.ai3. point L inTB, and the right lines TB, TL with the velocity, 
at L, be given, the motion of the node will be ftill as the fiae- 
compliment of the incKnation of the plane. If TA be equal to 
TB, and the arch BH be taken from B towards th e oppo fidbn 
a in the fame ratio to a femicirde as theexcefa crfy^G+V above 
v^G— aV ifl to v'6-*-V» Ae Une of the nodes will d^ribe an 
angle equal to B'KI m the time P defcribes the fcmidrcte Hb ; 
iiecairfe P and Q_will come at rfie fame time to the point h.. 
This Is the modon of the node rfiat was determined in the firft 
pan of art 180. Spoofing ftill the node L to be in the line 
of the quadratures TB, let the angle_BTH.be t o a righ t angle 
as the.<Bffirence of y'fi+v and VG~iV is to /G— iV, (&r in 
the cafe of the moon according to art. 180. as i to ri^04<S9) 
and the anfh BH be tdcai from B towards the oppofiti«i ; let 
• Ihe point P defcribe the circle B&, and Q_ the circle LA, TA 
"being fuppofed equal to TL; then (by art. .476.) the right 
Enep TP and TQ_will coincide with each other at the conjim- 
fti(Jn, where the motion in the rrajeftory will become perpen- 
dicular 10 1'A ; and (by art. 485.^ wlule the body moves from 
. the (uiadrature L to the conjunttion A, the line of the nodes^ 
will uefctibe an angle equal to BTH. Butif we fuppofe a bo- 
dy to fet oat from the fame point L^n a right line perpendicu- 
lar CD TL, (as m art. 479.) the point P to defcribe the circle - 
LA, and Q^the cu-cle B^, fo that die diftance of the body from 
T atthe conmnftion may be equal, to TL. its. diflance at the' 
~ quadr^nire, ^e mouofr oi.tbe node Tilule tlw body moves from. 

the. 
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the quadracare to the coojundion will be eq ual to Uie a n^t 
ATR if the an^ BTA be to BT^ as v'G+V to /G— 2V, "^ 
ff/( be to Rj) b me fame ratio, by art. 48a. and this ai^ AT& 
ta to a right cme as i to 111^5516. If we fappc^ the mouon 
9i the node m a ciicular ortiit, when the planes are almoft cor* 
incidcQC, to be a mean betwtM the mocioa (^tfae node in thofii 
two cafes, it will be to the mean mouon b the oibit aa i to 
»ao,64373. This almoft coincides with ^t» pioportioa that 
waft deduced for this ciUe at the latter end of art. i6a io imi- 
tation erif Sir I«A A£ Newton's method j which m larger num- 
bers is that of I to 1-20,64375. 

487. The angle in which the plane of the lunar oiUt bter> 
fe^s the ecliptick is perpetu^ly varying; and this motion may 
be alfo illuftrated from art. 476. In general if EK be perpei>> Fta>fti9> 
dtcuUr to die line of the nodes Tfi in K, die incUnadon of the 
plane of the cntje£tory to the plane BTA is an M^k the tan- 
gent of which IB to the radius as "XY to EK. FiiA let the tine 
of the nodes-be in quadrature to the fun, and fuppofe the body 
to fet out from the quadrature in a right line perpendicular to 
Tfi, as it) are. 479. make the angle ST^ equal to the inclbati- 
on at the quadrature ; take T2 upon Tb in the fame raqo to pxo. 114. 
TB as the velocity ac B in the trajeSory is to the velocity of ^^ 2OO. 
P in the circle fi^ ; let 2^ parallel to ST and Td peiycn dicu- 
lartoST meet in </; upon d% take i& to i/£ as y'G+V is to 
l/G— iV, join Ta, and the angle STa will be nearly equal tO' 
the tncUnadon at the fyzj^ies. For TZ is equal to the fem^ 
axis that is conjugate to TB in (be ellipfe that would have beea 
defcribed about T if the third force T |- (defc ribe d in art . 4,y^y 
had not aded ; and TA is to itfZ as •G-t-V to ^G— iV : con- 
lequently TA is equal to </a. But at the fyzygtes the diAance 
of the point E from T is nearly equal to TA, and E« to T<A 
Therefore the angle STa is the inclination atthe Hjii^to neu^ 
ly, and the angle aT2 ia the decrement of the inclination wfiib; 
the body moves fiom the quadratures to the fyzygies. Let 7^ 
be perpendicular to Ta b^, and becaufe ^ is to 2a as Ti/i^to 
Ta, th«angle »T2; is nearly to Tarf (or STa) as Kau toTA,. 
that is in t he rati o compounded of. th at of gato<fa(orofthe 
excefs of /Ct+V above /G^^F to •ilTv) and that of i*i (o- 

Tft: 
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Ta (or of the cofiae of the iacUnadon to the radius.) Boc the 
meao motion of the node in this revolution is to the mean mo- 
tion of £ in the &me ratio, by art. 4S1. Therefore (by apply- 
ing t}iia to iJk moon) the excefs of the incUnatioo at the qaa- 
dratures ^xwe what it is at the fyxygies io.this month is to the 
latter incUnation as the mean modon of the node m tMs month 
is to the mean motion of the moon, or as i to 121,1 ; which 
is the rado afiigned iii the treatife above mentioned, p. 26. 
where the intermediate incUnations are alfo determined in an e- 
l^ant manner. According to this proportion the diiference bf 
the inclinations at the quadratures and fyzygies is about ^' aS" 7 ; 
and if thia ctillereDce be increafed in the ratio of the fynodical 
to the periodical month, ic will then agree nearly with that 
wluch rdblcs from Sir Isaac Newton's method, prof. 33.//*. 3. 
primp. If the body be fuj^fed to continue its motion in the 
trajeCTory, the iodination at the node e will be greater than 
the inclination at the node B at the beginning of the revolution 
in the fame ratio as the radius is gr eater t han the fioeufan arch 
that is to a circle as /G— iV to •G+V- 
Fifi.ii5> 488. Suppofe O to be the prc^eSioD on the plane BTA of 
tlie place where the diftance of the body that defcribes the tra- 
jectory bocsk the plane BTA is greateft at the beginning of any 
levoltitiDn \ and let the arch OQbe taken backwards from O on 
the circle OK defcribed from the center T in the fame ratio 
Co the whole circumference as the excefs of y'G+V above 
y'G— aV is to v'G+V i let QE parallel to BT meet OE paral- 
lel to TA in JE, and TE meet tht, arch OQ^in V ; then if TD 
peipendicular to TV be equal to Oo, the angle EDV will (hew 
nearly how much the inclination of the plane varies in this re- 
volution; becaufc the angle TVD is equal to OTa, and TED 
isoearly equal to the.inclmadonofshe plane when the body a^ 
teralmoft acompteat revolution is again at the greateft diflance 
from BTA. When TO is within the angle BTA, or hta, TE 
is lels than TO, the angle TVD is lefe than TED, and confe- 
quently the incUnadon of the plane increafes : but when TO is 
within the angle ATi or dTB, TE is greater than TO, and the 
incUnadon of the plane decreafes; that is while the line of the 
^lodea (which b perpendicular to TO) moves fitim the qua- 
dratures 
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dracures to tfae fyzygtcs^ the incltaauoo of the plane incRa* 
fes \ but while the line of the nodes moves from the fyzygies 
CO the quHdratares, the inclination decreafes. 

489. Let the arch Ex defcribed from the center D meet DV 
m X, and VG be perpendicular to TA in G ; then becaafe Ex is 
to EV as TD to DV, EV to VQ, aa VG to TG, and V(^to 
OQjas the fqnare of TG to the fquare of TV, nearly, it follows 
that the angle EDV is to OTQ_, in the ratio compoaoded of 
that of TD to DV, and that of the reftangle TGV to the re- 
iStaagle contained by TV and DV. Bat the angle OTQ^is to 
the motion of the node in that month when the line of the 
nodes is in quadrature to the fun (wiuch we fliall call N) as 
DV to TV, by art. 479. confequently the angle EDV ia to 
N in the ratio compounded of the ratio ofTDto DV, and that 
of the reaangle TGV to the fquare of TV, that is in the ratio 
of the reaangle contained by che tine of the inclination and 
the fine of iBTV (the double dift«mce of the nodes from the 
fun) to twice the iquare of the radius \ which agrees with ctir. 
3. prop. 33. lib. 3. priftcip. The decrement of tne inclination 
in a revolution wtule the nodes move froni the fyzygies to the 
quadratures is nearly as EV ^ it is greateft when V is in the 
ot^auts, where EV becomes nearly equal to r 0Q_; and EDV, 
the decrement in a revolution, is to the mean motion of the 
nodes nearly as TD to DV, or as the line of inclination to the 
radius. Because the radius TO and the arch OQ^are fuppo(ed to 
be given, the point £ ia always in an elltpfe HEfr, whole tranl^ 
verle axis is in the o^ants after the fyzygies \ and the whole 
decrement of the inclination while the nodes move from the 
fyi.ygies to the quadratures is nearly to the decrement that 
would have been generated in the fame ume by the variation 
at the octants continued unifoimly, as the area defcribed by 
EV while O moves along the quadrant KA is to the rei^anele 
contained by j OQ^and Kifc, or aa the area included betwixt 
the quadrants of the ellipfe and circle to that reaangle, that is 
as'the radius TK to the quadrant Kjb Hence the mean hour^ 
ly decrement of the inclination ia to tlK mean hourly motion of 
the node as the fine of the inclination (the radius haag TK.) is 
to the quadrant K.A j & that when the inclioatioa is ImaU, the 

whole 
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whole incUnittion would be generated by its mean hourly vari^ 
. fion in the &me time that a quadrant would be defcribed by the 
nodes with their mean motion. Therefore the whole decrement 
of tiie inclination while the nodes move from the fyiygies to 
the quadratuies (or while a quadrant is geoerated by the moti- 
on of the fun from the node) is to the whole indinau«i as the 
mean modon of the node is to the mean motioa of the fun from 
llienode, or as i to 15)^ (by ait. 484.) according to which 
prc^ttion that decrement is about 10 10". See the laws of -the 
mootis motiaiiy Scc. p. 26. 
Fio.iio. 4po. If we fuppoie a body to defcend along the quadrant 
BA, and the velocity at B to he equal to the velocity of Q^ as 
in art. 480. the velocity at A will be equal to that which wouM 
be acquired by ialling in the chord from B to A or by falling 
ficHn B to T and then from T to A, by art. 361. The velocity 
Uiac would be thus acquired ac A is the lame that would be ac- 
quired if the motion was not accelerated from B to T, and was 
accelerated from T to A by the fwce T^ (Fig. 204) only. Let 
^ perpendicular to TB De to Ai( perpendiculaT to TA as 
v'G— aV is to 3V, and the velocity acquired at A will be to the 
velocity at B in the fubdaplicate ratio of the fum of the trt- 
anglee TB*, TA< to t he tria ngle T B*, or of the fum of B * and 
ha to Bbf that is as V'G+V to /G-^^aV or as /SS+pX to S. 
In like manner the velocity at any point E is determined. And 
this will be found to ajg;ree nearly with what is Ihewn concertt- 
iog the acceleration of the area defcribed about the earth in a 
circular orbit, prop. 26- Hb. 3. princip. where this acceleration 
is computed by the increment of the velocity in fuch an orlnt; 
and it coincides with what is Ihewn p. ao of the iaws of the 
tnoo^s motion. The fame bcreafe of the velocity may be dedu- 
ced from what has been ihewn of the traje^ry ae when its 
FxG.OOp. pliuae ccnnddes with the plane BTS, and it is fuppofed neatly 
circular ; for the velocity at B is equal to the velocity of Q^^ 
when TA is equal to TB the velocity at the fyiygiea ia nearly 
equal t» the velocity of P^ by art. 475. and thefe velocities are 
to each other as /G^aV to v'G+V. Some other corollaries 
relating K> this Uieory might be deduced from the preceedbg 
articles. 

491. If 
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4(^1. If a fluid be fuppofed to gravitate towards two points 
C and S with equal forces that are the fame at all diftaaces, the 
figure- of the fluid will be an oblong fpheroid, and thefe two 
points will be the foci of the generating ellipfe. Foi fuppofing 
AEtf to be any feftion of the fluid through C and S, let EM Frs. 117. 
' and EN be taKeo upon EC and ES r^relenting the equal for- 
ces towards the points C and S re^ectively j let MP and NQ_ 
be perpendicular to the tangent at E in P and CK and £P wiU 
be equal to EQ^becaufe of the equilibratton of the fluid : The 
fluxion of CE is to the fluxion of the curve AE as EP to EM, 
and the fluxion of SE to the fluxion of AE as EQ^to EN, by 
prop. 17. Therefore CE and SE flow with equal motions, and 
(becau(e SE decreafea while CE increafes) the fum of CE and 
SE is invariable j confequently AEo is an ellipfe that has itsy*- 
ci in C and S. The gravity at E is to the gravity at A as the 
fine of the angle CEP is to the radius. When the forces direA- 
ed towards C and S are invariable but unequal, lee D be any 
point of the furface AEo that terminates the figure, and it will 
appear in the fame manner that the di^rence of CE and CD 
will be to the difference of-SD and SE as the force towards C 
is to the force towards S. The figures by which raya of light 
ifluing from a given point point S may be refra£lra fo as to 
have theii Jocas afterwards in C are of this kind. The figure 
AEa is in lome cafes a conic fedtion, and when it pafles through 
the point C or S it is a portion of an epicycloid uiat is defcii- 
bed when a circle revolves on an equal circle. If equal and in- 
variable forces are direded towards any number of given cen- 
ters, the aggregate of the right lines drawn from any point in 
the furface that terminates the fluid to thofe centers is invari- 
able. When the forces towards the centers are iaverfely as 
the (quares of the diftances, the aggregate of right lines thac 
are inverlely aa the diftances of any point of the furface from 
thole centers is invariable. And the figures have an analogous 
property when thefe forces at equal diftances are not equal but 
in a given ratio. But it would be of little ule in phUolbphy 
to infift on this fubjeift. 

491. Suppofe that a fluid, which gravitates towards the Fig. 318. 
point C, revolves about the axis AB ; let ER. be perpen^colar 
F f f to 
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to AB in R. ftom an^ pdint E in AEB the furface of ths fluid, 
imd let CD be the ordinate at G ; then it will appeu* (as in the 
iaft attkle) that ^ fluxion of CE Ihall be to the flarioo t^EEL 
M the centrifugal force is to the gravity at E, or (bccaufe the 
ceotttfagol force at £ is to the ceinrifugal force at D as EK. is 
CO CD) in the omipoufid ratio of the cettriiii^ force at D cp 
tbe ^vity at E and cX ER. to €D. From K'hich it follows 
that if the gravity tow&rds C be die fame at all diftance% and a 
tight line L be to CD as the gravity is to the centiif^al force 
« D, the fquare of ^SL will be equal to the rectangle contain- 
ed by CE— CA and ^ L^ whidi agrees with what has been 
fliewn by Mr. Hptoems. If the grarity be ihverfely as the 
^uare of the diftanoe fiom C, let G reprefeot the n^vity and 
V the centrifi^al force at 0, and let toe iqutre of the right 
Mne L be to the iquare of CD a« G -f- t V is to -1 V, then the 
folid contained by CE and the Iquare of EK IhaU be equal to 
thefolid contuned byCE — CA and the fquare of L, and CD 
will be to CA as G 4- 1 V is to G. But the figure c^the earth, 
or planets is not to be dlfcovered by luppoficioas of this kind ; 
for as rfie gravity of a body refalcs fiom the gravity of all its 
parts, fo uie gnvitarioQ towards any body refutts fomi die 

fravitation towards the parricks of which it coniifts, as is Ihewn. 
y Sir Isaac Newton ; and when the figure of the fluid v*- 
lies from a fphere, this gravitation b not direiSed towards a 
fixed point. Of this we fball treat in the next chapter, where 
We fliaU fiiew that if the earth was of an umform denfity, its . 
figure Would be an oblate fpheroid accurately. 

4P3* ^^ '^^ infifted at fo great length on what nlates to 
the curvature of lines, and to the appUcation of diisTheory to 
philofbpfaical problems, becaufe in this confiSs one of the 
greateft advantages of the modem geometry. Tliere are many 
other problems that depend on this theory, but we fliall coo- 
clade mn fub|e£t with obferving, that as when a right line in- 
terfefts an arch of a-curve in two points, if by varying the po- 
iicion of that line the two interfe<£Hons unite in one point, it- 
then becomes the tangoit of the arch ; fo when a circle touches - 
a curve in one point and interfefts it in another, if byvar^ng 
the center thb lotetfe^on jcun the point of contact, the circle, 

tbea. 
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thea has the cLofeft qoz&zB. with the asch and becomes the 
cirde of curvacure ^ bueit ftill concinues to intend the curve 
«t the £tme pome .whbie it touches ic (thai is where the ^me 
ij^ht iiaeis theii' oonrraoo tangent, accoidiag- to the definidoa 
inait. I Si .) aBie& anodban^bceitefkioD joia ib^ ppint at the fame 
tifhe. Ijei MEn t^ ahyi atch that b conti&iied fr(Hn E on both^iG. Sip- 
Jidesof ^itff ofcnrvatore CE, AGBa rightliaeperpeadtcuUr 
to CE; lee the t^hcUne-CMrevdlveaboutCand- meet the curve 
in M, and PMbe peipen^cuhir to AB in P: then iiAFbefup- 
poled'toflow aniibniil,yytbefiTftaind Cecood fluxions of CM va- 
niih when Mcom^sto £;. and, when the third Auuod of CM, 
orof PM, doaaBotvanilh'at tbe&xne time, the circle of curva- 
tun into^eds tbexurVe at £.. In geoeiial Vben Mcomes toE, 
and the Qufflber cf the fldnoasof CM of ^cceffive orders (ii>- 
cludiDgtho firfl fluxioQ)^w)ikb thenTuufli is even, the circle of 
cflrracore at E iated«£U the ucb M£m ; but if ttab be aa odd 
namber, there is DO (adi intiErfe^oD u £. For let PN be taken 
«pc»PM always c<iDal to CM. Then the curve NEb defcribed 
trf N wiU pa& thrbugh E \ and it is mamfefl^ that the ciick of 
cunracnre Xviun^k&s the atoh ME«n only wfacoNE* inteile&iu 
tangent at Ei that is when NE0 hasapc»]Kof conirafy fleztiie 
flt£ Thtrefore fby arc266.) the circle of curvature at E ia- 
teriefts the arch MEm only when thie number of thofe fluxions 
ofCM cbtt vafitlh at the term of the time when M ccanes to E, 
is an eveb number, l^us theorem may ferve to illufttate 
AftibjeA that was difputed fome time ago hy two cdebrated 
authors. One of them imagined that two pants ofcootadt, 
or font interie^ms, ofcbe currc and circle of curvature mult 
join each other to form an ofculatton. But Mr. Tames Ber- 
MoviLLi infilled, on juft grounds, that the coalition of one 
point of contact and one interfe£tion, or of three interfeftions, 
was fuffident. In which cafe (and in general when an odd num- 
ber of interfe.ftiona oiilyjcsn each other) the jfeint where they 
coincide condnues to be an interfeaion of the curve and circle 
of curvature, as well as a point of theii mutual contact and o- 
iculadon. 

494. En the preceeding chapters we deduced the principal 

propofitionsof the method of fluxions, and thole upon v\hich 

Fffa it. 
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lis application to the refolauon of problebia depends, from the 
plain axioms concerning motion b ut. 15. Having piopofed 
thit doctrine (arc a.) as a method of dedncbg the rclmxioam 
of quantities, by compaiiagthe modoos wfaich are-conceived C9 
generate tbcm, it feem'd natural to efbbli&'cfais method on rh^ 
moft evident principles that felatecomoiion; and if it be oo leis 
known to us than extenfion, it would feem, that as this do- 
ctrine isfac more general and comprehcnfive dian the cojnmoa 
geometry, (b it cannoc be faid to bie in&rior to it in accuracy 
or evidence. Kor can it feem in^iroper^ to deduce the propei>- 
ties of figbres from the fame principles which feive for d^crib*- 
ing their geoefis. Tbos^tfae de&iition of a fluxion (art. ii.J 
feem'd naturally to-leadusinto the nethod of treating this Ao- 
drioe which we have followed hitherto ^ and its conneiuoa 
with the maaner ia which the genefis of figures i» moft com- 
monly described ID geometry, and with the moft ufefol cheones 
coocenung modon m philofophy, (of which we have bad fome 
examples m this chapter^) iaduced us the rather topurfue it. 
Bat we'have bfifted on it ac lb ^eat length chiefly, because a fuU 
account- of she mamier b which the principal propoiitifxu qT 
the inechod of fluxions are demonftfated by i^ may be o€ 
ufe for removing feveral objedions that have been lately u^ed 
agaiaft this dodrine; which has been reprefented, as depending 
on nice and intricate notions ; while it has been iofinuated, that 
they who-have treatedof it have been eameft rather to go an 
ftft and &r) than foUcitous to fee out warily, and fee their way 
diftindly. But we oow proceed to the more conctfe method^ 
■ by which tfae> fluxions of quantities Are ufualiy detemJioed. 



The End of thefirfi Volume^ 



,y Google 



J 



5&. 414. •% *" K.TSxfa.A \ z 




„ Google 



„ Google 



'=\ 



I 



** •■ i. 



„ Google 



